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a b s t r a c t 

The heat transfer removal from heated elements in different engineering devices is the main challenge 

for each engineer in various fields. This problem can be solved using an effective heat-transfer agent 

or by increasing the heat transfer surface. The present work is devoted to an opportunity to use the 

phase change material with nanoparticles for an intensification of heat removal within a gap between two 

coaxial vertical isothermal cylinders. The analysis was performed numerically using the Galerkin finite 

element approach in the case of the non-Newtonian nature of the nano-enhanced PCM. The power-law 

was used for the description of the non-Newtonian behavior of the considered material. For the solution 

to the Stefan problem, a deformed mesh method, based on the Arbitrary Lagrangian–Eulerian (ALE), was 

used. The developed computational code was validated using the numerical and experimental data of 

other authors. The effects of the nanoparticles volume fraction, aspect ratio and Fourier number on the 

melting process were investigated. It has been revealed that the inclusion of nanoparticles within the 

phase change material leads to both less intensive melting of the material and a reduction of the average 

Nusselt number. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

The development of different engineering applications demands

he creation of effective heat removal techniques from heated el-

ments or effective thermal storage systems. Nowadays, research

ithin the considered fields is based on the application of phase

hange materials [1–6] that have a moderate melting temperature,

igh heat capacity, and high latent phase change energy. Moreover,

he melting or solidification process occurs with constant phase

hange temperature. 

There are many published theoretical and experimental papers

7–12] illustrating the behavior of PCM and the opportunities to

se these materials for the improvement of various engineering

evices. Thus, Jiang et al. [7] experimentally studied cylindrical

attery thermal management using the copper foam-PCM compos-

te. It was ascertained that the thermoelectric cooling technique

ould be more effective in comparison with natural convection and

iquid cooling. CFD analysis of the gallium melting process within a
∗ Corresponding author. 
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ylindrical cavity with four heat sources was performed by Bouhal

t al. [8] . The authors showed that the inclusion of fins allowed

ntensifying the melting process due to the extended surface of

he heat transfer. A numerical study of phase changes in a single

ank filled with PCM capsules was conducted by Lee et al. [9] . An

ptimal arrangement of cooling-PCM and heating-PCM was found.

echiri and Mansouri [10] numerically investigated the melting of

hase change material within a vertical cylindrical tube taking into

ccount the volumetric expansion. Calculations were performed

sing the finite volume method. The conducted parametric study

howed that the Stefan number influence on the melting process

s essential for a higher outer wall temperature. 

Numerical and experimental analysis of the heat pipe module

lled with phase change material was conducted by Behi et al.

11] . Authors demonstrated that the PCM-assisted heat pipe al-

ows obtaining at about 87% of the required cooling load in the

ase of the power range between 50 and 80 W. Such a result can

e used for more effective cooling of electronic devices. Iachach-

ne et al. [12] numerically examined PCM melting heat transfer

ithin a trapezoidal cavity under the impact of cavity orientation

nd nanoparticle inclusion. Calculations were performed using the

https://doi.org/10.1016/j.ijheatmasstransfer.2020.119385
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Nomenclature 

Cp heat capacity at constant pressure 

�
 g gravity acceleration 

L h latent heat 

m consistency of dynamic viscosity 

n power-law index of the non-Newtonian fluid 

p dimensional pressure 

P non-dimensional pressure 

s solid PCM 

t dimensional time 

T Temperature 

tr Transpose of the matrix 

Greek symbols 

ρ Density 

β thermal expansion coefficient 

μ dynamic viscosity 

φ volume fraction 

φwt mass fraction 

Subscripts 

c Cold 

f Fluid 

fu fusion temperature 

h Hot 

nf nano-PCM at fluid phase 

np Nanoparticles 

ns nano-PCM at the solid phase 

wt weight quantity 

enthalpy-porosity technique on the basis of the FLUENT software.

The addition of nanoparticles leads to a non-monotonic variation

of the melting rate. Ghalambaz et al. [13] calculated melting en-

ergy transport in a square differentially heated chamber under the

impact of a magnetic source. The effects of the Hartmann number

and magnetic source location on liquid flow and thermal transmis-

sion were investigated. The authors demonstrated the appearance

of a uniform phase change line under the influence of the mag-

netic field. Three-dimensional and two-dimensional simulation of

the melting process within cavities filled with phase change mate-

rials was performed by Bondareva and Sheremet [14–18] using the

computational codes developed on the basis of the non-primitive

variables. Obtained results characterize an opportunity to enhance

the heat removal from the local heat sources. 

The heat transfer improvement can be achieved by an introduc-

tion of nanoparticles of low concentration [19–25] . Such solid par-

ticles can be added also to phase change materials [26–32] . Thus,

Ghalambaz et al. [26] numerically investigated natural convection

melting of hybrid nanofluids within a differentially heated cavity

with various values of nanoparticles volume fraction, conductivity

and viscosity parameters. The authors found that the conductivity

parameter has an essential influence on the liquid fraction in com-

parison with the viscosity parameter. Extension of [26] to the case

of the heated internal cylinder and cooling from the cavity walls

was done by Chamkha et al. [27] . The authors performed compu-

tational analysis using the Galerkin finite element method. It was

revealed that the phase change line is affected significantly by the

nanoparticles volume fraction for high thermal conductivity. Other

interesting results on nano-encapsulated phase change materials

behavior can be found in [ 28 , 29 ]. 

The objective of the present study is a numerical analysis of

nano-enhanced n-octadecane melting heat transfer within a gap

between coaxial isothermal vertical cylinders in the case of non-

Newtonian behavior of the considered material. The analyzed prob-
em has many engineering applications related to more effective

eat removal from the heated pipes for heat exchangers or in the

ase of the creation of comfortable conditions within the building

lements with cylindrical encapsulated PCM elements. 

. Physics of the problem and formulation 

One coaxial pipe having the aspect ratio of AR is the domain

f interest for this work, as schematically illustrated in Fig. 1 .

erein, the aspect ratio is the ratio of the height of the coaxial

ipe to the difference between the outer and inner radiuses (i.e.

R = H/ ( r o − r i ) ). The inner pipe of radius r i is held at a higher

emperature of T h = 318 K While the outer pipe of radius r o is

old with a lower temperature of T c = 298 K. The upper and lower

alls of the enclosure are adiabatic through an insulating mate-

ial. The void space between the inner and outer cylindrical sur-

aces is fully filled by the n-octadecane containing mesoporous

ilica (MPSiO 2 ) nanoparticles. The melted n-octadecane with the

PSiO 2 nanoparticles can act as a power-law non-Newtonian fluid.

he volume change of the mixture during the melting process is

onsidered to be zero. Also, the Boussinesq approximation is con-

idered to be established to model the buoyancy force. The equa-

ions modeling the thermal and dynamic behavior of a laminar,

on-Newtonian, unsteady and incompressible flow are: 

Continuity equation [33] : 

1 

r 

∂ ( r u r ) 

∂r 
+ 

∂ u z 

∂z 
= 0 (1)

Momentum equation [ 11 , 33 ]: 

NP 

[
∂ u r 

∂t 
+ u r 

∂ u r 

∂r 
+ u z 

∂ u r 

∂z 

]
= −∂ p 

∂r 
+ 

1 

r 

∂ 

∂r 

(
2 μn f r 

∂ u r 

∂r 

)

− 2 μn f u r 

r 2 
+ 

∂ 

∂z 

(
μn f 

(
∂ u r 

∂z 
+ 

∂ u z 

∂r 

))
(2a)

NP 

[
∂ u z 

∂t 
+ u r 

∂ u z 

∂r 
+ u z 

∂ u z 

∂z 

]
= −∂ p 

∂z 
+ 

1 

r 

∂ 

∂r 

(
μn f r 

(
∂ u r 

∂z 
+ 

∂ u z 

∂r 

))

+ 

∂ 

∂z 

(
2 μn f 

∂ u z 

∂z 

)
+ ρNP g βn f ( T n f − T f u ) (2b

here 

n f ( ˙ γ ) = m n f ˙ γ n n f −1 | ̇ γ = 2 

[ (
∂ u r 

∂r 

)2 

+ 

(
u r 

r 

)2 

+ 

(
∂ u z 

∂z 

)2 
] 

+ 

(
∂ u r 

∂z 
+ 

∂ u z 

∂r 

)2 

+ 

(
∂ u z 

∂r 

)2 

(3)

The subscript of NP denotes the averaged properties of nano-

CM. However, nf defines the properties of melted nano-PCM. En-

rgy conservation equation for the fluid subregion [ 11 , 33 ]: 

NP C p,n f 

[
∂ T n f 

∂t 
+ u r 

∂ T n f 

∂r 
+ u z 

∂ T n f 

∂z 

]
= 

1 

r 

∂ 

∂r 

(
k n f r 

∂ T n f 

∂r 

)

+ 

∂ 

∂z 

(
k n f 

∂ T n f 

∂z 

)
(4)

Energy conservation equation for the solid subregion: 

NP C p,ns 
∂ T ns 

∂t 
= 

1 

r 

∂ 

∂r 

(
k ns r 

∂ T ns 

∂r 

)
+ 

∂ 

∂z 

(
k ns 

∂ T ns 

∂z 

)
(5)

s subscript of the above equations describes the solid nano-PCM.

pplying the energy balance on the forwarding interface boundary

esults in the following relations [13] : 

 r = 

k n f 
∂ T n f 

∂r 
− k ns 

∂ T ns 

∂r 

(ρL h ) 
(6a)
NP 
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Fig. 1. Schematic representation of the problem physics 

Table 1 

Thermal conductivity and correlated parameters for the viscosity of PCM containing 

MPSiO 2 particles [30] . 

Mass fraction ( φwt ) [%] 0.0 0.01 0.03 0.05 

Volume fraction ( φ) [%] 0.0 0.208 0.633 1.070 

Power law index ( n ) 1.00 1.00 0.879 0.822 

Consistency ( m ) [mPa.s n ] 3.536 3.987 7.910 11.021 

Solid thermal conductivity ( k ns ) [W/m.K] 0.371 0.375 0.383 0.381 

Liquid thermal conductivity ( k nf ) [W/m.K] 0.152 0.154 0.157 0.159 

Table 2 

Thermo-physical properties of the PCM and nanoparticles [ 35 , 36 ]. 

Properties of materials n-octadecane Silica nanoparticles 

Density (solid/liquid) [kg/m 

3 ] 865/ 770 3970 

Thermal expansion coefficient [1/K] 9.1 × 10 −4 0.63 × 10 −5 

Latent heat of fusion [kJ/kg] 243.5 –

Specific heat capacity (solid/ liquid) [J/kg.K] 1934/ 2196 765 
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 z = 

k n f 
∂ T n f 

∂z 
− k ns 

∂ T ns 

∂z 

(ρL h ) NP 

(6b) 

The temperature of the melting interface is fixed at the fusion

emperature. As the temperature of the interface is fixed by the fu-

ion temperature, the difference of heat fluxes from the right side

f the interface (solid region) and the left side of the interface (liq-

id region) is consumed as the phase change in the form of latent

eat. This condition, which is based on the surface energy balance,

s known as the Stefan condition. 

The governing equations are solved under the following bound-

ry and initial conditions: 

 = T h , u r = u z = 0 ∀ r, z, t | r = r i , 0 ≤ z ≤ H, t ≥ 0 (7a)

 = T c , u r = u z = 0 ∀ r, z, t | r = r o , 0 ≤ z ≤ H, t ≥ 0 (7b)

∂T 

∂z 
= 0 , u r = u z = 0 ∀ r, z, t | z = 0 , r i ≤ r ≤ r o , t ≥ 0 (7c)

∂T = 0 , u r = u z = 0 ∀ r, z, t | z = H, r i ≤ r ≤ r o , t ≥ 0 (7d)

∂z 
 = T 0 , u r = u z = 0 ∀ r, z, t | r i ≤ r ≤ r o , 0 ≤ z ≤ H, t = 0 

(7e) 

At the fusion interface, the temperature is the fusion tempera-

ure as T fu about 300.5 K [30] , and the fluid velocity is the interface

elocity. Moreover, the temperature of the cold wall and the initial

emperature are the same, i.e., T 0 = T c . 

Since there is no model to give the thermal conductivity and

arameters of dynamic viscosity of the non-Newtonian nano-PCM,

his work employs the empirical values presented in [30] for these

nknown properties. Motahar et al. [30] experimentally obtained

he thermal conductivity of the solid and liquid n-octadecane con-

aining the MPSiO 2 particles at different values of mass fraction.

hey also presented the power-law and consistency indexes of the

elted nano-PCM for different values of MPSiO 2 particles fraction.

able 1 shows these values. The thermo-physical properties of pure

CM and nanoparticles are also inserted in Table 2 . The relations,

hich give the other properties of the nano-PCM, for the thermo-

hysical properties of the nano-PCM apply the volume fraction of

he nanoparticles. The transition from weight fraction to the vol-
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ume fraction is done through the following equation: 

φ = 

ρ̄PCM 

φwt 

φwt ρ̄PCM 

+ ( 1 − φwt ) ρnp 
(8)

It is worth noting that ρ̄PCM 

of the above equation is the aver-

age density of the solid and liquid phases of the host PCM. 

The averaged density of the nano-PCM is [34] 

ρNP = ( 1 − φ) ̄ρPCM 

+ φρnp : ρ̄PCM 

= 

(
ρPCM,s + ρPCM, f 

)
/ 2 (9)

heat capacity of the liquid and solid phases of the nano-PCM is

[34] 

ρNP C p ,n f = φρnp C p ,np + ( 1 − φ) ̄ρPCM 

C p , f (10a)

ρNP C p ,ns = φρnp C p ,np + ( 1 − φ) ̄ρPCM 

C p ,s (10b)

thermal expansion coefficient of the liquid phase of the nano-PCM

is [34] 

ρNP βn f = ( 1 − φ) ̄ρPCM 

β f + φρnp βnp (11)

Latent heat of the nano-PCM can be written as follows [13] 

( ρL h ) NP = ( 1 − φ) ̄ρPCM 

L h (12)

By defining the following non-dimensional variables 

R = 

r 

H 

, Z = 

z 

H 

, U R = 

u r H 

α f 

, U Z = 

u z H 

α f 

, 

θ = 

T − T fu 

T h − T fu 
, P = 

H 

2 p 

ρα2 
f 

, Fo = 

tα f 

H 

2 
(13)

The governing equations are transferred to the non-dimensional

form as follows 

1 

R 

∂ ( R U R ) 

∂R 

+ 

∂ U Z 

∂Z 
= 0 (14)

∂ U R 

∂F o 
+ U R 

∂ U R 

∂R 

+ U Z 
∂ U R 

∂Z 
= − ρ̄PCM 

ρNP 

∂P 

∂R 

+ 

1 

R 

∂ 

∂R 

( 

2 P rR 

˙ G 

n n f −1 

[ 

m n f 

m f 

α
n n f 

f 

α
n f 
f 

H 

2 n f 

H 

2 n n f 

] 

∂ U R 

∂R 

) 

−2 P r ˙ G 

n n f −1 

[ 

m n f 

m f 

α
n n f 

f 

α
n f 
f 

H 

2 n f 

H 

2 n n f 

] 

U R 

R 

2 

+ 

∂ 

∂Z 

( 

P r ˙ G 

n n f −1 

[ 

m n f 

m f 

α
n n f 

f 

α
n f 
f 

H 

2 n f 

H 

2 n n f 

] (
∂ U R 

∂Z 
+ 

∂ U Z 

∂R 

)) 

(15)

∂ U Z 

∂F o 
+ U R 

∂ U Z 

∂R 

+ U Z 
∂ U Z 

∂Z 
= − ρ̄PCM 

ρNP 

∂P 

∂z 

+ 

1 

R 

∂ 

∂R 

( 

P rR 

˙ G 

n n f −1 

[ 

m n f 

m f 

α
n n f 

f 

α
n f 
f 

H 

2 n f 

H 

2 n n f 

] (
∂ U R 

∂Z 
+ 

∂ U Z 

∂R 

)) 

+ 

∂ 

∂Z 

( 

2 P r ˙ G 

n n f −1 

[ 

m n f 

m f 

α
n n f 

f 

α
n f 
f 

H 

2 n f 

H 

2 n n f 

] 

∂ U Z 

∂Z 

) 

+ 

βn f 

β f 

RaP r θn f (16)

where 

˙ G = 2 

[ (
∂ U R 

∂R 

)2 

+ 

(
U R 

R 

)2 

+ 

(
∂ U Z 

∂Z 

)2 
] 

+ 

(
∂ U R 

∂Z 
+ 

∂ U Z 

∂R 

)2 

+ 

(
∂ U Z 

∂R 

)2 

(17)

∂ θn f 

∂F o 
= U R 

∂ θn f 

∂R 

+ U Z 

∂ θn f 

∂Z 
= 

ρPCM 

C p, f 

ρNP C p,n f 

(
1 

R 

∂ 

∂R 

(
k n f 

k f 
R 

∂ θn f 

∂R 

)

+ 

∂ 

∂Z 

(
k n f 

k f 

∂ θn f 

∂Z 

))
(18)

ρNP C p, ns 

ρPCM 

C p, f 

∂θns 

∂ Fo 
= 

(
1 

R 

∂ 

∂R 

(
k ns 

k f 
R 

∂θns 

∂R 

)
+ 

∂ 

∂Z 

(
k ns 

k f 

∂θns 

∂Z 

))
(19)

Here Prandtl number ( Pr ) and Rayleigh number ( Ra ) are 

Pr = 

m f 

ρPCM 

α f 

(α f 

H 

2 

)n f −1 

= 

m f 

ρPCM 

α
n f −2 

f 

H 

2 n f −2 
, 

Ra = 

ρPCM 

gβ f 

(
T h − T fu 

)
H 

2 n f +1 

m f α
n f 
f 

(20)

The velocity components of the forwarding interface boundary

n the dimensionless space can be defined as follows 

 R = 

1 

(1 − φ) 

[
k n f 

k f 

∂ θn f 

∂R 

− k ns 

k f 

∂ θns 

∂R 

]
Ste (21a)

 Z = 

1 

(1 − φ) 

[
k n f 

k f 

∂ θn f 

∂Z 
− k ns 

k f 

∂ θns 

∂Z 

]
Ste (21b)

here Stefan number ( Ste ) is 

te = 

C p, f ( T h − T f u ) 

L h 
(22)

The boundary and initial conditions at the dimensionless coor-

inates are 

= 1 , U R = U Z = 0 ∀ R, Z, F o | R = R i , 0 ≤ Z ≤ 1 , F o ≥ 0 

(23a)

= −0 . 14 , U R = U Z = 0 ∀ R, Z, F o | R = R o , 0 ≤ Z ≤ 1 , F o ≥ 0 

(23b)

∂θ

∂Z 
= 0 , U R = U Z = 0 ∀ R, Z, F o | Z = 0 , R i ≤ R ≤ R o , F o ≥ 0 

(23c)

∂θ

∂Z 
= 0 , U R = U Z = 0 ∀ R, Z, F o | Z = 1 , R i ≤ R ≤ R o , F o ≥ 0 

(23d)

0 = 

T 0 − T f u 

T h − T f u 

, U R = U Z = 0 ∀ R, Z, F o | R i ≤ R ≤ R o , 0 ≤ Z ≤ 1 , 

F o = 0 (23e)

here θ0 = θ c = -0.14. Here, the parameters of interest are the

olume fraction of melt and the Nusselt number at the hot wall.

he volume fraction of melt is normalized respect to the volume

f the total space in the cavity. Hence, the normalized melt volume

raction is introduced as 

MV F = 

1 ∫ 
0 

R m ∫ 
R i 

2 πRdRdZ 

1 ∫ 
0 

R o ∫ 
R i 

2 πRdRdZ 

(24)

here the subscript “m ” denotes the local radius of the moving

elting front. 
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Fig. 2. Solid (black) and melted (blue) grids for AR = 0.5 and different Fourier numbers: (a) F o = 1, (b) F o = 2.5, (c) F o = 5 and (d) F o = 10. (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version of this article.) 

Table 3 

Grids of different sizes at required run times. 

Case Number of elements Number of elements on the solid-liquid interface Run time 

Case 1 4623 130 8 min 

Case 2 15,425 190 24 min 

Case 3 42,252 350 62 min 

Case 4 81,479 420 143 min 
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Energy balancing of the control surface on the left wall results

n the following expression 

 ( T h − T f u ) = k n f 

∂T 

∂r 

∣∣∣∣r = r 0 
(25) 

The transition of the above relation to the non-dimensional co-

rdinates defines local Nusselt number 

 u i = 

hH 

k f 
= −k n f 

k f 

∂θ

∂R 

∣∣∣∣R = R 0 
(26) 

Integrating the local Nusselt number Nu l along the hot surface,

he average Nusselt number Nu avg is evaluates as 

 u a v g = 

1 ∫ 
0 

N u i dZ (27) 

. Numerical method, grid examination and validations 

The partial differential Eqs. (14) –(19) with the boundary con-

traints Eqs. (23a)–(23e) are solved by the Galerkin finite element

pproach. In this method, the PDEs are first transferred to a new

orm, namely, weak form. The details of the utilized numerical

ethod can be found in [31] . The (Arbitrary Lagrangian–Eulerian)

LE approach is employed for the moving mesh domain. The de-

ormation of the mesh is controlled by the Laplace equation. The

otion of mesh at the vertical walls is fixed in R direction, while

he motion of horizontal walls is fixed in Z direction. The mesh of

he vertical walls is free to move in Z direction, and the mesh of

orizontal walls is free to move in R direction. This way, the shape

f the enclosure remains intact while the mesh in the domain is

llowed to deform along with the interface motion. The motion of

he interface is controlled by Eq. (21) in R and Z directions. 
The constraint for the continuity equation is introduced as a

enalty parameter ( γ ) in the momentum equations as described

y Reddy [31] . In order to complete the numerical calculation,

he grid independency of the resolution is studied. Hence, the

omputations are recalculated for several grid-sizes in the case of

a = 8.4 × 10 5 , Ste = 0.16, Pr = 51.7, AR = 0.5 and φwt = 0.05. The

oving mesh is utilized to solve the problem and the number of

lements changes over time (see Fig. 2 ). The reason for controlling

he number of elements at the melting interface is the fact that

he motion of the interface is controlled by the energy balance,

q. (21) , and during the interface motions, it can deform severely

n some points of the interface. A severe deformation at a point

an result in a sharp edge, which has to be handled by a very

ne mesh structure and tremendously increase in the local ele-

ent numbers at the interface. Controlling the interface elements

voids an un-necessary increase in the elements at the interface by

aintaining a reasonable fine mesh interface. 

Table 3 demonstrates the utilized final grids-sizes. The melting

nterface, melted volume fraction and the average Nusselt number

n the inner wall are depicted in Figs. 3–5 , as a function of time

or different grid sizes. The results show that the grid size of case 3

an provide acceptable accuracy and with an increase in the num-

er of the elements, the results of case 3 become almost indepen-

ent from the element number. Therefore, the grid size of case 3

s selected to carry out the results of the present study, and the

dopted case 3 is indicated as bold in Table 3 . 

The correctness and accuracy of the numerical outcomes can

e verified and validated through the other numerical and exper-

mental results, reported in [26–28] . As a verification of the nat-

ral convection inside a vertical coaxial pipe, Kumar and Kalam’s

nvestigation [26] has been studied. In Kumar and Kalam’s work

26] , the inner pipe maintained at a higher temperature compared

o the outer one, and the bottom and upper walls were perfectly
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Fig. 3. Development of melting frontier with passing the non-dimensional time ( AR = 0.5, φwt = 0.05) for Cases 1–4 

Fig. 4. The fraction of melted PCM with passing the non-dimensional time 

( AR = 0.05, φwt = 0.05) for Cases 1–4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. Average Nusselt number with passing the non-dimensional time ( AR = 0.05, 

φwt = 0.05) for Cases 1–4. 
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insulated. The space between the outer and inner pipes was oc-

cupied with air as a Newtonian fluid. Fig. 6 shows a comparison

of the outcomes of the present study with the outcomes of Kumar

and Kalam’s study [26] . The constant parameters for this evalua-

tion are Pr = 0.71, L /( r o −r i ) = 1. The comparison shows that there

is a desirable agreement between the results. 

To verify the natural convection of a non-Newtonian power-

law fluid in an enclosure, the study of Matin and Khan [37] is re-

simulated through the utilized code in the present study. Matin

and Khan [37] studied the free convective heat transfer of a non-

Newtonian power-law fluid in an annuli of the horizontal cylinders

with the hot and cold temperatures at the inner and outer cylin-

ders. For a case of non-Newtonian fluid with Pr = 10 and Ra = 10 3 ,

a comparison between the average Nusselt numbers of the present

study and those of [37] is displayed in Fig. 7 for different values of

the power-law index. As shown, the results are in excellent agree-

ment. 
For validation and verification of the melting process, compar-

sons between the melting fronts obtained in the present study

nd those presented in [38] are conducted, as depicted in Fig. 8 .

he problem physics studied in [38] included a square cavity with

he horizontal insulated walls. However, the left and right borders

f the cavity are subjected to high and low temperatures. The pure

allium was selected as the Newtonian phase change substance.

he dimensionless parameters based on the thermo-physical prop-

rties of the PCM, the thermal boundary conditions, and the geo-

etrical characteristics were such that Pr = 0.0216, Ra = 6 × 10 5 ,

nd Ste = 0.039. As shown in Fig. 8 , the results of the current work

re in good agreement with data of Gau and Viskanta [38] . As the

omparisons conducted in Figs. 6 –8 demonstrate that the numer-

cal modeling has correctly been performed and the utilized code

s reliable. 
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Fig. 6. Average Nusselt number against Rayleigh number of the current study 

(dash-dot) and Kumar et al. [32] (points). 

Fig. 7. Average Nusselt number against power-law index n of the current study 

(dash-dot) and Matin and Khan [37] (points). 

Fig. 8. Comparison between the melting front obtained by the current work and 

reported in [38] . 
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. Results and discussion 

In this section, a natural convection study of the melting pro-

ess of a PCM with MPSiO 2 nanoparticles and non-Newtonian ef-

ects in a coaxial pipe is numerically conducted. The height of

he pipe, as a constraint, is considered to be 12.5 mm. The tem-

eratures of the hot and cold surfaces are set at T h = 45 °C and

 c = 25 °C. Also, the melting point is obtained to be 27.5 °C. For the

onsidered coaxial pipe and the thermophysical properties of the

ase PCM, Ra = 8.4 × 10 5 , Ste = 0.16, AR = 0.5, φwt = 0.05, and

r = 51.7 are adopted as the default values of non-dimensional pa-

ameters. The results are reported for the set of the default values

f non-dimensional parameters; otherwise, the value of the param-

ter will be stated. In this work, the effects of dispersing MPSiO 2 

articles in the PCM and the aspect ratio (0.5 ≤ AR ≤ 2) on the

elting process are investigated. 

Fig. 9 illustrates the isotherms and streamlines in the enclosure

ith an aspect ratio of AR = 0.5 for various values of solid parti-

les concentration. The corresponding melting interfaces, melting

olume fraction, and average Nusselt numbers are depicted in

igs. 10 , 11 , and 12 , respectively. The contours for very low Fourier

umbers are not depicted here, but our computations showed that

he velocity field is very weak, and the melting frontier is almost

ertical and parallel to the inner wall in very low Fourier numbers

less than 0.01). In this case, the convection term in Eqs. (15) and

16) is negligible. During this period of non-dimensional time, the

emperature gradient along the Z -direction is almost negligible, so

he movement of the melting frontier along Z -direction is almost

ero. Moreover, a detailed study of the numeric computations

evealed that the temperature gradients along the radial direction

n the melted zone are stronger than that of the solid section

evealed that, as the solid section absorbs the heat by latent

eat while the liquid received the heat in the form of sensible

eat. Therefore, according to Eq. (21) , the increase in the volume

raction of nanoparticles tends to increase in the moving velocity

f the melting frontier. This increase in the velocity is due to two

easons. The first reason is the fact that the nanoparticles do not

ontribute to latent heat storage/release, and hence, the increase

n the volume fraction of nanoparticles reduces the amount of

CM. This effect is attributed to the term of (1 −φ) in Eq. (21) .

he second reason is the improvement of thermal conductivity of

he mixture which improves the heat transfer and accelerates the

ovement of the melting frontier. However, as depicted in Fig. 9 ,

he melting front advances by the increase of Fourier numbers.

n this case, the buoyancy forces induce a critical non-linear

ffect that can change the temperature gradients and the moving

ehavior of the melting frontier. 

Besides, with increasing the mass fraction of nanoparticles the

hermal conductivity is improved, and hence, at the early stage of

he melting process, which is a conduction dominant heat transfer,

he heat transfer rate (the Nusselt number) increases. At Fo = 0.01,

usselt number was computed as 38.18, 38.5, 39.08 and 39.4, for

%, 1%, 3% and 5% mass fraction of nanoparticles, respectively. 

However, as depicted in Fig. 9 , the melting front advances by

he increase of Fourier numbers. In this case, the buoyancy forces

nduce a critical non-linear effect that can change the temperature

radients and the moving behavior of the melting frontier. For all

ass fractions, Fig. 9 shows that the temperature gradient in the

elted zone decreases over time due to the low velocity of the

uid field as well as the increased thickness of the molten layer,

hich in turn decreases the Nusselt number (see Fig. 12 ). Just after

he early stages of the melting heat transfer, both the conduction

nd natural convection heat transfer mechanisms are weak. About

o = 0.1–0.5, the Nusselt number increases for all mass fractions.

his is since the velocity field of the fluid in the melted zone in-
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Fig. 9. Development of isothermal contours and streamlines: (a) φwt = 0.00, (b) φwt = 0.01, (c) φwt = 0.03, (d) φwt = 0.05 inside melted NePCM for AR = 0.5 with passing 

non-dimensional time. 

Fig. 10. Development of melting frontier with passing non-dimensional time for different mass fraction and AR = 0.5. 
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Fig. 11. The fraction of melted PCM with passing non-dimensional time for differ- 

ent mass fraction and AR = 0.5. 

Fig. 12. Average Nusselt number with passing non-dimensional time for different 

mass fraction and AR = 0.5. 

Fig. 13. Development of (I) isotherms and streamlines and (II) velocity vectors and velocity magnitude contours: (a) φwt = 0.00, (b) φwt = 0.01, (c) φwt = 0.03, (d) φwt = 0.05 

inside melted NePCM concerning AR = 1 with passing non-dimensional time. 
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Fig. 14. Development of melting frontier with passing non-dimensional time for different mass fraction and AR = 1. 

Fig. 15. The fraction of melted PCM with passing non-dimensional time for differ- 

ent mass fraction and AR = 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 16. Average Nusselt number with non-dimensional time for different mass 

fractions and AR = 1. 
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n  
creases over time gradually, and it leads to increase in the temper-

ature gradient near the inner wall. 

After Fo = 0.01, the buoyancy forces get important, and the

molten region starts weak circulation flows. Increasing the mass

fraction reduces the velocity field. As the velocity field of the fluid

decreases, the convection term of the energy equation ( Eq. (18) )

drops. Therefore, it can be considered that increasing the mass

fraction results in reducing the thermal heat flux on the inner wall

(decreasing the Nusselt number) and this decreases the melted

volume fraction (see Fig. 11 ). 

Also, according to increasing mass fraction and decreasing ve-

locity field, temperature gradient decreases in the melted zone,

but it is expected that the increasing the mass fraction provides

a minor effect on the temperature gradient in the solid zone in

comparison with the melted zone due to the lack of convection
erm in energy equation ( Eq. 19 ) and the barrier of fusion heat

ransfer at the melting frontier. Increasing the mass fraction also

eads to an increase in the volume fraction and 1 / ( 1 − φ) coeffi-

ient in Eq. (21) , but in the case of convective heat transfer this

ncrease is overridden by the effect of buoyancy forces and convec-

ive circulations in the enclosure. It should be noted that increas-

ng the mass fraction by 5% only causes 1% change in the coef-

cient 1 / ( 1 − φ) . Therefore, it could be considered that increasing

he mass fraction leads to a decrease in the non-Newtonian power-

aw index ( Table 1 ) as well as the velocity of melting frontier (see

q. (21) and Fig. 10 ). Also, Fig. 11 shows that increasing the mass

raction results in a decrease in the melting rate of nano-enhanced

CM. 

For the Fourier number between 3 and 5, the value of Nusselt

umber remains constant for all mass fractions (see Fig. 12 ), due to
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Fig. 17. Development of (I) isotherms and streamlines and (II) velocity vectors and velocity magnitude contours: (a) φwt = 0.00, (b) φwt = 0.01, (c) φwt = 0.03, (d) φwt = 0.05 

inside melted NePCM concerning AR = 2 with passing non-dimensional time. 
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he equivalence between the convection and diffusion terms of the

nergy Eq. (18) . In this range of Fourier numbers, the variation of

emperature field over time will be negligible for all mass fractions,

specially near the inner wall (see Fig. 9 ). So, the heat flux of the

nner wall and Nusselt number do not change over time. 

For the Fourier number between 10 and 12, the velocity of the

elting frontier tends to zero and the melted volume fraction ex-

eriences no changes over time ( Figs. 9–11 ) for all mass fractions.

ince that according to Eq. (21) , the inlet heat flux from the in-

er wall to the melted zone is equal to the outlet heat flux from

he melted zone to the solid portion, and these two terms are bal-

nced. Due to the effect of the addition of nano-particles on the
elting behavior of PCM, the final melted volume fraction will be

ower for higher mass fractions. 

In general, it can be concluded that the melting behavior of

on-Newtonian nano-enhanced PCM is mostly affected by the

ass fraction of nanoparticles. It should be noted that according to

he experimental data, the non-Newtonian power-law indexes for

oth 0% and 1% mass fraction are equal to 1, the results of these

wo mass fractions are close together. 

At initial times, the distance between the inner wall and the

elting front is small, so the conduction mechanism is dominant.

n this case, due to the thinness of the molten layer, the tempera-

ure profile from the inner wall to the melting front experiences a
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Fig. 18. Development of melting frontier with passing non-dimensional time for different mass fraction and AR = 2. 

Fig. 19. The fraction of melted PCM (a) and average Nusselt number (b) with passing non-dimensional time for different mass fraction and AR = 2. 
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high gradient, that is why in the initial times the Nusselt number

is significantly high. Continuing with the melt front, the tempera-

ture gradient decreases, resulting in a decrease in Nusselt number.

Also, with the advance of the melting front, the free convection

is gradually strengthened, and as a result, the heat transfer is in-

creased until it reaches a constant value. 

The phase change behavior is also investigated for AR = 1 in

Figs. 13–16 and AR = 2 in Figs. 17–20 to explore the effects of the

mass fraction on the melting behavior of the PCM in these two

aspect ratios. According to Figs. 13 and 14 , most changes in tem-

perature contours, streamlines, and the location of melting frontier

(for AR = 1) occur for F o < 5. Figs. 18 and 19 also show that the

melting frontier displacement occurs for F o < 1 at AR = 2, gener-

ally. The reason is that there is always a solid layer attached to the

outer wall (due to lower temperature of the outer wall than the

melting temperature) which limits the advancement of the melt-

ing frontier and final melted volume fraction. The higher the aspect
atio, the greater the coaxial tube thickness, and hence, the melt-

ng frontier reaches its final limit faster. Also, according to Figs. 9 ,

3 , 17 for all three aspect ratios, the most melted volume is from

he upper part of the PCM due to the higher temperature and heat

ux of the upper half of the geometry. The velocity magnitude and

elocity vectors are also plotted in Figs. 13 and 17 to show the

atural convection flow dynamic in the liquid region. The highest

elocity magnitudes are in the vicinity of the hot wall, while the

elocity magnitudes next to the melting interface are moderate.

his is due to the larger surface area of the melting interface com-

ared to the hot wall. The surface area of the hot wall is smaller

han the surface area of the melting interface. Hence, there is the

tronger temperature gradient and stronger flow convection at the

ot wall compared to the cold melting interface. The number of

he velocity vectors is higher next to the melting interface which

s due to the higher mesh resolution in this part of the domain of

olution. 
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Fig. 20. The fraction of melted PCM (a) and average Nusselt number (b) with passing non-dimensional time for different aspect ratio and φwt = 0.05. 

Fig. 21. Final fraction of melted PCM for different aspect ratios between 0.5 and 2.5 

and different mass fractions (Maximum F o = 12). 
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As mentioned before, the experimental data shows that in-

reasing the mass fraction of the nanoparticles reduces the non-

ewtonian power-law index. Also, due to the weakness of the mo-

entum convection, the diffusion term in momentum Eq. (15) and

16) is dominant. Increasing the mass fraction of the nanoparticles,

hich decreases the thermal convection. Therefore, it can be con-

luded that increasing the mass fraction for all aspect ratios leads

o a decrease in the heat flux to the inner wall and the Nusselt

umber ( Figs. 16 and 19 b) and also a decrease in the melted vol-

me fraction ( Figs. 15 and 19 a). 

Fig. 20 a and b show the melted volume fraction and the average

usselt number for the three aspect ratios of 0.5, 1 and 2, respec-

ively. According to these figures, the melting rate is fast for higher

spect ratios at low Fourier numbers, and the melted volume frac-

ion and average Nusselt number reach their final limit faster. The

igher aspect ratio, the lower coaxial tube thickness and the lower

elting frontier distance from its limit, so the heat transfer reaches

ts steady-state faster. According to Fig. 20 a and b in a steady-state,

s the aspect ratio increases, the average Nusselt number, and fi-

al melted volume fraction are decreased. Since the higher aspect

atio, the less space available for the formation of eddies and free
onvection heat transfer, and it leads to a lower final average Nus-

elt number and final melted volume fraction. 

The calculations of the melting process are also performed for

arious aspect ratios ( AR ) in the range of 0.5 to 2 with 0.25 step

izes, and the final melted volume fraction for the mass fraction

f 0.00, 0.01, 0.03 and 0.05 is presented in Fig. 21 . As discussed

arlier, the final melted volume fraction decreases by increasing

he aspect ratio for all mass fractions. Also, by increasing the mass

raction of the nanoparticles, the flow circulation, and free convec-

ion heat transfer are decreased, and it leads to a decrease in the

nal melted volume fraction. 

. Conclusion 

In the present study, the melting heat transfer of a power-law

on-Newtonian nano-enhanced PCM in a gap between isothermal

ertical cylinders was studied. The inner cylinder was kept at high

emperature, while the outer one was kept at low temperature.

he governing equations were introduced in the unsteady form to

tudy the melting process. Then, the governing equations were re-

uced into a dimensionless form to generalize the outcomes. The

nite element method was employed. The grid check analysis and

alidation studies were performed to ensure the accuracy of the

esults. The impacts of nanoparticles volume fraction and cylinder

spect ratio on melt flow, heat transfer, average Nusselt number,

nd melted PCM fraction were investigated. 

The addition of nanoparticles leads to a reduction of the melt-

ng intensity due to the growth of the material viscosity. As a

esult, the average Nusselt number is a decreasing function of

anoparticle volume fraction. The rise of the cavity aspect ratio

haracterizes a more intensive melting due to the growth of the

emperature gradients. The average Nusselt number and fraction of

elted PCM are reduced with the aspect ratio. 
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