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a b s t r a c t 

The present study is devoted to the numerical analysis of entropy generation in the natural convection of water 
combined with nano-sized particles containing the encapsulated phase change material in a square enclosure 
with a solid triangular block. The finite element method is used for the current investigation. The effects of 
the Rayleigh ( Ra ), Stefan numbers ( Ste ), thermal conductivity ratio ( R k ) and non-dimensional height ( L Y ) of 
the triangular block, the volume fraction ( 𝜑 ), and the non-dimensional fusion temperature ( 𝜃f ) of the nano- 
encapsulated phase change materials are reported. The results show that the rate of heat transfer and the total 
entropy generation enhances with the increment of the thermal conductivity of the solid triangular block and also 
declines with augmentation of its height. Moreover, the generated entropy intensifies as the volume fraction of the 
nano-capsules increases. Finally, for high values of the Rayleigh number ( Ra = 10 6 ), the total entropy generation 
declines as the non-dimensional fusion temperature ( 𝜃f ) approaches 0.5. In contrast, when the buoyancy force is 
low ( Ra = 10 4 ), the total generated entropy elevates as 𝜃f → 0.5. 
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. Introduction 

Creation of modern heat exchangers, solar collectors, energy storage
ystems demands the usage of materials with high heat capacity and
atent energy. Phase change materials (PCMs) can be considered as an
ffective medium having such characteristics [1–3] . Moreover, a phase
hange for such materials occurs at a constant temperature. An appli-
ation of PCMs in different devices is related to an opportunity of hav-
ng an optimal inclusion of these materials within the heat transfer liq-
id. Such inclusion can be implemented through an encapsulation tech-
ique [ 4 , 5 ]. This approach allows keeping PCM in a restricted space and
liminating interaction between PCM and the heat transfer liquid. Thus,
uo et al. [6] considered a prospect of using micro-encapsulated phase
hange materials with urea-formaldehyde resin shell in order to control
he heat transfer performance and temperature distributions within the
ement slurry system. These authors showed that the inclusion of the
icro-encapsulated phase change materials allows declining both the

emperature growth and the hydration heat of the considered system. 
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Experimental analysis of the cooling performance of three different
CMs in a plate heat exchanger was conducted by Kumirai et al. [7] .
hey revealed that paraffinic PCMs have great momentary heat absorp-
ion with a low absorption period, while salt hydrate PCMs have a longer
nergy absorption period, but the momentary energy absorption capac-
ty is low. Bhagat and Saha [8] numerically studied the heat transfer
erformance within a cylinder filled with spherical encapsulated phase
hange material. Ansys FLUENT commercial software was used for com-
utations. The authors showed that decreasing the encapsulation size
eads to diminishing the fluctuation in heat transfer fluid temperature. Li
nd Chen [9] examined an application of PCM in a building envelope to
educe building heat consumption and improve the heat comfort within
he room. The authors considered the bounded porous wall filled with
ncapsulated PCMs. Numerical analysis was performed using COMSOL
ultiphysics software. It was ascertained that the influence of the PCM

pheres size on heat transfer performance is non-essential. Moreover,
hey found that the thickness of the considered wall should be between
 and 8 cm. 
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Fig. 1. Schematic figure of the problem physics. 
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𝜌  
Numerical and experimental analysis of heat transfer in a cylindrical
avity filled with PCM or aluminum foam with PCM was conducted by
aliano et al. [10] . Experiments were performed in a climatic chamber,
hile numerical analysis was conducted based on the COMSOL Multi-
hysics software. The authors showed that the addition of aluminum
oam allows reducing the charging and recharging periods for PCM in
omparison with pure PCM. 

There are some published papers about the usage of nano-
ncapsulated phase change material on different devices. Praveen et al.
11] experimentally analyzed the heat transfer in finned energy storage
aturated with graphene nano-platelets with microencapsulated PCM.
he authors found that the addition of nano-encapsulated phase change
aterial allows delaying the heat sink temperature growth by 22.5% up

o a temperature of 80 °C. Rao et al. [12] considered the heat and mass
ransport of NEPCM using n -octadecane as a core medium and SiO 2 as a
hell medium. Molecular dynamics techniques were used for numerical
nalysis. Authors showed that the shell thickness has an essential impact
n the heat transfer performance. 

Ghalambaz et al. [ 13 , 14 ] and Hajjar et al. [15] studied the heat
ransfer of NEPCM in different regions, namely, vertical flat plate
13] and square cavity [ 14 , 15 ]. The authors revealed the energy trans-
ort enhancement by using encapsulated PCM nano-sized particles. Li
t al. [16] experimentally evaluated the passive thermal efficiency of a
etal foam saturated with a slurry containing nano-encapsulated phase

hange materials. They showed that due to the fluid flow resistance
aused by the porosity of the metal foam, the natural convection could
anish entirely. They also reported that the surface temperature was re-
uced by 24% for the case of pure NEPCMs, while the maximum achiev-
ble temperature reduction for the case of metal foam and NEPCMs is
bout 38%. Tumirah et al. [17] fabricated an organic phase change ma-
erial of n-octadecane and showed that the prepared NEPCMs have good
hermal reliability concerning chemical reactions, showing their poten-
ial for thermal energy storage in buildings and other applications. 

The entropy generation of nanofluids, containing solid nanoparti-
les with no phase change, has been investigated in several recent stud-
es. Rashidi et al. [18] investigated the entropy generation of alumina
anofluids in a solar still and found that using a 5% volume fraction
f the nanoparticles improves the still production by 25%. Also, the
hermal and the friction entropy generations were promoted by using
anoparticles. They also found that thermal entropy generation was
he dominant source of the entropy generation in the solar still. Sheik-
oleslami et al. [19] explored the free convection entropy generation of
itania (TiO2), silver (Ag), copper (Cu), and alumina (Al2O3) nanopar-
icles suspended in water and showed that the presence of nanoparticles
aised the overall entropy generation in a cavity. Moreover, the silver
anoparticles resulted in the maximum heat transfer and entropy gen-
ration. 

Sheremet et al. [20] examined the entropy generation of nanoflu-
ds in a cavity containing a hot solid block and reported an increase
f entropy generation by the growth of nanoparticles volume fraction.
he literature review shows that various aspects of entropy generation
f nanofluids such as natural convection in open [21] or partitioned
22] cavities, mixed convection heat transfer [23–25] , natural convec-
ion of nanofluids in porous media [26] , conjugate heat transfer [27] ,
agnetic field effects [ 28 , 29 ], and hybrid nanofluids [ 29 , 30 ] were in-

estigated in recent studies. However, the entropy generation of nano-
ncapsulated phase change suspensions is a new topic, which has not
een addressed yet. 

A detailed survey of existing literature reveals that in spite of sev-
ral studies performed in the domain of thermal analysis of nano-
ncapsulated phase change materials, the configurational impact of a
olid block on the melting zone of the NEPCMs, and how it affects the
attern and rate of heat transfer has not yet analyzed. 

In addition, to the best of the author’s knowledge, the entropy gen-
ration and its dependency on the presence of the NEPCM nanoparti-
les have not been surveyed in the literature. The present study aims
o investigate the fluid flow, heat transfer, and entropy generation
n a differentially-heated square cavity filled with water containing
ano-encapsulated phase change material under the impact of a heat-
onducting solid triangular block. In fact, the aim of using the heat-
onducting block with triangular configuration is to study the direc-
ional effects of the heat conduction on the flow and heat transfer char-
cteristics, especially the melting-solidification zone. For this purpose,
nd in order to make the results comparable, the surface area of the tri-
ngle is considered to be constant, i.e., the length of the triangular block
ecreases as its height augments. 

. Problem physics 

The analyzed geometry considered in this study is a 2-dimensional in
pace cavity with an attached solid triangular block as schematically de-
icted in Fig. 1 . The left and right walls are assumed to be isothermally
eated at T h and T c , respectively, and the other walls of the enclosure
re well insulated. The area of the solid triangular block is constant and
s considered as a constraint. The void space of the enclosure is occupied
ith a suspension of water and the particles of NEPCMs, which circu-

ates by natural convection. The thermophysical properties of the host
uid (water), the core (nonadecane) and the shell (polyurethane) are
hown in Table 1 . According to the literature [31] , the latent heat of the
onadecane is about 211 kJ/kg, and its fusion temperature is approxi-
ately 32 °C. The suspension is considered to be homogenous, and no
ydrodynamic or thermal slip is assumed. Considering the Boussinesq’s
pproximation to model the variations of the density for the buoyancy
orce for the laminar, incompressible and steady flow, the thermal and
ydrodynamic behaviors of the suspension containing NEPCMs can be
xpressed as: 

𝜕𝑢 

𝜕𝑥 
+ 

𝜕𝑣 

𝜕𝑦 
= 0 (1)

𝑏 

( 

𝑢 
𝜕𝑢 

𝜕𝑥 
+ 𝑣 

𝜕𝑢 

𝜕𝑦 

) 

= − 

𝜕𝑝 

𝜕𝑥 
+ 𝜇𝑏 

( 

𝜕 2 𝑢 

𝜕 𝑥 2 
+ 

𝜕 2 𝑢 

𝜕 𝑦 2 

) 

(2)

𝑏 

( 

𝑢 
𝜕𝑣 

𝜕𝑥 
+ 𝑣 
𝜕𝑣 

𝜕𝑦 

) 

= − 

𝜕𝑝 

𝜕𝑦 
+ 𝜇𝑏 

( 

𝜕 2 𝑣 

𝜕 𝑥 2 
+ 

𝜕 2 𝑣 

𝜕 𝑦 2 

) 

+ 𝑔 𝜌𝑏 𝛽𝑏 
(
𝑇 − 𝑇 𝑐 

)
(3)
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Table 1 

Thermophysical characteristics of the studied materials [ 31 , 32 ]. 

Material k (W/m.K) 𝜌 (kg/m 

3 ) C p (J/kg.K) 𝛽 (K − 1 ) 𝜇 (kg/m.s) 

Host fluid (water) 0.613 997.1 4179 21 × 10 − 5 8.9 × 10 − 4 

Polyurethane – 786 1317.7 17.28 × 10 − 5 –

Nonadecane – 721 2037 – –

Glass balls 1.05 2700 840 0.9 × 10 − 5 –

Table 2 

Grid independency test for the Nu t and the | 𝜓 max |. 

Case no. Total number of elements Nu t Err (%) | 𝜓 max | Err (%) 

1 2485 12.9896 0.0438 28.7266 0.2545 

2 3662 13.0015 0.0477 28.7586 0.1434 

3 5520 12.9953 – 28.7999 –

4 7172 13.0041 0.0677 28.8146 0.0510 

5 11,141 13.0039 0.0661 28.8178 0.0621 

Fig. 2. Temperature profile of the suspension along the vertical centerline of 
the cavity for different grid resolution ( X = 0.5). 
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Fig. 3. The temperature field obtained by the current code and represented by 
Turan et al. [42] . 
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( 

𝑢 
𝜕𝑇 

𝜕𝑥 
+ 𝑣 
𝜕𝑇 

𝜕𝑦 

) 

= 𝑘 𝑏 

( 

𝜕 2 𝑇 

𝜕 𝑥 2 
+ 

𝜕 2 𝑇 

𝜕 𝑦 2 

) 

(4) 

 𝑠 

( 

𝜕 2 𝑇 

𝜕 𝑥 2 
+ 

𝜕 2 𝑇 

𝜕 𝑦 2 

) 

= 0 (5)

Mathematical representation of the boundary conditions is: 

𝑥, 𝑦 | 𝑥 = 0 , 0 ≤ 𝑦 ≤ 𝑙 𝑦 ⇒ 𝑇 = 𝑇 ℎ 

𝑥 = 0 , 𝑙 𝑦 ≤ 𝑦 ≤ 𝐻 ⇒ 𝑢 = 𝑣 = 0 , 𝑇 = 𝑇 ℎ 

(6a) 

𝑥, 𝑦 || 𝑥 = 𝐻, 0 ≤ 𝑦 ≤ 𝐻 ⇒ 𝑢 = 𝑣 = 0 , 𝑇 = 𝑇 𝑐 (6b) 

𝑥, 𝑦 | 𝑦 = 0 , 0 ≤ 𝑥 ≤ 𝑙 𝑥 ⇒ 𝜕 𝑇 ∕ 𝜕 𝑦 = 0 

𝑦 = 0 , 𝑙 𝑥 ≤ 𝑥 ≤ 𝐻 ⇒ 𝑢 = 𝑣 = 0 , 𝜕 𝑇 ∕ 𝜕 𝑦 = 0 
(6c) 

𝑥, 𝑦 | 𝑦 = 𝐻, 0 ≤ 𝑥 ≤ 𝐻 ⇒ 𝑢 = 𝑣 = 0 , 𝜕 𝑇 ∕ 𝜕 𝑦 = 0 (6d) 
𝑥, 𝑦 
|||| 𝑦 = − 

(
𝑙 𝑦 ∕ 𝑙 𝑥 

)(
𝑥 − 𝑙 𝑥 

)
⇒ 𝑢 = 𝑣 = 0 , 𝑘 𝑠 

𝜕𝑇 

𝜕𝑛 

||||𝑠 = 𝑘 𝑏 
𝜕𝑇 

𝜕𝑛 

||||𝑏 (6e) 

.1. The suspension thermo-physical properties 

The suspension density is defined and assessed as a weighted func-
ion of the base fluid and the dispersed nano-particles [33] : 

𝑏 = ( 1 − 𝜑 ) 𝜌𝑓 + 𝜑 𝜌𝑝 (7)

The subscripts p and f respectively represent the particles and host
uid. The density of the NEPCMs can be calculated as following [ 33 , 34 ]:

𝑝 = 

( 1 + 𝜄) 𝜌𝑐𝑜 𝜌𝑠ℎ 
𝜌𝑠ℎ + 𝜄𝜌𝑐𝑜 

(8) 

The subscripts sh and co denote the densities of the shell and core
f NEPCMs, respectively. 𝜄, which is the weight ratio of the core to the
hell and for the studied materials, approximately equals 𝜄 ≈ 0.447 [31] .
lso, the suspension’s heat capacity is calculated as follows [ 34 , 35 ]: 

 𝑝,𝑏 = 

( 1 − 𝜑 ) 𝜌𝑓 𝐶 𝑝,𝑓 + 𝜑 𝜌𝑝 𝐶 𝑝,𝑝 

𝜌
(9) 
𝑏 
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Fig. 4. Entropy generation induced by (left) 
thermal gradient and (right) viscosity for the 
present work (solid lines) and Ilis et al. 
[43] (circle symbol). 

Fig. 5. A comparison between the isotherms of 
(a): the present numerical work and (b): the ex- 
perimental work conducted by Calcagni et al. 
[44] . 
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With regard to the phase transition of the core of the nano-capsules,
he following sinusoidal profile is suggested for the total heat capacity
 33 , 36 ]: 

 𝑝,𝑝 = 𝐶 𝑝,𝑐𝑜 + 

{ 

𝜋

2 
⋅
( 

ℎ 𝑠𝑓 

𝑇 𝑀𝑟 
− 𝐶 𝑝,𝑐𝑜 

) 

⋅ sin 
( 

𝜋
𝑇 − 𝑇 0 
𝑇 𝑀𝑟 

) } 

×
⎧ ⎪ ⎨ ⎪ ⎩ 
0 𝑇 < 𝑇 0 
1 𝑇 0 < 𝑇 < 𝑇 1
0 𝑇 > 𝑇 1 

(10)

n which T Mr , the temperature interval, is defined as: 

 Mr = 𝑇 1 − 𝑇 0 

||||||
𝑇 0 = 𝑇 𝑓 − 𝑇 Mr ∕2 

𝑇 1 = 𝑇 𝑓 + 𝑇 Mr ∕2 
(11)

 f is the fusion temperature of the core. The phase change occurs in
he cores of the nano-capsules, where the temperature of the suspension
aries between T 0 and T 1 . The volumetric thermal expansion coefficient
f the suspension can be expressed as [35] : 

𝑏 = ( 1 − 𝜑 ) 𝛽𝑓 + 𝜑 𝛽𝑝 (12)

The dynamic viscosity and thermal conductivity of the suspension
re evaluated by utilizing the linear relations presented below [ 37 , 38 ]:

𝜇𝑏 

𝜇𝑓 
= 1 + 𝑁𝑣𝜑 (13a)

𝑘 𝑏 

𝑘 𝑓 
= 1 + 𝑁𝑐𝜑 (13b)
here the Nc and Nv are respectively the numbers of dynamic viscosity
nd thermal conductivity. It is worth noting that the Eq. (13) can be
mployed only when 𝜑 ≤ 5%. Using curve-fitting on the experimental
esearch of Barlak et al. [31] , the values of Nc = 23.8 and Nv = 12.5
re computed for NEPCMs in water. The NEPCM particles were made of
-Nonadecane core and polyurethane shell. 

.2. Stream function and entropy generation 

Suspension flow can be visualized by employing the contours of the
tream function, defined by the velocity components as follows: 

 = 

𝜕𝜓 

𝜕𝑦 
, 𝑣 = − 

𝜕𝜓 

𝜕𝑥 
(14)

Once again, differentiating the above equations with respect to x and
 , and then, subtracting the resulted equations yields: 

𝜕 2 𝜓 

𝜕 𝑥 2 
+ 

𝜕 2 𝜓 

𝜕 𝑦 2 
= − 

( 

𝜕𝑣 

𝜕𝑥 
− 

𝜕𝑢 

𝜕𝑦 

) 

(15)

The required boundary conditions for the above equation are 𝜓 = 0
verall the bounds. 

The following equation shows the mechanism for the production
f entropy including thermal entropy generation and friction entropy
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Fig. 6. Influence of the Rayleigh number and 
the R k on the patterns of the isotherms, stream- 
lines and the phase transition zone ( 𝜑 = 0.05, 
Ste = 0.2, 𝜃f = 0.5, L Y = 0.3). 
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eneration [39] as 

 = 𝑠 𝜃 + 𝑠 𝜓 = 

𝑘 𝑏 

𝑇 2 0 

[ (
𝜕𝑇 

𝜕𝑥 

)2 
+ 

( 

𝜕𝑇 

𝜕𝑦 

) 2 
] 

+ 

𝜇𝑏 

𝑇 0 

( 

2 

( (
𝜕𝑢 

𝜕𝑥 

)2 
+ 

( 

𝜕𝑣 

𝜕𝑦 

) 2 
) 

+ 

( 

𝜕𝑢 

𝜕𝑦 
+ 

𝜕𝑣 

𝜕𝑥 

) 2 
) 

(16) 

here s 𝜃 and s 𝜓 in the above equation refer to the entropy generations
ecause of temperature gradient and friction of the fluid layers, respec-
ively. 

. Non-dimensionalizing the governing equations 

To normalize the Eqs. (1 –4 ) along with the assumed boundary con-
itions, i.e., Eq. (5) , the following definition is employed: 

 = 

𝑥 

𝐻 
, 𝑌 = 

𝑦 

𝐻 
, 𝑈 = 

𝑢𝐻 

𝛼𝑓 
, 𝑉 = 

𝑣𝐻 

𝛼𝑓 
, 𝛹= 

𝜓 

𝛼𝑓 
, 𝑃 = 

𝑝 𝐻 2 

𝜌𝑓 𝛼
2 
𝑓 

𝜃 = 

𝑇− 𝑇 𝑐 
Δ𝑇 , Π= 

𝜋

𝑘 𝑓 Δ𝑇 
, Δ𝑇 = 𝑇 ℎ − 𝑇 𝑐 

(17) 

Hence, we then have: 

𝜕𝑈 

𝜕𝑋 

+ 

𝜕𝑉 

𝜕𝑌 
= 0 (18)

 

𝜌𝑏 

𝜌𝑓 

) (
𝑈 
𝜕𝑈 

𝜕𝑋 

+ 𝑉 
𝜕𝑈 

𝜕𝑌 

)
= − 

𝜕𝑃 

𝜕𝑋 

+ 𝑃 𝑟 

( 

𝜇𝑏 

𝜇𝑓 

) ( 

𝜕 2 𝑈 

𝜕 𝑋 

2 + 

𝜕 2 𝑈 

𝜕 𝑌 2 

) 

(19)

 

𝜌𝑏 

𝜌𝑓 

) (
𝑈 
𝜕𝑉 

𝜕𝑋 
+ 𝑉 

𝜕𝑉 

𝜕𝑌 

)
= − 

𝜕𝑃 

𝜕𝑌 
+ 𝑃 𝑟 

( 

𝜇𝑏 

𝜇𝑓 

) (
𝜕 2 𝑉 
𝜕 𝑋 2 

+ 

𝜕 2 𝑉 
𝜕 𝑌 2 

)
 𝑅𝑎 ⋅ 𝑃 𝑟 

( 

𝜌𝑏 

𝜌𝑓 

) ( 

𝛽𝑏 

𝛽𝑓 

) 

𝜃

(20) 
n the above equations, the Rayleigh ( Ra ) and the Prandtl ( Pr ) numbers,
re: 

𝑎 = 

𝑔 𝜌𝑓 𝛽𝑓 Δ𝑇 𝐻 

3 

𝛼𝑓 𝜇𝑓 
, 𝑃 𝑟 = 

𝜇𝑓 

𝜌𝑓 𝛼𝑓 
(21)

𝑟 

(
𝑈 
𝜕𝜃

𝜕𝑋 

+ 𝑉 
𝜕𝜃

𝜕𝑌 

)
= 

( 

𝑘 𝑏 

𝑘 𝑓 

) ( 

𝜕 2 𝜃

𝜕 𝑋 

2 + 

𝜕 2 𝜃

𝜕 𝑌 2 

) 

(22) 

here 

𝑟 = 

(
𝜌𝐶 𝑝 

)
𝑏 (

𝜌𝐶 𝑝 
)
𝑓 

= ( 1 − 𝜑 ) + 𝜑𝜆 + 

𝜑 

𝛿 𝑆𝑡𝑒 
𝑓 (23)

r is the heat capacity of the suspension divided by the sensible heat ca-
acity of the host fluid. Also, the heat capacity ratio 𝜆, the dimensionless
elting interval 𝛿, and the Stefan number Ste are defined as: 

= 

(
𝐶 𝑝 𝑐,𝑙 + 𝜄𝐶 𝑝 𝑠 

)
𝜌𝑐 𝜌𝑠 

( 𝜌Cp ) 𝑓 
(
𝜌𝑠 + 𝜄𝜌𝑐 

) , 𝛿 = 

𝑇 Mr 

Δ𝑇 
, Ste = 

( 𝜌Cp ) 𝑓 Δ𝑇 
(
𝜌𝑠 + 𝜄𝜌𝑐 

)
𝛼𝑓 

(
ℎ sf 𝜌𝑐 𝜌𝑠 

) (24) 

Also, f , the dimensionless fusion function, is defined as: 

 = 

𝜋

2 
sin 

(
𝜋

𝛿

(
𝜃 − 𝜃𝑓 + 

𝛿

2 

))
×
⎧ ⎪ ⎨ ⎪ ⎩ 
0 𝜃 < 𝜃𝑓 − 𝛿∕2 
1 𝜃𝑓 − 𝛿∕2 < 𝜃 < 𝜃𝑓 + 𝛿∕2 
0 𝜃 > 𝜃𝑓 + 𝛿∕2 

(25) 

here 𝜃f , the dimensionless fusion temperature, is. 

𝑓 = 

𝑇 𝑓 − 𝑇 𝑐 

Δ𝑇 
(26) 

The energy equation for the solid triangular block is: 

 = 𝑅 𝑘 

( 

𝜕 2 𝜃

𝜕𝑋 

2 + 

𝜕 2 𝜃

𝜕𝑌 2 

) |||| 𝑅 𝑘 = 

𝑘 𝑠 

𝑘 
(27) 
𝑏 
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Fig. 7. Influence of the volume fraction of the 
NEPCMs and the Stefan number on the patterns 
of the isotherms, streamlines and the phase 
transition zone ( Ra = 10 5 , R k = 1, 𝜃f = 0.5, 
L Y = 0.3). 
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The non-dimensional form of the imposed boundary conditions can
e expressed as: 

𝑋, 𝑌 | 𝑋 = 0 , 0 ≤ 𝑌 ≤ 𝐿 𝑌 ⇒ 𝜃 = 1 

𝑋 = 0 , 𝐿 𝑌 ≤ 𝑌 ≤ 1 ⇒ 𝑈 = 𝑉 = 0 , 𝜃 = 1 
(28a)

𝑋, 𝑌 | 𝑋 = 1 , 0 ≤ 𝑌 ≤ 1 ⇒ 𝑈 = 𝑉 = 0 , 𝜃 = 0 (28b)

𝑋, 𝑌 | 𝑌 = 0 , 0 ≤ 𝑋 ≤ 𝐿 𝑋 ⇒ 𝜕 𝜃∕ 𝜕 𝑌 = 0 

𝑌 = 0 , 𝐿 𝑋 ≤ 𝑋 ≤ 1 ⇒ 𝑈 = 𝑉 = 0 , 𝜕 𝜃∕ 𝜕 𝑌 = 0 
(28c)

𝑋, 𝑌 | 𝑌 = 1 , 0 ≤ 𝑋 ≤ 1 ⇒ 𝑈 = 𝑉 = 0 , 𝜕 𝜃∕ 𝜕 𝑌 = 0 (28d)

𝑋, 𝑌 
|||| 𝑌 = − 

(
𝐿 𝑌 ∕ 𝐿 𝑋 

)(
𝑋 − 𝐿 𝑋 

)
⇒ 𝑈 = 𝑉 = 0 , 𝑅 𝑘 

𝜕𝜃

𝜕𝑁 

||||𝑠 = 

𝜕𝜃

𝜕𝑁 

||||𝑏 (28e)

.1. Stream function and entropy generation 

The dimensionless form of the streamline equation can be written
s: 

𝜕 2 𝛹

𝜕 𝑋 

2 + 

𝜕 2 𝛹

𝜕 𝑌 2 
= − 

(
𝜕𝑉 

𝜕𝑋 

− 

𝜕𝑈 

𝜕𝑌 

)
(29)
In addition, the non-dimensional entropy generation relation can be
ritten as 

 𝑇 = 𝑆 𝜃 + 𝑆 𝜓 = 

𝑘 𝑏 

𝑘 𝑓 

[ (
𝜕𝜃

𝜕𝑋 

)2 
+ 

(
𝜕𝜃

𝜕𝑌 

)2 ] 
+ 𝜒

𝜇𝑏 

𝜇𝑓 

( 

2 
(
𝜕𝑈 

𝜕𝑋 

)2 
+ 2 

(
𝜕𝑉 

𝜕𝑌 

)2 
+ 

(
𝜕𝑈 

𝜕𝑌 
+ 

𝜕𝑉 

𝜕𝑋 

)2 ) 

(30) 

in the above relation, is the irreversibility parameter which is defined
s: 

= 

𝜇𝑓 𝑇 0 

𝑘 𝑓 

( 

𝛼𝑓 

𝐻 

(
𝑇 ℎ − 𝑇 𝑐 

)) 2 

(31) 

. Rate of heat transfer 

The rates of local heat transfer enter the cavity from the hot wall are
btained using the relations given below: 

𝑢 𝑌 1 = − 𝑅 𝑘 

(
𝜕𝜃

𝜕𝑋 

)
𝑋=0 , 0 ≤ 𝑌 ≤ 𝐿 𝑌 

(32a) 

𝑢 𝑌 2 = − 

𝑘 𝑏 

𝑘 𝑓 

(
𝜕𝜃

𝜕𝑌 

)
𝑋=0 , 𝐿 𝑌 ≤ 𝑌 ≤ 1 

(32b) 

The overall heat transfer rate through the solid triangular block can
lso be written as follows: 

 𝑢 𝑡 = 

𝐿 𝑌 

∫ 𝑁 𝑢 𝑌 1 𝑑 𝑌 + 

1 

∫ 𝑁 𝑢 𝑌 2 𝑑 𝑋 (33)
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Fig. 8. Influence of the non-dimensional fu- 
sion temperature on the patterns of the 
isotherms, streamlines and the phase transition 
zone ( Ra = 10 6 , R k = 1, Ste = 0.2, 𝜑 = 0.05, 
L Y = 0.3). 
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Table 3 

Comparison between the results of the present study and Kahveci [41] 
( Ra = 10 6 ). 

Nu avg 𝜑 = 0.0 𝜑 = 0.05 𝜑 = 0.1 𝜑 = 0.15 𝜑 = 0.2 

Present study 9.20 9.76 10.30 10.80 11.20 

Kahveci [41] 9.23 9.77 10.23 10.77 11.21 
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. Numerical approach and grid test 

The non-dimensional governing equations subject to the boundary
onditions ( Eqs. (18) –20 , 22 , 27 , and 28) were solved numerically using
 weighted finite element method, named Galerkin’s method. The dis-
retization of the computational domain is done using a non-structured
rid. It is noteworthy to mention that to capture the sharp variation of
elocity and temperature near the solid walls, the generated grids in
hese areas are considered to be denser. The damped Newton method is
pplied to fully couple governing discretized equations. Finally, the so-
ution for the corresponding linear algebraic equations is acquired using
he Parallel Sparse Direct Solver. The computation is terminated when
he residuals for all dependent variables become less than 10 − 5 . The
sed numerical method is described in detail in [40] . 

The grid check survey is conducted for the present study to guar-
ntee a grid-independent solution. Five various non-uniform grid sizes
re considered to select the appropriate grid size, as shown in Table 2 ,
n which the relative errors are measured with respect to case 3. As a
urther analysis, the temperature profiles of the suspension along the
ertical centerline of the cavity for the five cases are depicted in Fig. 2 .
he results obtained for the average Nusselt number at the hot vertical
all and the maximum velocity inside the cavity are presented for each
rid size when Ra = 10 6 , R k = 10, Pr = 6.2, Ste = 0.2, 𝜃f = 0.1, 𝜑 = 0.05,
c = 23.8, Nv = 12.5, 𝜆 = 0.333, and 𝛿 = 0.05. Consequently, by consid-
ring the computational cost and accuracy, the grid with 5520 elements
Case 3) has been selected for the following analysis. 

The accuracy of the employed numerical code can be proved by com-
aring the current outcomes and those reported in [41–44] . Table 1 and
igs. 3 and 4 show these comparisons. 
Table 3 compares the average Nusselt numbers of the present study
nd [41] . In [41] , the buoyancy-driven convection of a suspension of
ater and TiO 2 nanoparticles in a clear square enclosure in which the

ide walls are isothermally heated and the horizontal walls are insulated.
As further verification, the temperature field of the developed nu-

erical code for a simple fluid in a square medium enclosed has been
ompared with [42] , as depicted in Fig. 3 . Finally, the evaluated en-
ropy fields of this work and those reported by [43] for a pure fluid are
lotted in Fig. 4 . It is worth mentioning that the boundary conditions
f [ 42 , 43 ] are exactly the same as [41] . In the last validation, the tem-
erature fields of the current numerical work and experimental study
f Calcagni et al. [44] have been compared and depicted in Fig. 5 for
 = 0. It is worth noting that, In the experiments of [44] , the enclosure
hen Rayleigh number is 1.836 × 10 5 and Prandtl number is 0.71. In

his case, the vertical walls were adiabatic, the bottom wall was partially
eated, and the upper wall was isothermally kept at a cold temperature
f 𝜃 = 0. 

As clearly seen from the verifications, an admissible agreement can
e found with the literature, specifying that the developed finite element
ode is accurate. 
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Fig. 9. Influence of the non-dimensional 
height of the solid triangular block on the pat- 
terns of the isotherms, streamlines and the 
phase transition zone ( Ra = 10 6 , R k = 10, 
Ste = 0.2, 𝜃f = 0.5, 𝜑 = 0.05). 
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. Results and discussion 

The conjugate natural convection flow and heat transport and the
ate of generated entropy are assessed in the current work for an enclo-
ure occupied with a suspension of water and dispersed NEPCMs par-
icles. A solid triangular block with a constant area is attached to the
ottom and left walls. In this work, the non-dimensional variables are
ayleigh number (10 4 ≤ Ra ≤ 10 6 ), Stefan number (0.2 ≤ Ste ≤ 0.9), non-
imensional fusion temperature (0.05 ≤ 𝜃f ≤ 0.95), the non-dimensional
eight of the solid triangular block (0.25 ≤ L Y ≤ 0.95), thermal conduc-
ivity ratio parameter (1 ≤ R k ≤ 10), volume fraction of NEPCMs par-
icles (0.0 ≤ 𝜑 ≤ 0.05). However, the other parameters are constant as
r = 6.2, Nv = 12.5, Nc = 23.8, 𝛿 = 0.05, 𝜆 = 0.322. 

.1. Heat and fluid flow analysis 

Fig. 6 illustrates the influence of the Rayleigh number and thermal
onductivity ratio on the streamlines, isotherms, and the phase transi-
ion zone of the suspension. As discussed before, the influence of the
hase transition of the nano-capsules is reflected in their temperature-
ependent heat capacity. According to Eq. (24) , when the volume frac-
ion of the NEPCMs particles is 0.05, the heat capacity ratio is constant
nd identical to 0.97 in the regions wherein the fluid temperature is be-
ow or above the melting point of the encapsulated PCM. The phase tran-
ition zone depicts the area in which the capsules are melted partially
nd thus forms and develops around the corresponding fluid isotherm,
nd the heat capacity ratio increases in this zone. The suspension is
eated near the hot wall, resulting in a reduction in its density, and the
nduced buoyancy force drives the suspension vertically up near the hot
all and horizontally along the insulated top wall. The suspension then
ows downward due to the imposed negative buoyancy force (as the
uspension is cooled near the cold wall) and passes along the adiabatic
ottom wall (and also the solid triangular block). Consequently, a clock-
ise vortex (circulation) is formed in the cavity. The formed vortex is,

n fact, responsible for the advection mode of heat transfer in the cavity
nd conveys the nano-capsules with its motion. The red ribbon of the
hase transition zone divides the cavity into two parts, the region near
he hot wall wherein the PCMs of the capsules are completely melted,
nd the other one in the vicinity of the cold wall where the capsules are
ntirely solidified. 

Three distinct phenomena of absorbing, storing, and releasing of the
eat occur in the cores of the capsules. For the NEPCMs, the absorbing
f the heat takes place when the circulating suspension enters the lower
art of the Cr contour (where the fluid comprising solid NEPCMs flows
rom the cold wall and passes through the ribbon). The capsules store
he absorbed heat throughout the region near the hot wall (where the
emperature of the suspension is above the melting temperature of the
CM) and release it in the upper region of the ribbon (where the sus-
ension of melted NEPCMs flows from the hot wall to the cold one).
he Rayleigh number characterizes the buoyancy force, and therefore,

ts amplification intensifies the fluid flow and, consequently, the rate of
eat transfer. 

The isotherms for the case of Ra = 10 4 are almost vertical, indicating
he dominance of the conduction mechanism, while their distortion for
igh Rayleigh number increases, specifying that the convection mode
ainly governs the heat transfer. Increasing the Rayleigh number also

ffects the phase transition zone, and the ribbon of the phase transition
one widens, indicating that capsules of a larger region experience the
hase change. Increasing the thermal conductivity of the solid matrix
oosts the effective thermal conductivity of the cavity and intensifies
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Fig. 10. Influence of the volume fraction of 
NEPCMs and the thermal conductivity of the 
solid block on the patterns of the thermal com- 
ponent of the local entropy generation ( S 𝜃), lo- 
cal generated entropy caused by friction of the 
fluid ( S 𝜓 ) and the local generated entropy ( S T ) 
( Ra = 10 5 , Ste = 0.2, 𝜃f = 0.5, L Y = 0.3). 
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he conduction mechanism. As a result, the rate of heat transfer and
lso the fluid strength increases. 

The dependency of the flow, thermal, and phase transition fields to
he volume fraction of particles and the Stefan number are outlined in
ig. 7 . Adding the nanoparticles of encapsulated phase change materials
o the host fluid alters the suspension’s thermophysical properties and
lso involves the latent heat of the PCMs. These impacts are separately
llustrated and compared in Fig. 7 . Indeed, the presence of the nano-
apsules with very high Stefan number (i.e., with approximately zero
atent heat) only increases the dynamic viscosity and the thermal con-
uctivity of the suspension. The increment of the viscosity reduces the
uid flow in the cavity. The augmentation of the thermal conductivity
levates the rate of heat transfer and thus intensifies the natural con-
ection and the strength of the induced vortex. In other words, the pres-
nce of the NEPCMs without considering their ability to store/release
he heat intensifies the fluid flow. Reducing the Stefan number enables
he absorbing/storing/releasing mechanisms of the PCMs in the nano-
apsules. 

As seen, for Ste = 0.2, the temperature isoline corresponding to the
on-dimensional fusion temperature of the NEPCMs is distorted some-
hat by adding the nano-capsules. In addition, in comparison with the

ase of Ste →∞, the fluid flow declines, and the isotherms slightly move
o the sidewalls, indicating an augmentation of the heat transfer. By re-
ucing the Stefan number, more energy, in the form of the latent heat,
an be stored in the cores of the nano-capsules, and thus the rate of heat
ransfer augments. The decrease of the fluid flow can be attributed to the
act that the temperature of the suspension around its non-dimensional
usion temperature is almost constant, and therefore, the buoyancy force
eclines and reduces the fluid flow. Besides, the ribbon of the phase tran-
ition zone enlarges as the Stefan number declines, indicating that the
hase change occurs in more capsules and in a wider area. 

The influence of the non-dimensional fusion temperature on the pat-
erns of the streamlines, isolines of the temperature, and the phase tran-
ition zone is shown in Fig. 8 . As discussed before, the red ribbons
pecifying the phase transition zones are formed around the related
sotherms. Moreover, in comparison with the other cases, the isotherms
or the case of 𝜃f = 0.5 move slightly toward the vertical walls, indi-
ating an increment in the rate of transferred heat. This is reasonable
y considering the mechanisms of absorbing and releasing heat for the
ases of 𝜃f = 0.1 and 0.9. When 𝜃f = 0.1, the majority of the NEPCMs
re in the state of liquid, and also the flow rate of suspension passing
he phase transition zone is almost negligible. This means that minimal
umbers of the capsules release their latent heat and solidify. 

Similarly, for 𝜃f = 0.9, in almost entire of the cavity, the capsules
re completely melted, and few numbers of the capsules pass through
he phase transition zone, and therefore, the absorbing heat and phase
hange is feeble. For the case of 𝜃f = 0.5, both mechanisms contribute
avorably and thus intensify the rate of heat transfer. In other words,
t can be concluded that for the suspension comprising the NEPCMs,
here should be a balance between the melted and solidified regions to
chieve a higher rate of heat transfer. The streamline contours exhibit a
light decline in the fluid strength when 𝜃f = 0.5, which can be described
y the fact that for this case, the latent heat of the PCMs plays a more
ignificant role than the other cases. As discussed before, the higher
tored heat in the capsules results in lower fluid flow as it decreases the
iquid temperature and buoyancy force. 

Fig. 9 depicts the impact of the non-dimensional height of the solid
riangular block on the streamlines, isotherms, and the phase transition
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Fig. 11. Influence of the non-dimensional 
height of the solid triangular block on the pat- 
terns of the thermal component of the local en- 
tropy generation ( S 𝜃), local generated entropy 
caused by friction of the fluid ( S 𝜓 ) and the lo- 
cal generated entropy ( S T ( Ra = 10 4 , R k = 1, 
Ste = 0.2, 𝜃f = 0.5, 𝜑 = 0.05). 
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one. As specified before, the surface area of the solid triangular block
s considered to be constant, and thus by increasing L Y , the L X should be
ecreased. The pattern of the transferred heat changes with increasing
he L Y . In fact, the direction of the conducted heat from the triangular
lock to the suspension alters from vertical heating to the horizontal one.
ccording to the streamlines, the fluid flow intensifies in the vicinity of

he solid triangular wall as L Y increases, and the fluid flow is minimum
hen the L Y = 0.6. 

.2. Entropy generation 

Fig. 10 depicts the dependency of the local entropy generation ( S T )
o the volume fraction of the nanoparticles and the thermal conductiv-
ty of the triangular block. In this figure, the two components of entropy
eneration, which are the heat transfer ( S 𝜃) and the friction of the fluid
ow ( S 𝜃), are investigated. The isolines of the S 𝜃 are mainly concen-
rated near the lower part of the hot wall and upper portion of the cold
ne, representing the dominant regions of the heat transfer irreversibil-
ties. 

It can be observed that the generated entropy induced by heat trans-
er is strongly affected by adding the NEPCMs. The isotherms and thus
he isolines of the S 𝜃 distort around the melting region of the nano-
apsules when the nanoparticles are added to the base fluid. Moreover,
he intensification of the R k augments the entropy generation induced
y heat transfer. In contrast with the S 𝜃 , the influence of the discussed
arameters on the fluid friction irreversibilities is negligible as these
arameters slightly alter the flow field. Finally, the local entropy gener-
tion intensifies with an increment of the 𝜑 and R k and spreads through-
ut the cavity as its heat transfer component amplifies. 
Influence of the non-dimensional height of the solid triangular block
n the patterns of the thermal component of the local entropy generation
 S 𝜃), local generated entropy caused by friction of the fluid ( S 𝜓 ), and the
ocal generated entropy ( S T ) is outlined in Fig. 11 . By increasing the L Y ,
he entropy generation caused by heat transfer decreases, specifying that
he rate of transferred heat is reduced. The direction of the heat transfer
s from solid to the suspension, which is changed from vertical heating
o horizontal one by increasing the L Y . The fluid friction portion of the
enerated entropy slightly increases, and the local entropy generation
 S T ) decreases with the increment of the non-dimensional height of the
olid triangular block. 

Fig. 12 outlines the influence of the non-dimensional fusion temper-
ture on the thermal component of the local entropy generation ( S 𝜃), lo-
al generated entropy caused by friction of the fluid ( S 𝜓 ), and the local
enerated entropy ( S T ). It is evident that the isolines of S 𝜃 distort around
he corresponding isotherms (See Fig. 8 ) due to the change in the heat
apacity of suspension in the phase transition zone. As discussed before,
he fluid strength declines, and the rate of heat transfer intensifies as
hen the non-dimensional fusion temperature is 0.5. Therefore, when

f = 0.5, the local entropy generation due to heat transfer amplifies,
nd the S 𝜓 declines. As a result, the entropy generation for this case is
aximum. In addition, it can be found that for the cases of 𝜃f = 0.1 and
.9, the patterns of the local entropy generation induced by the friction
f the fluid are quite similar. 

.3. Rates of transferred heat and generated entropy 

Fig. 13 shows the dependency of the average Nusselt number and
he total entropy generation to the non-dimensional fusion tempera-
ure, Stefan number, and the thermal conductivity of the solid triangu-
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Fig. 12. Influence of the non-dimensional fu- 
sion temperature of the NEPCMs on the pat- 
terns of the thermal component of the local en- 
tropy generation ( S 𝜃), local generated entropy 
caused by friction of the fluid ( S 𝜓 ) and the lo- 
cal generated entropy ( S T ) ( Ra = 10 4 , R k = 1, 
Ste = 0.2, 𝜃f = 0.5, 𝜑 = 0.05). 

Fig. 13. Variation of the average Nusselt num- 
ber and total entropy generation with the R k , 
Stefan number and the non-dimensional fu- 
sion temperature of the NEPCMs ( Ra = 10 6 , 
𝜑 = 0.05, L Y = 0.3). 
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ar block. It is evident that the rate of heat transfer intensifies when the
on-dimensional fusion temperature varies between 0.3 and 0.6. In fact,
hen 0.3 ≤ 𝜃f ≤ 0.6, the absorbing and releasing mechanisms are en-
aged more effectively, resulting in the amplification of the transferred
eat. The Stefan number characterizes the latent heat of the NEPCMs,
nd thus its decrease intensifies the rate of heat transfer. The increment
f the triangular block’s thermal conductivity boosts the heat conduc-
ion in the cavity and thus augments the Nu t . The total entropy gener-
tion declines, as the non-dimensional fusion temperature approaches
.5, since the heat transfer intensifies, and the fluid flow decays. 
For Ra = 10 6 , shown in Fig. 13 , the reduction of the S 𝜓 overtakes
he increment of the S 𝜃, and thus the total entropy generation declines
s 𝜃f → 0.5. In contrast, when Ra = 10 4 , as depicted in Fig. 12 , the
ncrease of the heat transfer irreversibilities is adequate to compensate
or the reduction of the entropy generation induced by the fluid friction,
nd thus the total generated entropy elevates for this case. Similarly,
he S T raises with the increment of the Ste , since, as shown in Fig. 7 ,
he heat transfer declines, and the fluid flow elevate. Finally, due to the
ncrement of the heat transfer with increasing the R k , the total entropy
eneration intensifies. 
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Fig. 14. Variation of the average Nusselt num- 
ber and total entropy generation with the 
non-dimensional height of the solid triangu- 
lar block, the volume fraction of the NEPCMs 
and the Rayleigh number ( R k = 10, Ste = 0.2, 
𝜃f = 0.5). 
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Variation of the average Nusselt number and total entropy genera-
ion with the L Y , 𝜑 , and the Rayleigh number is depicted in Fig. 14 . It is
vident that the Nusselt number linearly increases with the increment
f the nano-capsules volume fraction as the thermal conductivity of the
uspension augments, and also, a higher amount of the latent heat is
bsorbed and released. The Rayleigh number represents the buoyancy
orce, and thus, its increase intensifies the rate of heat transfer. The Nus-
elt number declines as the non-dimensional height of the solid trian-
ular block increases. The figure for the total generated entropy boosts
s the 𝜑 rises. This indicates that the increment rate of the S 𝜃 is higher
han the reduction rate of S 𝜓 . Furthermore, raising the L Y reduces the
ate of entropy generation. Besides, for Ra = 10 6 , the S T for L Y = 0.9
s higher than the case of L Y = 0.6 for pure fluid or when the volume
raction of the NEPCMs is low, and their entropy generation coincides
hen 𝜑 approaches 5%. 

. Conclusion 

Natural laminar convective heat transfer and entropy generation of
 homogeneous suspension containing nano-encapsulated phase change
aterials inside a square cavity is numerically analyzed using the
alerkin Finite Element Method. A solid triangular block is attached

o the left-bottom of the cavity, the side walls are subjected to a tem-
erature difference, and the top and bottom walls are well insulated.
he phase transition of the nano-capsules is addressed as an increase

n the local heat capacity of the suspension, resulting in a temperature-
ependent heat capacity field. The heat capacity field represents the
one in which the phase transition occurs in the core of the capsules.
nfluence of the key parameters on the patterns streamlines, isotherms,
he contour of the phase transition zone, the local entropy generation
s well as the average Nusselt number and the total entropy generation
s studied, and the outcome of this study can be summarized as follow: 

1 The fluid strength and the rate of heat transfer intensify with the
augmentation of the Rayleigh number and also the thermal conduc-
tivity of the triangular block. 

2 Adding the NEPCMs to the host fluid increases the viscosity and ther-
mal conductivity of the suspension and also entails the latent heat
of the PCMs. The fluid flow and the rate of heat transfer amplify as
a result of the alteration of the suspension’s thermophysical proper-
ties. Besides, reducing the Stefan number intensifies the rate of heat
transfer and also reduces the fluid flow in the cavity. 

3 The rate of heat transfer intensifies, and the fluid strength diminishes
as the non-dimensional fusion temperature approaches 0.5. 

4 The isolines of the S 𝜃 are mainly concentrated near the lower part of
the hot wall and upper portion of the cold one, showing the dominant
regions of the heat transfer irreversibility. The generated entropy
induced by heat transfer is strongly affected by adding the NEPCMs.
Moreover, the isolines of the S 𝜃 distort around the melting region of
the nano-capsules. 

5 The influence of the volume fraction of the nanoparticles and the
thermal conductivity of the triangular block on the fluid friction ir-
reversibility is negligible as these parameters alter the flow field very
slightly. 

6 By increasing the L Y , the entropy generation caused by heat transfer
decreases, specifying that the rate of transferred heat is reduced.
Moreover, the fluid friction portion of the generated entropy slightly
increases with the increment of the non-dimensional height of the
solid triangular block. 

7 When the non-dimensional fusion temperature approaches 0.5, the
thermal component of the local entropy generation amplifies, and
the S 𝜓 declines. Besides, the patterns of the local generated entropy
induced by the friction of the fluid are quite similar for the cases of
𝜃f = 0.1 and 0.9. 

8 The average Nusselt number elevates as the non-dimensional fusion
temperature varies between 0.3 and 0.6. Moreover, the increment of
the triangular block’s thermal conductivity boosts the heat conduc-
tion in the cavity and thus augments the Nu t . 

9 For high values of the Rayleigh number ( Ra = 10 6 ), the total entropy
generation declines as the non-dimensional fusion temperature ap-
proaches 0.5. In contrast, when the buoyancy force is low, the total
entropy generation elevates as 𝜃f → 0.5. 

0 The Nusselt number linearly increases with the increment of the
nano-capsules volume fraction. Moreover, the Nu t decreases as the
non-dimensional height of the solid triangular block increases 

1 The total entropy generation enhances and decreases with the incre-
ment of the volume fraction of the NEPCMs and the non-dimensional
height of the solid triangular block, respectively. 
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