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a b s t r a c t

In this paper, theAdomiandecompositionmethod and Padé approximants are integrated to
study thedeflection andpull-in instability of nanocantilever electromechanical switches. In
a distributed parameter model, intermolecular forces, including Casimir forces, are taken
into account considering their range of application. A closed form power series solution
based on Adomian polynomials is obtained. The obtained analytic results are compared
with numerical solution. The Adomian method is accurate for small deflections, but the
results of a pull-in instability study demonstrate that the accuracy of the Adomian solution
is not as good for small deflections. Thus, to increase the accuracy of the Adomian solution
for the pull-in instability, the Adomian power series is converted to Padé approximants.
The results of the present method are compared with the numerical results as well as
those of the Adomian decompositionmethod and othermethods reported in the literature.
The results obtained using the ADM–Padé are remarkably accurate compared with the
numerical results. The proposed technique can be easily extended to solve a wide range
of instability problems. Finally, the minimum initial gap and the detachment length of
the actuator that does not stick to the substrate due to the intermolecular attractions,
which is an important parameter for the pull-in instability of a nanocantilever actuator,
are calculated using Adomian–Padé approximants.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Micro-and nano-fabrication processes are planar technologies. Therefore, many micro- and nano-devices consist of
beams and plates suspended horizontally over a substrate. On themicroscale, suspended beams or plates serve as the active
component of accelerometers, rate gyroscopes, pressure sensors, chemical sensors, electrical switches, optical switches,
adaptive optical devices, resonators, electrostatic actuators, valves and pumps [1].

Conductive cantilever nano-actuators are one of the common components in nano-electromechanical system (NEMS)
switches in nanotechnology, which are widely used in manufacturing systems with critical dimensions on the order of
nanometers [2,3].

A typical form of NEMS actuator is a nanobeam that is suspended above a conductive flat ground (substrate). Applying a
voltage difference between the nanobeam and the ground plane causes the nanobeam to deflect downward and be attracted
to the substrate. At a critical deflection/voltage, which is known as pull-in deflection/voltage, the nanobeam pulls onto the
substrate, and instability occurs [3]. The intermolecular forces have a significant influence on the instability of the nanobeam
for nanoscale separations [3–8].
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When the separation is large enough (typically greater than 20 nm), retardation appears. In the presence of retardation
effects, the intermolecular interaction between the nanobeam surface and substrate surface can be described by the
Casimir force [3,5,9]. Considering the ideal case, the Casimir interaction is proportional to the inverse fourth power of the
separation [10,11]. Some researchers [3,10,12–19] have studied the effect of the Casimir force on the instability of NEMS.
To study the deflection and pull-in parameters of nanocantilever beams, some investigators assumed that the electrostatic
and intermolecular forces are uniform along the beam [10,11,13–16], and some of them used distributed models [3,4,6,8,
17–22]. Because of the nonlinearity of the governing equations of the distributed model of the deflection of nano-beams,
obtaining an analytical solution for this type of nanoswitch is difficult and complicated. Some researchers [3,4,6] have tried
to find semi-analytical solutions for this problem using Adomian polynomials, and others have tried to find approximate
solutions using Green’s function and a second order polynomial as the shape function [3,7,12]. The power series methods
also, are widely used in other engineering applications [23–27].

Ramezani et al. [7,12] and Koochi et al. [6] applied a distributed parameter model to study the instability of
nanocantilevers. However, their solution did not satisfy all boundary conditions. Soroush et al. [3] and Koochi et al. [4,6]
considered the effect of Casimir attractions on the electrostatic pull-in instability of nano-actuators using the Adomian
decomposition method. Although the results of the Adomian decomposition method are acceptable compared with
numerical results, their accuracy near the pull-in instability is not perfect. The results show the Adomian decomposition
method with eight terms in the series underestimated the deflection of nanocantilevers at the onset of pull-in stability
[19,3], while Green’s methods overestimated the deflection of nanocantilevers [7,12,19].

The results of the presentwork, however, show that increasing the number of Adomian series terms above eight increases
the accuracy of the Adomian solution for small deflections, but its accuracy in predicting pull-in stability is not as good for
small deflections. However, the combination of any series solutions with the Padé approximants provides a powerful tool
for handling initial or boundary value problems [28–32]. Thus, the shortcoming on the accuracy of Adomian decomposition
method is overcome in the present study using Padé approximants. Therefore, an integration of the Adomian power series
with Padé approximants (ADM–Padé) is introduced as a new approach to study the deflection and pull-in behavior of nano-
actuators using a distributed parameter model. A fair comparison is made between the presented method and the Adomian
decomposition method results and numerical results as well as the results of other methods reported in the literature.

2. Mathematical model

Fig. 1 shows a nanocantilever beam of length Lwith a uniform rectangular cross section of thickness h and width w. The
initial gap between themovable beam and the ground plane is g . The constitutive material of the nanocantilever is assumed
to be linear elastic, and only the static deflection of the nano-beam is considered. The effect of finite kinematics is negligible
when L > 10 g [2]. Thus, finite kinematics are not considered. This simplification is acceptable for most cases [3,7,12].
Considering the first order fringing field correction, the electrostatic force per unit length of the nanocantilever, (electrical
force) can be defined as [3,7,12]

felec =
ε0wV 2

2(g − y)2


1 + 0.65

(g − y)
w


. (1)

The intermolecular force per unit length of the beam (fmole) including the Casimir force is defined as [3,5,7,12].

fmole =
π2h̄cw

240(g − y)4
(2)

where h̄ = 1.055×10−34 is Planck’s constant divided by 2π and c = 2.2998×108m/s is the speed of light. Eq. (2) provides
acceptable results for cantilevers that are sufficiently wider than the separation space [2,3]. Thus, only the cantilevers that
are wider than the separation g/w ≤ 1 are considered in this study [3,7,12].

Fig. 1. Schematic representation of a cantilever actuator. 1: Nanocantilever actuator 2: Dielectric spacer, 3: Ground plane.
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The appropriate approximation of the beamdeflection can be found by applying the virtualwork principle. In the absence
of non-conservative forces and by considering only the static elastic small deflection of the nanocantilever beam, we can
write

δW = δEelast − δWelec − δWmole =

 L

0


EeffI

d2y
dX2

δ
d2y
dX2

− felecδy − fmoleδy

dX . (3)

After integrating (3), we have

δW = Eeff I
d2y
dX2

δ
dy
dX

L
0
− EeffI

d3y
dX3

δy
L
0
+

 L

0


EeffI

d4y
dX4

− felec − fmole


δydX . (4)

As there is no deflection and rotation at the fixed end and also because of the absence of the bending moment and shear
force at the free end of the beam, the boundary value problem for a cantilever nanobeam can be defined as

EeffI
d4y
dX4

= felec + fmole (5a)

where the geometrical boundary conditions at the fixed end are

y(0) = y′(0) = 0. (5b)

The natural boundary conditions at the free end are

y′′(L) = y′′′(L) = 0 (5c)

where y is the deflection of the beam, X is the position along the beammeasured from the clamped end, and prime denotes
differentiation with respect to X . Eeff is the effective Young’s modulus, which is equal to wh3/12, and I is the moment of
inertia of the beam cross section [33]. For convenience, the model is parameterized in the nondimensional form.

By substituting (1) and (2) into (5) and introducing the nondimensional variables

α =
π2h̄cwL4

240g5EI
, (6a)

β =
ε0w V 2 L4

2g3E I
, γ = 0.65

g
w

, x =
X
L
, u =

y
g
. (6b)

The nondimensional differential equation is obtained as follows:

d4u
dx4

=
α

(1 − u(x))4
+

β

(1 − u(x))2
+

γ β

(1 − u(x))
(7a)

subject to the following boundary condition

u(0) = u′(0) = 0, at x = 0 at the bended end (7b)

and

u′′(1) = u′′′(1) = 0, at x = 1 at the free end. (7c)

The nondimensional parameters α, β and γ , correspond to the values of the Casimir force, applied voltage and fringing
field, respectively.

3. Analytical solution

3.1. Adomian decomposition method

The basic idea of the Adomian decompositionmethod has been explained [33–37]. Now, by substituting z(x) = 1−u(x),
Eq. (1) can be transformed to a system of integral equations

z1(x) = z1(0) +

 x

0
z2(t)dt,

z2(x) = z2(0) +

 x

0
z3(t)dt,

z3(x) = z3(0) +

 x

0
z4(t)dt,

z4(x) = z4(0) +

 x

0


α

z1(t)4
+

β

z1(t)2
+

βγ

z1(t)


dt.

(8)
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The functions zi(x) can be written as the following summation [3]:

zi =

∞
n=0

z1,n, i = 1, 2, 3, 4. (9)

By substituting Eq. (9) into Eq. (8) and using the boundary condition at the bended end (i.e., (7b)), the Adomian
decomposition of system (8) can be written recursively as

z1,0 = 1, z2,0 = 0, z3,0 = A1, z4,0 = A2 (10a)

z1,k+1 =

 x

0
z2,kdt,

z2,k+1 =

 x

0
z3,kdt,

z3,k+1 =

 x

0
z3,kdt,

z1,k+1 =

 x

0


αC4

k + βC2
k + γ βC1

k


dt

(10b)

subject to the following constraints, which come from (7c):

z ′′(1) = 0, z ′′′
= 0 (11)

where undetermined coefficients A1 and A2 correspond to the 2nd and 3rd derivatives of beam deflection with respect to x
at x = 0, respectively. These new coefficients can be evaluated using natural boundary conditions at the free end (i.e., (11)).
The functions Cm

k , which approximate the nonlinear term y−m
k , are determined through the Adomian’s polynomials [3,36]:

Cm
k =

1
k!

dk

dλk


k

i=0

λiyi

m
λ=0

. (12)

Therefore, the polynomial solution of Eq. (7) is obtained (see the Appendix). The obtained polynomial solution can be
summarized to

u(x) = A1
x2

2!
− A2

x3

3!
+ (α + β + βγ )

x4

4!
− (4α + 2β + γ β)

A1x6

6!
− (4α + 2β + γ β)

A2x7

7!

+


A2
1(10α + 3β + γ β) +

(4α + 2β + γ β)(α + β + γ β)

6


6x8

8!
+ O(x9). (13)

3.2. The Padé approximants

As known, series solutions usually have a finite range of convergence and therefore are not always practical for large
values of x. Some researchers have formally explained that since the radius of convergence of the power series may not be
large enough to contain the boundaries of the domain, thus such series in isolation are not adequate for handling boundary
value problems. However, the objective of Padé approximants is to seek a rational function for the series because Padé
approximants converge on the entire real axis if the series solution is free of singularities on the real axis [38,39].

Any power series represents a function f (x) in the form of

f (x) =

∞
i=0

aixi. (14)

This expansion of (14) is the fundamental starting point of any analysis using Padé approximants. A Padé approximant is
a rational fraction that provides more information about the mathematical behavior of the solution. The notation for such a
Padé approximant can be written as [40]

a0 + a1x + a2x2 + · · · =
p0 + p1x + p2x2 + · · · + pMxM

1 + q1x + q2x2 + · · · + qLxL
. (15)

By cross-multiplying (15) and comparing the coefficients of both sides, one can find that

al +
M

k=1

al−kqk = pl, l = 0, . . . ,M (16)

al +
L

k=1

al−kqk = 0, l = M + 1, . . . ,M + L. (17)
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Solving linear equation (17) provides qk, where k = 1, . . . , L. Then by substituting qk into (16), one may easily obtain pl,
where l = 0, . . . ,M . The coefficients in (17) form a Toeplitz matrix, which easily can be solved by the Gaussian elimination
method. If M ≤ L ≤ M + 2, where M and L are the degree of numerator and denominator in the Padé series, respectively,
then this Padé series gives a stable formula for an ordinary differential equation [38,40]. For more details, the readers are
referred to [28–30,38–41].

To verify the convergence of the obtained series and Padé approximants, the deflection of a typical nano-actuator is
computed analytically, and the solutions are compared with the numerical results. Numerical results are obtained using
Runge–Kutta–Fehlberg method [42,43]. Table 1 presents the variation of the cantilever tip deflection (utip) computed
using different selected terms of Adomian power series and different sizes of Padé approximants. This table ensures the
convergence of the power series and Padé approximants. Greater accuracy can be obtained by evaluating more terms of the
solution. The relative error is computed from

Error =

uAnalytical − uNumerical

uNumerical

 (18)

where uAnalytical is the tip deflection computed from analyticalmethod (i.e., ADMor ADM–Padé), uNumerical is the tip deflection
computed using numerical method and Error represents relative error.

Table 1
The variation of the tip deflection of a typical beam using different selected terms of power series and different selected size
of Padé approximants for α = 0.3, β = 0.6, and g/w = 1 in the presence of the Casimir effect.

Series size Tip deflection Adomian Error Padé size Tip deflection ADM–Padé Error

4 0.16125 2.761E−01 [2, 2] 0.1884526 2.319E−01
6 0.245455 1.019E−01 [3, 3] 0.1258229 4.871E−01
7 0.19375 1.302E−01 [4, 4] 0.2438808 5.928E−03
8 0.26501 1.897E−01 [5, 5] 0.2451924 5.817E−04
9 0.198313 1.097E−01 [6, 6] 0.2432816 8.370E−03

10 0.261546 1.741E−01 [7, 7] 0.2453241 4.496E−05
11 0.202195 9.232E−02 [8, 8] 0.245335 3.281E−07
12 0.256924 1.534E−01 [9, 9] 0.2453359 3.117E−06
13 0.20555 7.726E−02
14 0.252442 1.332E−01
15 0.20814 6.563E−02
16 0.247855 1.127E−01
17 0.210282 5.602E−02
18 0.243607 9.358E−02
19 0.212104 4.784E−02
20 0.239901 7.695E−02

Numerical 0.245335113

By selecting an ADM–Padé size of [5, 5], which is built using 13 terms of an Adomian power series, the relative error
between analytical and numerical results is less than 0.06%, as shown in Table 1. Comparing this error with the same series
size of the Adomian method (i.e., 13 terms and a relative error of 15.3%) shows the ADM–Padé method could compute the
deflection of nano-beams with greater accuracy than the Adomian method. The result of the ADM–Padé method with a size
of [5, 5] with 0.06% error is within the acceptable range for most engineering applications. Therefore, the size of [5, 5] is
selected in the following section for convenience.

Fig. 2 shows the deflection of narrow nanocantilevers using different sizes of Adomian series in the presence of the
electrostatic forces. In this figure, the Adomian solution is comparedwith numerical results and those of an ADM–Padéwith
a size of [5, 5].

4. Instability study

To study the instability of the nano-actuator, Eq. (7) is solved numerically and simulated, and the results are compared
with those of Eq. (13). For any given α, β and g/w, the cantilever tip pull-in deflection can be obtained from Eq. (13) by
setting du(1)/dβ → ∞. No physical solution exists for u(x) by increasing β beyond βPI . For freestanding cantilevers, pull-
in deflection can be obtained by setting du(1)/dα → ∞ in Eq. (13). In addition, the obtained results are compared with
numerical results and those of the Adomian decomposition method [3] as well as those of Green’s method [12].

Figs. 3 and 4 compare nanocantilever tip deflection obtained by numerical method with ADM–Padé as well as other
methods and neglect intermolecular forces for wide beams (i.e., g/w = 0) and narrow beams (i.e., g/w = 1), respectively.
As seen in these figures, the ADM–Padé provides results with very good agreement with the numerical results.

The effect of the fringing field on the nondimensional electrostatic pull-in parameter of β and tip deflection of
nanocantilevers (utip) in the absence of intermolecular forces is shown in Figs. 5 and 6, respectively. In these figures, the
results of the numerical method, Adomian method and ADM–Padé are compared with those of the lamped method [3] and
the Green method [12].
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Fig. 2. Effect of Adomian series size on the nanocantilever tip deflection compared to the numerical results and an ADM–Padé size of [5, 5] for g/w = 0;
intermolecular forces were neglected.

Fig. 3. A comparison of the nanocantilever tip deflection for wide beams (i.e., g/w = 0) obtained by a numerical method with ADM–Padé as well as other
methods; intermolecular forces were neglected.

Fig. 4. A comparison of the nanocantilever tip deflection for narrow beams (i.e., g/w = 1) obtained by the numerical method with ADM–Padé as well as
other methods; intermolecular forces were neglected.
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Fig. 5. Effect of the fringing field on the nondimensional electrostatic pull-in parameter of cantilevers, neglecting the intermolecular force.

Fig. 6. Effect of the fringing field on the nondimensional tip deflection of cantilevers at the onset of pull-in, neglecting the intermolecular force.

4.1. Intermolecular force at nanoscale separations

When the gap between the fixed and movable beams is small enough, the movable beam might collapse onto the
substrate without applying a voltage due to the intermolecular force. The relation between α and utip in the absence of
a voltage difference (freestanding) is presented in Fig. 7. When α exceeds the critical value αCP, no solution exists for utip,
and the instability occurs even without any applied voltage. Using the ADM–Padé, αCP = 0.94, and the numerical method
obtained αCP = 0.939; the Adomian method obtained αCP = 0.814 [3]. The maximum length of the actuator that does not
stick to the fixed groundplanewithout applying voltage difference, (Lmax), is called the detachment length [17]. Alternatively,
for a known switch length, there is a minimum gap, (gmin), between the switch and the substrate to ensure that the switch
does not adhere to the substrate as a result of intermolecular forces [17]. The detachment length and minimum gap of the
actuator are basic design parameters for MEMS/NEMS and can be obtained by the critical value of α, i.e., αCP. Substituting
the value of αCP into the definition of α (i.e., (6a)), the detachment length and minimum gap are obtained as

Lmax =
4


18.8

g5Eeffh3

π2h̄c
, gmin =

5


π2h̄cL4

18.8 Eeffh3
. (19)

It is worth to mention that Lin and Zaho [15] obtained the following critical length and gap for the lamped model of
nanocantilever actuators,

Lmax =
4


10.54

g5Eeffh3

π2h̄c
, gmin =

5


π2 h̄cL4

10.54 Eeffh3
. (20)



A. Noghrehabadi et al. / Computers and Mathematics with Applications 64 (2012) 2806–2815 2813

Fig. 7. Relationship between nondimensional intermolecular force (α) and the cantilever tip deflectionwhen no voltage is applied considering the Casimir
force. Collapse occurs for α values above the critical value of α (αCP = 0.94).

Fig. 8. Deflections of the cantilever for different values of β when α = 0.5 and g/w = 1. Collapse occurs when β reaches values greater than the critical
value (β = 0.467).

Comparison between Eqs. (19) and (20) show that the lamped model over estimated the minimum gap of cantilever
beams that will not adhere with the substrate due to Casimir force.

4.2. Electrostatic and intermolecular force at nanoscale separations

Fig. 8 shows the centerline deflection of a typical nano-beam under both electrostatic and intermolecular loading for
α = 0.5 and g/w = 1whenβ increases from zero to instability point. The obtained Padé solution at the onset of instability is

u(x) =
−1136376435000x2 + 67441705750x3 + 461521946800x4 − 165453613800x5

−1904069401000 − 947218284500x + 414777813000x2 + 37749775000x3 + 1351168644x4 + 1836002523x5
. (21)

Fig. 8 reveals that the beam has an initial deflection due to the presence of the intermolecular force even in the absence
of any applied voltage (β = 0). As seen, the ADM–Padé solution comparedwith that of the numerical solution is remarkably
accurate for computing the deflection and pull-in instability of nanocantilever beams.

5. Conclusions

Pull-in parameters and deflection of nanocantilevers were computed using an integration of the Adomian power series
and the Padé approximantsmethod. The Padé approximants improved the convergence and accuracy of Adomian series. The
ADM–Padé solution satisfies all boundary conditions. The intermolecular forces decrease the pull-in deflection and voltage of
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nano-beams. The minimum initial gap and detachment length of the freestanding nano-actuator were determined, which
are the useful design parameters for nano-electromechanical switches. We also compared the solution of the proposed
method with that of the Adomian solution and the numerical results as well as those of the Green function method and
the lamped model. The ADM–Padé overcame the shortcomings of the lumped parameter model in underestimating the
pull-in voltage of nano-beams and was more accurate than the Adomian decomposition method and other analytical
methods.

Appendix

Cm
0 = z−m

1,0 ,

Cm
1 = −mz−m−1

1,0 z1,1,

Cm
2 =

1
2
m (m + 1) z−m−2

1,0 z21,1 − mz−m−1
1,0 z1,2,

... =
.... (A.1)

Substituting (A.1) in (10b), one may obtain

z1,0 = 1, z2,0 = 0, z3,0 = A1, z4,0 = A2

z1,1 = 0, z2,1 = A1x, z3,1 = A2x, z4,1 = − (α + β + γ β) x,

z1,2 =
A1x2

2
, z2,2 =

A2x2

2
, z3,2 = − (α + β + γ β)

x2

2
, z4,2 = 0,

z1,3 =
A2x3

6
, z2,3 = −

(α + β + γ β)

6
x3, z3,3 = 0, z4,3 = A1 (4α + 2β + γ β)

x3

6
,

z1,4 = − (α + β + γ β)
x4

24
, z2,4 = 0, z3,4 = A1 (4α + 2β + γ β)

x4

24
, z4,4 = A2 (4α + 2β + γ β)

x4

24
,

z1,5 = 0, z2,5 = A1 (4α + 2β + γ β)
x5

120
, z3,5 = A2 (4α + 2β + γ β)

x5

120
, z4,5 = −Q

x5

20
,

z1,6 = A1 (4α + 2β + γ β)
x6

720
, z2,6 = A2 (4α + 2β + γ β)

x6

720
, z3,6 = −Q

x6

120
, . . .

z1,7 = A2 (4α + 2β + γ β)
x7

5040
, z2,7 = −Q

x7

840
, . . .

z1,8 = −Q
x8

6720
, . . .

· · · = · · · ,

where

Q = A2
1 (10α + 3β + γ β) +

(4α + 2β + γ β) (α + β + γ β)

6
.

Therefore, the polynomial solution of (7) is obtained.
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