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A B S T R A C T   

This study aims to assess the natural convection heat transfer in a square cavity wherein the buoyancy-induced 
flow is generated by a thin flexible heater-plate inside the cavity. The vertical walls of the cavity are cold and the 
horizontal walls are adiabatic. The thin hot plate is assumed to be isothermal and fixed at an alterable point in 
the middle of the cavity with different inclination angles. To analysis the fluid-structure interaction (FSI), the 
finite element method along with the Arbitrary Lagrangian-Eulerian (ALE) technique is employed. Isotherms and 
streamlines, as well as the average Nusselt number, the dimensionless temperature in the cavity, and the 
maximum applied stress on the flexible plate, are studied. The results are presented as a function of Rayleigh 
number, Prandtl number, inclination angle, and different positions of the fixed point. The outcomes indicate the 
importance of the inclination angle and the position of the fixed point of the hot plate. The plate experiences 
significantly large values of stress when it is mounted horizontally. In the case of a plate fixed at its top, the 
highest stress occurs with an inclination angle of 40�. In contrast, the lowest stress is associated with the plate 
when it is positioned vertically.   

1. Introduction 

Natural convection inside an enclosure has been investigated 
comprehensively due to its prime importance in heat transfer engi
neering applications such as electronic cooling [1], solar collectors [2], 
energy storage systems [3], and heat exchangers [4,5]. A heated fluid 
moves upward due to the density reduction which results in fluid cir
culation inside enclosed spaces [6]. Based on the entities temperature in 
enclosures, natural convection can be classified into two main cate
gories. The first type occurs when the temperature difference between 
individual entities in the enclosure itself induces natural convection [7]. 
The second type is when the inner object has a different temperature 
with the enclosure, which results in heat transfer between the inner 
object and the enclosure. The inner objects influence the flow circulation 
in the enclosure [8,9]. 

Natural convection in cavities without inner objects have been 
widely investigated in the past decades, including the nanofluids [10], 

hybrid nanofluids [11], nano encapsulated phase change suspensions 
[12–14], and porous media [15,16]. There are also many studies 
regarding the boundary layer heat transfer of nanofluids [17], and nano 
encapsulated phase change suspensions [18]. Currently, the interest has 
shifted to complex cavities with internal obstacles such as complex 
cylinders [19] or rectangular shape obstacles [20] inside the cavities. 
Zhang et al. [6] numerically studied the natural convection in a circular 
enclosure with an inner flat plate located asymmetrically about the 
center of the cylinder. The surface of the enclosure was kept cold while 
the plate had a high temperature. Wang et al. [21] explored the natural 
convection in a square cavity with a vertical thin isolated plate near the 
walls of the enclosure for three typical Rayleigh numbers. They studied 
the effect of the inner plate position and found a good agreement be
tween their numerical results with the flow visualization. 

Altac and Kurtul [8] numerically studied the natural convection in a 
tilted rectangular cavity, containing a vertical thin isothermal hot plate. 
The tilt angle and Rayleigh numbers were in the range of 0�–90� and 105 

to 107, respectively. The results showed an increase in the average 
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Nusselt number with raise of the tilt angles up to 22.5�, and then, it 
decreased for all Ra numbers. Shi and Khodadadi [22] investigated the 
effect of a conductive thin fin on the wall of a square cavity at seven 
different locations and different aspect ratios. 

In fluid-structure interaction (FSI) problems, the interaction of a 
moving or deformable structure with a surrounding or internal fluid 
flow is studied. FSI occurs in many physical phenomena and has wide 
applications in engineering problems such as ocean energy converters 
[23,24], airplane wings stability [25], and wind turbine blades [26]. 
Due to the vital importance and broad application of FSI in engineering 
problems and especially in heat transfer, it has received significant 
attention in recent years. 

Considering natural convection inside enclosures, the effects of fluid- 
structure interaction on the heat transfer rate and flow domain have 
been investigated in limited studies [27–32]. The complexity of the 
physics and time-consuming nature of calculations, as well as the limi
tation of computational hardware in the past, made the numerical 
analysis of these problems inconvenient. The effect of thermal buoyancy 
on the vortex-induced vibration (VIV) of a flexible mounted circular 

cylinder is numerically investigated in Ref. [33]. Thermal control as a 
method for VIV suppression is implemented in Ref. [34]. Fluid-solid 
interaction in a cavity has been studied in two main cases when one 
or more walls of the enclosure considered to be flexible [35,36] or ex
istence of a flexible membrane or plates inside the enclosure that in
fluence the heat transfer and fluid behavior in the cavity [28,37,38]. 
Different industrial applications can be mentioned for these two con
figurations, such as enclosures with an internal electronic board or en
closures which employed thermal conductive plates for partitioning 
different electronic units [36]. Chemical reactors or batteries, where 
plates and membranes should separate different chemical fluids, can be 
considered as another industrial application of fluid-solid interaction in 
a cavity [28]. 

The comparisons of the average Nusselt number of the flexible walls 
and rigid walls in the enclosure in Refs. [35,36] confirm the significant 
effect of the flexible walls on the heat transfer rate inside a cavity. 
Al-Amiri and Khanafer [35] reported a 9.4% difference between the 
Nusselt number of a cavity with a rigid bottom wall and a cavity with a 
flexible bottom wall, which is a function of Reynolds number and 

Nomenclature 

Latin symbols 
ds Solid displacement vector 
E Dimensionless elasticity modulus 
Eτ Young’s modulus 
Fv Dimensionless body force 
g Gravitational acceleration 
l Plate length 
L Cavity size 
Nu Nusselt number 
Pr Prandtl number 
P1, P2, P3 Fixed points 
Ra Rayleigh number 
t Time 
tp Thin plate thickness 
T Temperature 
u Fluid velocity vector 
W Moving coordinate velocity 
x, y Cartesian coordinates 

Greek symbols 
α Thermal diffusivity 
β Thermal expansion coefficient of fluid 
γ Inclination angle 
υf Kinematic viscosity 
ρ Density 
σ Stress tensor 
τ Dimensionless time 

Subscripts 
c Cold 
f Fluid 
h Hot 
p Plate 
R Property ratio of the solid to the fluid 
s Solid 

Superscripts 
* Dimensional parameters  

Table 1 
Literature review summary of the natural convection heat transfer in an enclosure.  

Reference Type of enclosure Inner Object Studied parameter Method 

[9] Square Corrugated conducting block Entropy generation FVM 
[10] Elliptic elliptic Nanofluids FVM 
[8] Tilted square Plate Tilt angle and Ra Number FVM 
[11] Square Rectangle Hybrid nanofluid FEM 
[12,13] Square – Nano-Encapsulated Phase Change Materials suspension FEM 
[14] Circle Circle Location of inner circle FEM 
[15] Square – Porous media and location of heated boundaries FEM 
[16] Incinerator shape Rectangular wavy heater block Magnetic field and Rayleigh number FVM 
[19] Square Wavy circular heater Magnetic field and Rayleigh number Control Volume-FEM 
[20] Square Square Nanofluids and porous media FDM 
[21] Square Plate Plate location near walls FVM 
[22] Square Porous fin Fin inclination angle and location FEM 
[28,29] Square Thin flexible partition Flexibility of the partition FEM 
[30,31] Square Circle Flexibility of wall FEM 
[32] Square Flexible fin Oscillation of flexible fins  
[27,35] Lid driven square cavity Flexible bottom wall Profile of the flexible bottom wall FEM- FSI 
[36] Square-Filled with porous medium Flexible vertical wall Porosity, elasticity of the flexible wall FEM-FSI 
[28] Square cavity divided into two triangle part Flexible diagonal membrane Stiffness of the membrane FEM-FSI 
[37] Square Oscillating Elastic fin Oscillation amplitude and frequency FEM-FSI 
[38] Square Flexible vertical membrane Magnetic field orientation FEM-FSI 
[39] Square Hot flexible plate The elasticity modulus, the height and length of the plate. FEM-FSI  
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increases by increasing Reynolds number. In the case of free convection 
with a flexible sidewall which was reported in Ref. [36], the maximum 
Nusselt number of the cavity increased 13.6% in comparison with the 
case of rigid sidewalls. It was also reported that the flexibility of the 
sidewall improves the Nusselt number and heat transfer rate. Hence, the 
heat transfer rate in a cavity with a flexible sidewall is better than a 

cavity with rigid walls. In the case of natural convection in enclosures 
with flexible partitions [28,29,38], flexible walls [30,31], or flexible fins 
[37,39], the heat transfer rate enhanced when the flexibility of the 
partitions or fins increased. An augmentation in the flexibility of the 
membrane increases its deformation following the flow pattern, which 
leads to a considerable rise in the heat transfer inside the cavity. On the 
other hand, a more rigid partition creates resistance to the flow move
ment and consequently, declines the heat transfer rate. 

Most of the studies available in the literature only have focused on 
vertical or horizontal rigid partitions in heat transfer applications, while 
in various real-world situations, the inner plate can be flexible. A sum
mary of the heat transfer studies in a cavity with inner objects or flexible 
walls is presented in Table 1. Flexible heat spreader for cooling of 
electronic components [40,41], flexible heat exchangers for medical 

Fig. 1. A schematic of the physical model.  

Table 2 
Grid testing for Nu, σmax and T at different grid sizes for fixed point 1 (P1), Ra ¼
106, γ ¼ 90� and Pr ¼ 6.2.  

Grid 
size 

Number of 
elements (Fluid 
domain) 

Number of 
elements 
(Flexible plate) 

Nu  σmax T 

G1 2274 72 14.038 5.76Eþ08 0.33515 
G2 2490 72 14.146 5.77Eþ08 0.33527 
G3 2830 72 14.149 5.78Eþ08 0.33532 
G4 3444 72 14.154 5.81Eþ08 0.33554 
G5 3810 69 14.155 5.82Eþ08 0.3356 
G6 5423 89 14.155 5.82Eþ08 0.3356 
G7 5687 99 14.156 5.82Eþ08 0.3358 
G8 7145 223 14.157 5.83Eþ08 0.3355  

Fig. 2. Grid-points distribution for a grid size G5 ¼ 3879 elements.  

Table 3 
Properties of the fluid and flexible wall of the Küttler and Wall’s problem [52].  

Properties Flexible wall Fluid 

Kinematic viscosity (υf) – 0.01 m2/s 
Density (ρ) 500 kg/m3 1 kg/m3 

Poisson’s ratio (vs) 0.0 – 
Young’s modulus (Eτ) 250 N/m2 – 
Thickness 0.002 m –  

Fig. 3. A comparison between the results of the present study and [52].  
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warming and cooling applications [42], and mechanically conformable 
micro-heat exchangers [43] are examples of such systems. 

The flexibility of the internal partition affects the heat transfer and 
flow inside the enclosure which requires the analysis of the fluid- 
structure interaction for calculating the heat transfer and studying the 
geometry of the partition. In our previous study [39], the effect of the 
flexibility of a thin plate on the natural convection heat transfer was 
addressed while the plate was mounted horizontally and fixed at its 
center. In Ref. [39] we focused on the flexibility of the plate fixed at its 
center to study the heat transfer and induced stresses in it. In Ref. [39], 
we learned that the flexibility and interaction between the fluid and 
structure notably affect the thermal behavior of the cavity and the 
induced stresses in the plate. However, not only the flexibility of the 
plate (addressed in Ref. [34]) but also the clamping location of the plate 

(the mechanical boundary condition for fixing of the plate) and the 
mounting angle of a plate could be important parameters on the thermal 
and mechanical behavior of the cavity and the baffle. 

To the best of authors’ knowledge, the effect of the inclination angle 
of a flexible hot plate on the natural heat transfer inside a cavity has not 
been addressed before. In this study, a comprehensive numerical 
investigation is provided on natural convection heat transfer in a square 
cavity containing an internal flexible hot thin-plate. The plate is fixed at 
three different locations in a wide range of inclination angles to assess 
the effects of the flexibility of the plate and the location of the fixed point 
on the heat transfer and flow characteristics. 

2. Problem definition and mathematics 

A square 2D enclosure with an inclined flexible plate, shown in 
Fig. 1, is considered as the geometry of the study. The vertical bounds of 
the square, having the length of L*, are kept at the constant temperature 
of T*

c , and the horizontal walls are adiabatic. The thin heater plate has 
the thickness of t*

p and is isothermal with the higher temperature of T*
h. 

The inclination angle of the plate with respect to the horizontal line is 
considered as γ. 

All of the solid walls of the cavity and the walls of the flexible plate 
are impervious against the mass diffusion. The flexible heater can be 
fixed at one of the three points depicted in Fig. 1 (P1, P2 or P3). The flow 
of the fluid inside the enclosure is simulated as laminar, incompressible 
and Newtonian. 

The governing equations are introduced in Ref. [39] and can be 
transformed into a non-dimensional form by considering the cavity size 
as the characteristic length, and αf=L* as a reference with the same 
dimension as the velocity. The governing equations of [39] can be 
transformed into a non-dimensionalized form by utilizing the 
non-dimensional varying parameters presented below: 

ds ¼
d*

s

L*; σ ¼ σ*

Eτ
; τ ¼ tαf

L*2; ðx; y; l; tPÞ ¼

�
x*; y*; l*; t*P

�

L* ;u ¼
u*L*

αf
; w

¼
w*L*

αf
; ​ P ¼ P*L*2

ρf α2
f
; ​ T ¼ T* � T*

c

T*
h � T*

c
(1)  

where the fluid velocity vector and the moving coordinate velocity are 
denoted as u* and w*, respectively. Fluid pressure and the fluid/solid 
temperature are denoted as P* and T*, respectively. Here, the density is 
ρ and thermal diffusivity is αf. The subscripts f and s represent the fluid 
and the solid. The tensor and vector fields are denoted in bold. 

The non-dimensional equations describing the thermal and dynamic 
behavior of the fluid in the Arbitrary Lagrangian-Eulerian (ALE) 
formulation are listed below: 

r ⋅ u ¼ 0 (2)  

∂u
∂τ þðu � wÞ ⋅ruþrP � Prr2u � PrRaTj¼ 0 (3)  

∂T
∂τ þðu � wÞ ⋅rT � r2T ¼ 0 (4) 

The governing non-dimensional equations for the energy and struc
tural displacement of the flexible thin plate can be expressed as equation 
(5). Here, σ, ds, and Fv are denoted as the stress tensor, the solid 
displacement vector, and the applied body force, respectively. 

d2ds

dτ2 � ρRErσ � ρRE ​ Fv ¼ 0 (5) 

The non-dimensional constant parameters that appeared above are 
as follows: 

Fig. 4. A comparison of the temperature field from work conducted by Turan 
et al. [53] and the present prediction. 

Fig. 5. The time history of the non-dimensional temperature at the denoted 
point for the present work and [54]. 
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Fig. 6. A comparison between the temperature fields of (a): the current numerical study and (b): the experimental work performed by Calcagni et al. [55].  

Fig. 7. Variations of the unsteady streamlines for various dimensionless time (τ) at fixed point 1 (P1), Ra ¼ 106, γ ¼ 90�, Pr ¼ 6.2, and E ¼ 5 � 1010.  
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Ra ¼
gβ
�
T*

h � T*
c

�
L*3

υf αf
; ​ Pr ¼

υf

αf
;E ¼

EτL*2

ρf α2
f
; ​ Fv ¼

�
ρf � ρs

�
L*g

Eτ
; ​ ρR ¼

ρf

ρs

(6)  

where νf is the kinematic viscosity of the fluid, β is the volumetric 
thermal expansion coefficient, and g is the gravitational acceleration. 
Here, it is assumed that ρf ¼ ρs. Therefore, ρR ¼ 1 and Fv ¼ 0. 

Taking into consideration the no-slip condition in the interface of the 
fluid at the solid, the boundary conditions in the dimensionless co
ordinates can be referred to below: 

At the surfaces of the flexible plate: 

T ¼ 1; ​ ∂ds

∂t
¼ u; ​ σ⋅n ¼ � Pþ μfru (7-a) 

At the vertical walls: 

T ¼ 0; ​ u ¼ v ¼ 0 (7-b) 

At the horizontal walls: 

∂T
∂y
¼ 0; ​ u ¼ v ¼ 0 (7-c) 

The points P1–P3 are fixed points with zero solid-velocity at both x 

and y directions as: 

∂ds

∂t
¼ 0 (7-d) 

At the beginning of the natural convection, the fluid is motionless, 
and its temperature is the average of the thin plate (T*

h) and cold tem
peratures of vertical walls (T*

c). The physical coupling of the fluid 
domain and the structure (plate) is through the boundary condition of 
Eq. (7-a). The fluid interacts with the plate through the surface forces 
and induces tensions in the plate. The induced tensions in the plate lead 
to the deformation of the plate. Consequently, the plate deformation 
changes the geometry of the plate and affects fluid hydrodynamic and 
heat transfer. As the interaction of the fluid, heat transfer, and the 
structure are fully coupled, any changes in the hydrodynamic, heat 
transfer or the structure would affect all of the physics and equations, 
simultaneously. 

To measure the heat transfer rate through the flexible heater, the 
average Nusselt number is defined as Eq. (8) where n and s are respec
tively the normal-direction and the tangential-direction with the surface 
of the flexible plate. 

Fig. 8. Variations of the unsteady isotherms for various dimensionless time (τ) at fixed point 1 (P1), Ra ¼ 106, γ ¼ 90�, Pr ¼ 6.2, and E ¼ 5 � 1010.  
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Fig. 9. Variations of the steady streamlines and isotherms for various fixed point locations (P1–P3) at Ra ¼ 106, γ ¼ 45�, Pr ¼ 6.2, and E ¼ 5 � 1010.  
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Fig. 10. Variations of the steady streamlines and isotherms for various Rayleigh number (Ra) at fixed point 1 (P1), γ ¼ 90�, Pr ¼ 6.2, and E ¼ 5 � 1010.  
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Fig. 11. Variations of the steady streamlines and isotherms for various angles of the flexible heated plate (γ) at fixed point 1 (P1), Ra ¼ 106, Pr ¼ 6.2 and E ¼ 5 
� 1010. 
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Nu¼ �
1

2 ðlþ tPÞ

Z

Hot ​ plate

∂T
∂n

�
�
�
�
On ​ the ​ hot ​ plate

ds (8)  

3. Numerical solution, grid independence test, and verifications 

3.1. Numerical solution 

The governing equations, Eqs. (2)–(5), with the stated boundary 
conditions, are numerically solved. Due to the fluid-solid interaction 
inside the cavity and heat transfer at the interface of fin and fluid, a finer 
grid is utilized at the boundary interfaces to increase the numerical 
accuracy of the solution. Arbitrary Lagrangian-Eulerian (ALE) method is 
employed to model the motion of structure in the fluid domain [44]. The 
governing equations are first written in a weak form and then integrated 
over the domain of solution to produce the residual equations. Then, the 
residual equations are iteratively solved by the Newton method utilizing 
a PARallel DIrect SOlver (PARDISO) [45–47] with a Newtonian damp
ing factor of 0.8 and a residual error O (10� 6). This method is discussed 
in detail in the early works of [48,49], and recent works of [50,51]. 

3.2. Grid independence test 

Grid-independence tests are performed to ensure that the results are 
independent of the number of mesh elements. For this purpose, the Nu, 
σmax and T for pint 1 (P1) at Ra ¼ 106, γ ¼ 90� and Pr ¼ 6.2 are examined 
for five different mesh sizes. The number of utilized elements for the 
fluid domain and the structure domain (flexible plate) are reported in 
Table 2 for various mesh sizes. The results, which are tabulated in 
Table 2, confirm that the grid size of case 5 (G5) is the most suitable 
mesh considering the precision and computing time. Hence the mesh of 
case 5 with 3879 elements is selected throughout this research. Grid- 
points and elements-distribution are shown in Fig. 2 for different fixed 
points of case 5. 

3.3. Verification 

Comparisons with the selective results of the available literature are 
conducted to check the verification of the utilized numerical method
ology and the modeling. As a validation of the FSI code, Küttler and 
Wall’s study [52] has been investigated. They considered a lid-driven 
square cavity with a flexible bottom wall. The top wall of the cavity 
was driven at a velocity of (1� cos(0.4πt)) m/s. On the other hand, two 
free openings were placed at top of the vertical walls. Horizontal oscil
lation of the lid excites the fluids and inside the enclosure and induces a 
vortex. As a result, the interaction between the fluid and flexible lower 
wall alters the shape of the bottom. This change in the shape of the 
flexible bottom wall was computed over time. Table 3 reports the 
thermophysical properties of flexible wall and the fluid inside the cavity, 
which were employed in Ref. [52]. Fig. 3 depicts a comparison of the 
results of the current work with [52] for the flexible wall’s deformation 
after t ¼ 7.5 s. The comparison shows that there is a desirable agreement 
between the results. 

To validate the natural convection heat transfer in the cavity, the 
study of Turan et al. [53] has been investigated. Turan et al. [53] studied 
the free heat transfer in a square cavity with the top and bottom insu
lated walls while the right and the left walls were at hot and cold tem
peratures. For a case of Newtonian fluid with Pr ¼ 1000 and Ra ¼ 105, a 
comparison between the isotherms of the present study and those of [53] 
is reported in Fig. 4. As it can be observed, the results are in excellent 
agreement. 

As a transient heat transfer case, a comparison between the results of 
the present study and Xu et al. [54] are depicted in Fig. 5. The schematic 
of the studied problem by Xu et al. [54] is illustrated clearly in Fig. 5. As 
specified in Fig. 5, the dimensionless temperature at a certain point (x ¼
0.0083 and y ¼ 0.375, assuming the coordinate system at the center of 

the enclosure) is selected for the comparison. The results computed in 
the present work are compared with the results given in Ref. [54] for a 
case when Ra ¼ 9.2 � 108 and Pr ¼ 6.63. As shown in Fig. 5, the results 
of the current work are in good agreement with Xu et al. [54]. The 
present study is further validated through a comparison between its 
temperature field and the temperature field reported in the experimental 
work conducted by Calcagni et al. [55]. Calcagni et al. [55] experi
mentally studied an enclosure filled by air in which the horizontal walls 
were isothermally cooled by means of circulating thermostatic liquid. 
The upper wall was adiabatic and the bottom of the enclosure was 
partially maintained at a constant high temperature using a thermostatic 
bath. In this comparison, Ra ¼ 1.836 � 105 and Pr ¼ 0.71. The matching 
observed in Fig. 6 between the results of current work and Calcagni et al. 
[55] confirms the correctness of the present solution. According to the 
conducted verifications, the provided code can confidently be used to 
reach the correct and accurate results. 

4. Results and discussion 

In the current section, the streamlines, isotherms, average Nusselt 
number, maximum stress on the flexible plate, and average dimen
sionless temperature are presented for different cases. The considered 
non-dimensional parameters in this study are as follows: fixed point 
location (P1 (fixed point 1), P2 (fixed point 2), P3 (fixed point 3)), 
Rayleigh number (103 � Ra � 106), the inclination angle of the flexible 
heated plate (0� � γ � 90�), Prandtl number (Pr ¼ 0.71 (air), 6.2 (water) 
and 13.4 (seawater)), and the flexible plate stiffness (elasticity modulus) 
(109 � E � 1014). Other parameters such as non-dimensional body force 
(Fv ¼ 0), the density ratio (ρR ¼ 1), and the plate thickness (tP ¼ 0:01) 
remained unchanged in all simulations. 

Fig. 7 shows the streamlines when the plate is fixed at P1 for Ra ¼
106, γ ¼ 90�, Pr ¼ 6.2 and E ¼ 5 � 1010 at different dimensionless time 
steps. The fluid motion reaches a steady-state condition at τ ¼ 0.06. Due 
to the temperature difference of the vertical walls of the cavity and the 
inner plate, a clockwise vortex and a counterclockwise vortex are 
formed in the right and the left sides of the cavity, respectively. At low 
values of time, the density of streamlines is high in vicinity of the hot 
plate compared with the other regions, indicating the start of the fluid 
flow (τ � 10� 3). At τ ¼ 6 � 10� 3 the streamlines gained strength, and the 
cells moved toward the top wall of the cavity. The buoyancy-induced 
flow strengthens as time elapses. As time evolves to τ ¼ 0.06, stream
lines get a double-eye circulation motion on each side of the enclosure. 
From τ ¼ 0.06 to τ ¼ 1, the streamlines do not experience a noticeable 
change which can be considered as the steady-state condition of the fluid 
flow. 

Fig. 8 illustrates the transient development of the isothermal con
tours of the fluid for the same parameters of Fig. 7 at different time steps. 
Initially, at τ ¼ 1.59 � 10� 4, pure conduction occurs around the plate. At 
τ ¼ 0.001, buoyancy induced flow starts to transfer heat from the plate 
to the medium above the plate. The isotherms distributed moderately in 
the upper section of the enclosure at dimensionless time τ ¼ 0.006. At τ 
¼ 0.0105, isotherms are starting to align in a horizontal form and fully 
develop as time passes. At higher time steps, dense isotherms can be 
observed close to the hot plate and vertical walls. Fig. 8 indicates that at 
the steady-state situation, the isotherms compress and extend vertically 
close to vertical walls and the hot plate in the cavity. 

Fig. 9 shows the steady-state contours of isotherms and streamlines 
for various fixed points when γ ¼ 45�, Ra ¼ 106, Pr ¼ 6.2 and E ¼ 5 �
1010. The flexible hot plate experiences a substantial deformation when 
the fixed point is P3. This is caused by the buoyancy force exerted at the 
free bottom of the plate. It can be seen that the heater has the least 
deformation for the fixed point P2. The deformation of the plate leads to 
a change in the pattern of the streamlines and consequently, the heat 
transfer. The horizontal isotherms in the cavity indicate that the con
vection is the main heat transfer mechanism in the middle part of the 
cavity. 
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Fig. 12. Variations of the steady streamlines and isotherms for various Prandtl number (Pr) at fixed point 1 (P1), Ra ¼ 106, γ ¼ 90� and E ¼ 5 � 1010.  
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Fig. 13. Variations of the steady streamlines and isotherms for various elasticity modulus (E) at fixed point 1 (P1), Ra ¼ 106, γ ¼ 45� and Pr ¼ 6.2.  
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The effect of Rayleigh number on the fluid streams and the tem
perature fields are depicted in Fig. 10 for fixed point P1 at γ ¼ 90�, Pr ¼
6.2, and E ¼ 5 � 1010. At Ra ¼ 104 and 105, the natural convection is 
weak, and the streamlines are symmetrically aligned in single weak 
circulations on two sides of the hot plate. Conduction is the primary heat 
transfer mechanism at low Rayleigh numbers. As the Rayleigh number 
increases, which means increasing the buoyancy force, natural convec
tion becomes the dominant heat transfer mechanism. For Ra ¼ 106, 
streamlines are stronger, which leads to the formation of two sub- 
vortices on each side of the cavity. 

At low Ra, the isotherms are parallel to the vertical walls of the 
cavity, and a deviation of the isotherms from vertical states to horizontal 
states can be observed by increasing the Ra. Fig. 10 also illustrates that 
the thermal boundary layer around the plate is squeezed as the Ra in
creases. These indicate that the buoyancy-driven flow is becoming the 
main heat transfer mechanism in the cavity, and the thermal perfor
mance increases with increasing the Rayleigh number. 

Fig. 11 illustrates the steady-state streamlines and isothermal con
tours for different inclination angles when the P1 is fixed for Ra ¼ 106, 
Pr ¼ 6.2, and E ¼ 5 � 1010. The study is conducted for four different 
inclinations of the plate (γ ¼ 0�, 30�, 45�, and 90�). As the angle in
creases, the fluid circulation on the left and right sides of the cavity 
becomes more symmetric, and secondary vortices start to appear. At γ ¼
0�, the density of the streamlines is low at the bottom of the cavity, and 
hence, the low fluid motion is evident, and the isotherms are more 
separated from each other. This occurs due to the fact that when the 

plate is mounted horizontally, the flow movement should overcome the 
plate resistance to reach the bottom of the cavity. On the other hand, 
when the plate is mounted vertically, there is no resistance in the 
pathway of the flow to obstruct the flow movement of reaching the 
bottom of the cavity. 

The variations of streamlines and isothermal contours are illustrated 
in Fig. 12 for three different Prandtl numbers (Pr ¼ 0.71 (air), 6.2 
(water) and 13.4 (seawater)), at fixed point P1 for Ra ¼ 106, γ ¼ 90� and 
E ¼ 5 � 1010. The streamlines and isothermal contours inside the 
enclosure have almost similar behavior at different Pr numbers. At Pr ¼
0.71, two circular streamlines are formed on the left and right sides of 
the plate. At Pr ¼ 6.2, the main vortexes on each side of the plate break 
up into two double circular streams and the flow circulates in a double- 
eye motion on each side of the enclosure. For further increase of Pr, the 
two sub-vortices combine. 

The variations of streamlines and isothermal contours are illustrated 
in Fig. 13 for different plate stiffness (elasticity modulus) (E), at fixed 
point P1 for Ra ¼ 106, γ ¼ 90�, and Pr ¼ 6.2. As it can be observed, a fin 
with a very high value of elasticity modulus does not bend due to 
interaction with the fluid inside the cavity. By reducing the magnitude of 
the elasticity modulus, the plate starts to bend. The case with elasticity 
modulus of E ¼ 1013 or higher can be considered as a rigid plate. A slight 
bending can be noted in the case of E ¼ 1012. For the case of E ¼ 109, the 
plate cannot resist the fluid-structure interaction and completely bend 
with the fluid. As seen, a complete bending of the plate has affected the 
streamlines and isotherms in the cavity. 

Fig. 14. Variations of the unsteady (a) average Nusselt number, (b) maximum stress on the flexible plate and (c) dimensionless temperature with τ for various fixed 
point locations (P1–P3) at Ra ¼ 106, γ ¼ 45�, Pr ¼ 6.2, and E ¼ 5 � 1010. 

S.A.M. Mehryan et al.                                                                                                                                                                                                                         



International Journal of Thermal Sciences 153 (2020) 106340

14

Average Nusselt number (Nu), the maximum stress on the plate 
(σmax), and the average temperature of the fluid flowing in the cavity 
(Tavg) are illustrated in Fig. 14 as a function of dimensionless time for 
fixed points P1–P3 for Ra ¼ 106, γ ¼ 45�, Pr ¼ 6.2 and E ¼ 5 � 1010. 
Initially, very high average Nusselt numbers were calculated, which is 
associated with a high-temperature difference between the plate and the 
fluid. As time elapses, the average Nusselt number for three different 
fixed points decreases and reaches the steady-state condition at about τ 
¼ 10� 1 (see Fig. 14 (a)). Considering that Nu serves as a measure of the 
heat transfer inside the cavity, the heat transfer decreases as the fixed 
point moves higher. 

Variation of the unsteady maximum stress on the plate for three 
different fixed points is illustrated in Fig. 14 (b). Tension on the plate 
peaks during the transition time for all the three fixed points. The plate 
experiences the highest stress and consequently the most deformation 
when it is fixed at P3. At the steady-state condition (τ > 0.01), the 
maximum stress on the thin plate fixed at P3, is about six times higher 
than σmax for P2. The plate deformation is shown in Fig. 9 also confirms 
that the maximum stress at the thin heater plate is lower at P2. Results in 
Fig. 14 (c) indicate that the steady-state average temperature is lower for 
fixed point P3 comparing with fixed points at P1 or P2. 

Average Nusselt number, maximum stress on the hot plate, and 
average temperature in the cavity are plotted as a function of non- 
dimensional time in Fig. 15 for different Rayleigh numbers at fixed 
point P1, γ ¼ 90�, and E ¼ 5 � 1010. As shown in Fig. 15 (a), the average 
Nusselt number declines over time in the transient process for all 

Rayleigh numbers and eventually levels off in the steady-state situation. 
It can be seen that the Nusselt number and consequently, the heat 
transfer in the enclosure decreases with the reduction of Rayleigh 
number. 

For Ra ¼ 104, where the conduction is the dominant mechanism of 
heat transfer, the maximum stress on the hot plate does not change 
significantly and the order of its magnitude remains constant at 104. At 
Ra ¼ 105, maximum stress on the hot plate starts from zero and reaches 
its highest value at 10� 3 < τ < 10� 2. Then, it slightly decreases to reach 
the steady-state situation as time passes. For further increase in Rayleigh 
number, the natural convection dominates the heat transfer in the cav
ity, and σmax increases significantly, as shown in Fig. 15 (b). It is inter
esting to mention that in the transition time, the average temperature in 
the cavity has the lowest value for Ra ¼ 104. In contrast, in the steady- 
state condition, the higher temperature is related to a smaller Rayleigh 
number (Fig. 15 (c)). 

The effect of the inclination angle of the plate on the heat transfer 
and fluid flow is illustrated in Fig. 16. As shown in Fig. 16 (a), The 
average Nusselt number increases slightly as the inclination angle in
creases. For all values of γ, the maximum stress increases in the transi
tion time and reaches its highest values before leveling off in the steady- 
state condition. The maximum stress on the plate for γ ¼ 90� at P1, 
which is also presented in Fig. 15, can be neglected when compared with 
the higher-order results shown in Fig. 16 for lower values of γ. This was 
expected due to the symmetry of the streamlines in the left and right 
sides of the cavity observed in Figs. 7 and 10. Moreover, the average 

Fig. 15. Variations of the unsteady (a) average Nusselt number, (b) maximum stress on the flexible plate and (c) dimensionless temperature with τ for various Ra at 
fixed point 1 (P1), γ ¼ 90�, Pr ¼ 6.2, and E ¼ 5 � 1010. 
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temperature increase with increasing the inclination angle of the plate. 
Variations of the unsteady Nu, σmax and Tavg are plotted in Fig. 17 for 

different values of Prandtl number (Pr). The effect of Prandtl number on 
average Nusselt number and average temperature on the steady-state 
situation is so small that it can be neglected. The maximum stress on 
the hot plate when air is the working fluid (Pr ¼ 0.71) is small, with 
minor changes in the transient state. The plate is exposed to higher 
tensions by increasing the Pr. The increase of viscous forces tends to 
reduce the flow circulation while the increase of the buoyancy forces 
tends to raise the flow circulation. Hence, as the Pr contributes to the 
viscous terms as well as the buoyancy forces, the increase of the Pr in 
liquids has a minimal effect on the fluid circulation and its hydraulic for 
liquids. The maximum tensions in the plate, σmax, for seawater (Pr ¼
13.4) is about two times higher than when water (Pr ¼ 6.2) is used as the 
working fluid in the cavity. 

Fig. 18 depicts the steady-state average Nusselt number and 
maximum stress on the hot plate for different fixed points in a wide 
range of inclination angles. As γ increases, the average Nusselt number 
rises consistently for fixed points P1 and P2 while the trend is opposite 
for P3 in 0� < γ < 40�. The average Nusselt number for the fixed point at 
P3 experiences its lowest value at γ � 40�, and for higher inclination 
angles increases, significantly. The average Nusselt number and the heat 
transfer in the cavity are equal for all the fixed points at γ ¼ 90�. The 
maximum tension on the flexible hot plate declines almost linearly by 
increasing the slope of the plate at fixed points P1 and P2, while the 
trend is different for fixed-point P3. In Fig. 18 (b), the highest stress 

occurs when the hot plate is fixed at P3 with γ � 40�. 
Fig. 19 illustrates the steady-state changes of the average Nusselt 

number and maximum stress for different inclination angles at P1 as a 
function of Rayleigh number. As Ra increases, convection dominates the 
heat transfer mechanism in the cavity, and it increases the average 
Nusselt number. Unlike the case where the plate is fixed at P3, shown in 
Fig. 18 (a), the average Nusselt number increases with increasing the γ 
for all Ra > 104 at P1. As expressed before and can be seen in Fig. 19 (b), 
the maximum tension induced to the flexible plate is small for all the Ra 
when the inclination angle is 90�. For lower angles, the flexible plate 
tolerates more stress, and the maximum occurs at γ ¼ 0�. As seen, the 
increase of the Rayleigh number boosts the effect of inclination angle on 
the average Nusselt number, maximum stress, and the free tip deflection 
of the hot plate. Indeed, the increase of the Ra intensifies the buoyancy 
forces and consequently, the flow circulation in the cavity. As the flow 
strength increases, the interaction of the fluid and solid boosts. A strong 
interaction of the fluid and structure leads to high values of the stress 
field and structure displacement. Moreover, when the flow circulations 
are stronger (the case of high values of the Ra) the change of inclination 
angles, which changes the flow hydrodynamic of the cavity, is much 
evident. 

Fig. 20 presents the changes in the average Nusselt number, 
maximum stress, and free tip displacement of the plate for different 
values of Pr as a function of the inclination angle at fixed point 1 for Ra 
¼ 106. A higher Prandtl number results in a higher average Nusselt 
number for all values of γ. The grow of the inclination angle from 0� to 

Fig. 16. Variations of the unsteady (a) average Nusselt number, (b) maximum stress on the flexible plate and (c) dimensionless temperature with τ for various γ at 
fixed point 1 (P1), Ra ¼ 106, Pr ¼ 6.2, and E ¼ 5 � 1010. 
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90� rises the average Nusselt number for all Prandtl numbers. Hence, 
increasing the slope of the plate and also using a fluid with a higher 
Prandtl number can result in a higher heat transfer in the cavity. Based 
on Fig. 20 (b), the maximum stress on the flexible thin plate fixed at P1 
occurs when the inclination angle is zero and Pr ¼ 13.4. At lower 
inclination angles, the Pr has more effects on the maximum stress 

induced on the plate. 
The increase of the inclination angle contributes to the hydrody

namic behavior of the fluid inside the cavity by reducing the flow 
resistance. An inclined plate allows the flow to circulate inside the cavity 
easily. Hence, as seen, the increase of the inclination angle improves the 
heat transfer. As an inclined plate reduces the drag on the fluid and eases 

Fig. 17. Variations of the unsteady (a) average Nusselt number, (b) maximum stress on the flexible plate and (c) dimensionless temperature with τ for various Pr at 
fixed point 1 (P1), Ra ¼ 106, γ ¼ 90�, and E ¼ 5 � 1010. 

Fig. 18. Variations of the steady-state (a) average Nusselt number, and (b) maximum stress on the flexible plate with γ for various fixed point locations P1–P3 at Ra 
¼ 106, Pr ¼ 6.2, and E ¼ 5 � 1010. 
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Fig. 19. Variations of the steady (a) average Nusselt number, (b) maximum stress on the flexible plate and (c) displacement at the free end of the flexible plate with 
Ra for various γ at fixed point 1 (P1), Pr ¼ 6.2, and E ¼ 5 � 1010. 
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the fluid circulation, the maximum tensions, and the tip displacement 
are also a declining function of the inclination angle. 

The length of the plate can be changed during its deformation. For 
instance, a plate with an initial non-dimensional length of 0.4 (fixed at 
P1, an inclination angle of 45�, and E ¼ 1010) shows an ultimate increase 
of 0.82% of length at its stretching side and 0.79% decrease of length at 
the shrinking side. As the plate is very thin, the difference between the 
change of the length of the plate at the stretching and the shrinking sides 
is minimal. Here, the net increase in the length of the plate is 0.03%. This 
tiny net increase of the length of the plate, which contributes to the heat 
transfer from the plate, is about the order of mesh sizes. Hence, it cannot 
be a reason for the notable variation of the Nusselt number after the 
deflection of the plate. 

The variation of the average Nusselt number, maximum value of 
stress on the plate and displacement at the free end of the plate are 
illustrated in Fig. 21 for the following range of parameters: 103 � Ra �
106, and 109 � E � 1014. Here, the plate with E ¼ 1014 is considered as a 
rigid plate with no flexibility. Fig. 21 (a) shows that in the range of Ra ¼
103–104, the value of the average Nusselt number does not change 
significantly as a function of the plate’s flexibility. As the Ra increases, 
the heat transfer increases more for lower elasticity modulus. Therefore, 
a flexible plate induces higher heat transfer at higher Ra. 

Fig. 21 (b) present the effect of elasticity modulus on the maximum 
value of the stress on the plate in the steady-state situation. At the low 
range of Ra (103–104), the flexibility of the plate does not have a 
noticeable impact on σmax, while at higher Ra, by increasing the stiffness 
of the flexible plate, the stresses inside the plate notably elevate. As a 

comparison, it can be seen that at Ra ¼ 106, σmax for the stiffest case (E ¼
1014), is almost eight times higher compared to the most flexible plate 
(E ¼ 109). The variation of the displacement at the free end of the 
flexible plate is illustrated in Fig. 21 (c) as a function of Ra for different 
values of elasticity modulus. This figure shows that for E ¼ 1014, the 
displacement at the free end of the plate is not influenced by the pres
ence of the fluid, while by increasing the flexibility of the plate, higher 
displacement can be observed. Similar results are reported in Fig. 13 for 
plates with different flexibilities fixed at P1 at Ra ¼ 106, γ ¼ 45� and Pr 
¼ 6.2. 

A stiff plate shows higher maximum stresses as it resists to the flow 
interaction, and it undergoes small deflections. The deflection of the 
plate, along with the flow, reduces the interaction of the plate with the 
fluid and improves the hydrodynamic shape of the plate. Hence, a 
flexible plate shows lower tensions compared to a rigid plate. 

5. Conclusion 

Natural convection heat transfer in a 2D square cavity with a flexible 
hot plate in the center was studied numerically for different pertinent 
parameters. The plate is considered as an elastic body which undergoes 
large deformations, hence the fluid-structure interaction analysis was 
required to include the deformation of the plate. Vertical bonds of the 
wall were kept at a constant temperature, and the horizontal walls were 
adiabatic. The isothermal hot plate was fixed at one point (each end or 
the center of the plate) with different inclination angles with respect to 
the horizontal line. The results are discussed in terms of Nusselt number, 

Fig. 20. Variations of the steady (a) average Nusselt number, (b) maximum stress on the flexible plate and (c) displacement at the free end of the flexible plate with γ 
for various Pr at fixed point 1 (P1), Ra ¼ 106, and E ¼ 5 � 1010. 
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Maximum stress on the plate, free tip displacement of the plate, and the 
average temperature plots as well as isotherms and streamline contours. 
The numerical results lead to the following conclusions:  

� The location of the fixed point and the inclination angle significantly 
affect the heat transfer and fluid motion inside the cavity.  
� The flexible plate experiences the lowest deformation and tension 

when fixed at its center (P2).  
� The maximum stress on the flexible plate and its deformation are 

minimal at γ ¼ 90� for all fixed points, at different Ra, and Pr 
numbers.  
� For the fixed-points of P1 and P2, decreasing the inclination leads to 

a considerable increase in the maximum value of the stress on the hot 
plate and the maximum stress occurred when γ ¼ 0�, while γ � 40� is 
the critical inclination angle with a peak tension and minimum 
average Nusselt number when the plate is fixed at P3.  
� When the fixed point is P1 and Ra ¼ 106, γ ¼ 45� and Pr ¼ 6.2, the 

increase of the flexibility of the plate increases the heat transfer and 
reduces the internal tensions in the plate. However, a flexible plate 
shows larger deformations. As a result, a flexible plate shows a better 
heat transfer compared to a rigid plate. 
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