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Abstract

The conjugate natural convection of a new type of hybrid nanofluid (Ag—-MgO/water hybrid nanofluid) inside a square
cavity is addressed. A thick layer of conductive solid is considered over the hot wall. The governing partial differential
equations (PDEs) representing the physical model of the natural convection of the hybrid nanofluid along with the
boundary conditions are reported. The thermophysical properties of the nanofluid are directly calculated using experi-
mental data. The governing PDEs are transformed into a dimensionless form and solved by the finite element method. The
effect of the variation of key parameters, such as the volume fraction of nanoparticles, Rayleigh number, and the ratio
between the thermal conductivity of the wall and the thermal conductivity of the hybrid nanofluid (Ry), is studied.
Furthermore, the effects of the key parameters are investigated on the temperature distribution, local Nusselt number, and
average Nusselt number. The results of this study show that the heat transfer rate increases by adding hybrid nanoparticles
for a conduction-dominant regime (low Rayleigh number). The heat transfer rate is an increasing function of both the
Rayleigh number and the thermal conductivity ratio (Ry). In the case of a convective-dominant flow (high Rayleigh number
flow) and an excellent thermally conductive wall, the local Nusselt number at the surface of the conjugate wall decreases
substantially by moving from the bottom of the cavity toward the top.

Keywords Conjugate natural convection - Hybrid nanofluid - Square cavity - Heat transfer enhancement

List of symbols H Cavity size (length and height) (m)

C Specific heat (J kg~' K™') Ra Rayleigh number

(O Specific heat in constant pressure (J kg™ K™ Pr Prandtl number

e* Wall thickness (m) N Number of nodes

e Non-dimensional wall thickness Nujocat  Local Nusselt number

g Gravity (m s_z) Nu,,,  Average Nusselt number

k Thermal conductivity (W m~! Kil) Ry Thermal conductivity ratio

P Pressure (Pa) X,y Cartesian coordinates

T Temperature (K) u Fluid velocity component in the x-direction

(ms~")
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% Fluid velocity component in the y-direction This observed reduction in heat transfer can be attributed to
(m sfl) the effect of the nano-sized additives on the dynamic vis-

U Non-dimensional velocity component in the X- cosity of the nanofluid. Thus, using nanofluids for thermal
direction (m s~ ") enhancement requires careful attention and design.

Vv Non-dimensional velocity component in the Y- Mabhian et al. [2, 3] reviewed the modeling approach and
direction (m s~ ") simulation of nanofluids.

XY Non-dimensional Cartesian coordinates There are well-established studies regarding the con-

Greek symbols

Thermal diffusivity (m? s~

Normalized volume fraction of nanoparticles

The fluid dynamic viscosity (kg m~' s™ ")

Basis functions

Density (kg m™>)

Fluid kinematic-viscosity (m?s™h)

Volumetric thermal expansion coefficient (1 K™
The non-dimensional temperature variable

D™ = T ST S R

Subscripts

bf  Base fluid

c Cold wall

h Hot wall

hnf Hybrid nanofluid
nf  Nanofluid

P Particles
S Solid (conjugate wall)
Introduction

During the past decade, nanofluids have been engineered as
new working fluids with enhanced thermal conductivities.
Since the time Choi and colleagues [1] synthesized the first
type of nanofluid, various types of nanofluids have been
developed using a range of types of nanoparticles and base
fluids. For instance, TiO,, Si0,, Al,O5, CuO, Ag, Au, and
MgO nanoparticles, as well as multi-wall carbon nano-
tubes (MWCNTSs), nano-graphite sheets, nano-diamond
particles, and clay nanoparticles have been utilized for the
synthesis of nanofluids. Base fluids with relatively low
thermal conductivities such as water, ethylene glycol,
kerosene, and turbine oil have also been employed in the
synthesis of nanofluids. In general, the result of suspending
high-thermal conductive nanoparticles in a relatively low
thermal conductive base fluid is an innovative nanofluid
with enhanced thermophysical properties. Nanofluids show
enhanced thermal conductivity, which makes them good
candidates for heat transfer applications as working fluids
in thermal systems. However, the theoretical and experi-
mental results show that there are many cases, especially in
natural-convection heat transfer applications, in which
using nanofluids causes the heat transfer to deteriorate.
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vective heat transfer of nanofluids, such as those used in
[4-6]. There are also many practical cases involving the
use of nanofluids for multi-purpose applications, which can
be considered essential applications of nanoparticles. For
example, the oil in an electrical power transformer acts as a
dielectric material as well as a cooling medium. Due to
natural convection, the oil moves between the electrical
coils and the heat sinks mounted on the transformer’s shell
in most power transformers. Experimental studies of
nanofluids reveal that dispersion of nano-diamond particles
or silica nanoparticles in the transformer oil can enhance
the dielectric properties of the oil. This increase in the
dielectric properties of the utilized transformer oil is
excellent and can justify using nanofluids in the trans-
formers. However, the presence of a nanofluid may also
enhance the heat transfer in the transformer, which can
either be an excellent outcome or can jeopardize the ther-
mal safety of the transformer due to the reduction in con-
vective heat transfer in the power transformer.

Various aspects of convective heat transfer in cavities
such as conjugate heat transfer [7], entropy generation [8],
two phase nanofluid [9], magnetohydrodynamic effects
[10], Marangoni effects [11], and heat transfer in porous
media [12, 13] have been addressed in recent years.

A potentially interesting property of nanofluids has been
noted by Kameya and Hanamura [14], who measured the
radiation absorption characteristics of Ni nanoparticles in a
nanofluid. By experimenting on visible to near-infrared
wavelengths, Kameya and Hanamura [6] revealed that the
absorption coefficient of the nanofluid suspension is much
higher than that of the base liquid. Chen et al. [15] studied
the radiation absorption characteristics of Ag, TiO,, and
ZnO nanoparticles suspended in water. In their investiga-
tion, silver nanoparticles are synthesized through a novel
photochemical transformation. Their results demonstrate
that Ag—water nanofluid has better radiation absorption
than that of ZnO- and TiO,-water nanofluids.

Moreover, the performance of low concentrations of a
silver nanofluid is almost twice as that of the base fluid
(water). It can be concluded that such nanofluids are suit-
able for use in solar ponds and in applications with radia-
tion absorption. However, practical applications of these
nanofluids require a careful heat transfer analysis. Pad-
mavathy and Vijayaraghavan [16] addressed the anti-bac-
terial activity of ZnO nanoparticles with various particle
sizes. They demonstrate that the anti-microbial bio-activity
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of ZnO nanoparticles, and their bactericidal efficacy (i.e.,
their bacteria-killing property), increase with decreasing
particle size. Bindhu and Umadevi [17] successfully uti-
lized aqueous beetroot extract as a reducing agent for silver
nanoparticle synthesis. They reported that prepared silver
nanoparticles within the size of 15 nm are effective in
inhibiting the growth of both gram-positive and gram-
negative bacteria. Such anti-bacterial agents can be useful
in the cooling of medical devices, sterilization systems, and
food processing. However, the thermal behavior of such
solutions is influenced by nano-additives. Hence, the
thermal analysis of these newly engineered nanoparticles in
base fluids requires careful analysis and design.

Important to note is that new types of nanofluids, called
hybrid nanofluids, can be synthesized with enhanced
properties. Hybrid nanofluids consist of different
nanoparticles, either in a mixture or in a composite form
dispersed in a base fluid. Hybrid nanofluids can lead to
engineered fluids with adjusted thermophysical and
chemical properties through a trade-off between the
advantages and disadvantages of individual nanoparticles.
In some cases, the nanoparticles can form a nano-com-
posite structure in the base fluid which results in superior
thermophysical properties much higher than those expected
from each type of nanoparticle or their mixture. Such
hybrid nanofluids can take advantage of the different
nanoparticles in a mixture.

Considering the radiation absorption capabilities of Ag
and TiO, nanoparticles in water, Xuan et al. [18] experi-
mentally studied the optical properties of TiO, and Ag as
well as hybrid TiO,-Ag composite nanoparticles in a water-
based nanofluid for solar energy absorption features. They
showed that a TiO,/Ag plasmonic nanofluid exhibits an
absorption performance that was better than that of TiO,,
but similar to that of Ag. Although the thermal results for
the Ag—water nanofluid and the TiO,/Ag nanofluid were
the same, the cost of the TiO,/Ag-based nanofluid was
much lower. Madhesh et al. [19] synthesized a Cu-TiO,/
water hybrid nanofluid, while Sundar et al. [20] synthesized
an MWCNT-Fe;04/water hybrid nanofluid. An excellent
review of the practical applications and the recent devel-
opment of hybrid nanofluids can be found in the work of
Sarkar et al. [21].

Esfe et al. [22] synthesized samples of Ag-MgO/water
hybrid nanofluids with up to a 2% volume concentration of
nanoparticles. The hybrid nanofluid sample consists of
50% Ag and 50% MgO nanoparticles. In their study, the
size of the silver nanoparticles was 25 nm, and the size of
the magnesium oxide nanoparticles was 40 nm. The ther-
mal conductivity and the dynamic viscosity of the syn-
thesized hybrid nanofluid were measured for different
nanoparticle volume fractions. Esfe et al. [22] demon-
strated that both the thermal conductivity and the dynamic

viscosity of the hybrid nanofluid are much higher than the
individual nanofluids. Indeed, the nanoparticles in the base
fluid form a nano-composite structure consisting of Ag and
MgO nanoparticles. In another study, Esfe et al. [23] also
synthesized samples of carbon nano-tube (CNT)-Al,O5/
water hybrid nanofluids. They measured the thermal con-
ductivity of the hybrid nanofluid for various temperatures
and nanoparticle volume fractions. The outcomes show that
the thermal conductivity of the nanofluid increases with the
increase in temperature and nanoparticle volume fraction.
Esfe et al. [24] successfully prepared samples of double-
walled carbon nano-tubes, DWCNT (inner diameter of
3 nm) — ZnO (diameter of 10-30 nm)/water-ethylene
glycol (60:40) hybrid nanofluids. They aimed to address
the effect of the temperature and nanoparticle volume
fraction upon thermal conductivity enhancement of the
hybrid nanofluids. Their findings indicate that the thermal
conductivity of the synthesized nanofluid is an increasing
function of the temperature and nanoparticle volume
fraction.

The literature review shows that a few studies have
addressed hybrid nanofluid convection. For instance,
Sundar et al. [20] studied the forced convection heat
transfer and the pressure drop of MWCNT-Fe;0,4/water
hybrid nanofluids in the fully developed turbulent flow of a
uniformly heated circular tube. In the case of a Reynolds
number of 22,000, a 31.10% enhancement in the Nusselt
number for a nanofluid containing 0.3% nanoparticles can
be shown relative to base fluid data. However, the required
pump power to maintain the same flow rate increases by
1.18 times.

Huang et al. [25] prepared samples of MWCNT/water
and Al,Oz/water nanofluids to form a hybrid nanofluid with
a volume ratio of 1:2.5 (MWCNT:Al,03). Specifically, a
small portion of MWCNT is added to Al,O3 nanofluid to
enhance the thermal conductivity of the Al,Os;—water
nanofluid further. The heat transfer enhancement of the
MWCNT-AL,O5/water hybrid nanofluid, as well as that of
Al,Os/water nanofluid in a chevron corrugated-plate heat
exchanger, is then tested. The results reveal that the hybrid
nanofluid mixture generates a smaller pressure drop com-
pared to that of the Al,Os/water nanofluid. However, the
pressure drop of the hybrid nanofluid is marginally higher
than that of the base fluid (water). The hybrid nanofluid
mixture also demonstrates the highest heat transfer coeffi-
cient for given pumping power.

Madhesh et al. [19] tested the thermal performance of
Cu-TiO,/water hybrid nanofluid in a tube-type counter
flow heat exchanger. The results indicate a 68% increase in
the overall heat transfer coefficient when using up to a
1.0% volume concentration of hybrid nanoparticles.
However, up to 2.0% increase in the volume concentration
of nanoparticles results in a marginal reduction in
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convective heat transfer potential. A pressure drop,
obtained by using a 2.0% volume concentration of the
hybrid nanofluid, is reported to be 14.9%, which demon-
strates a penalty in the pumping capacity. The forced
convective heat transfer of hybrid nanofluids has also been
studied in microchannels [26].

As another aspect of heat transfer of hybrid nanofluids in
enclosures, Ghalambaz et al. [27] and Chamkha et al. [28]
studied the convective heat transfer of hybrid nano-en-
hanced  phase-change  materials in  enclosures.
Mehryan et al. [29] addressed the heat transfer of hybrid
nanofluids in an enclosure filled with a porous medium.

The study of conjugate heat transfer is necessary
because it refers to the realistic modeling of heat transfer in
many engineering applications involving heat transfer not
only within, but also between, solid and fluid regions.
There are many examples, such as heat transfer in the shell
of a container (solid) filled with a liquid (fluid), heat
transfer between a heat sink (solid) and its surrounding
fluid (fluid), and heat transfer between the thick wall of a
tube (solid) and the liquid inside the tube (fluid). These are
only a few of the more straightforward applications of
conjugate heat transfer.

Due to the importance and number of applications of
conjugate heat transfer in the industrial sector, its proper-
ties have been investigated in recent years. For instance,
Ben-Nakhi and Chamkha [30, 31] studied conjugate natural
convective heat transfer in a cavity containing a solid fin.
Shenoy et al. [32], who have examined the effect of the
shape of either a hot or a cold surface, asserted that the
shape of the surface could be an essential parameter for the
rate of natural-convection heat transfer in an enclosure.
Interestingly, the relevance of the properties of the medium
has been noted by many other researchers. For instance,
Sheremet et al. [33] explored the conjugate transient nat-
ural convection of nanofluids in an enclosure. Sheremet
and Miroshnichenko [34] analyzed the effect of thick solid
walls on the natural convection heat transfer in a cavity.
Chamkha and Ismael [24, 25] investigated the conjugate
heat transfer of pure fluids [35] as well as single nanofluids
[36] in a cavity filled with a nanofluid and heated by a thick
wall. Kuznetsov and Sheremet [37] studied the conjugate
natural convection heat transfer of simple nanofluids in a
cavity by considering the effect of the gradient of
nanoparticles. Sheremet et al. [38] investigated the
unsteady natural convection of nanofluids in a porous
cavity. Sheremet and Pop [39] extended the study of
Kuznetsov and Sheremet [37] on steady-state conjugate
heat transfer in a porous medium by taking into account the
non-uniform distribution of nanoparticles.

Some of the engineering applications of natural con-
vective heat transfer in a cavity include heat storage sys-
tems in solar collectors enhanced with fins, heat removal in
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heat exchangers, and active nuclear waste disposal sys-
tems. Nanofluids are useful not only for heat transfer but
also for other medical and electrical applications.
Nanoparticles suspended in a fluid (nanofluids) can also be
utilized for other purposes, such as nanoparticles serving as
radiation-absorbent media, anti-microbial means. In such
applications, the improvement of heat transfer, resulting
from the use of nanoparticles in the base fluid, may be
either an advantageous by-product or a disadvantage.
Nevertheless, it is important to note that the use of hybrid
nanoparticles as nano-additives can be multi-purpose. One
type of nanoparticle may act as an anti-bacterial agent or
absorbent, while the other nanoparticle may enhance heat
transfer.

The present study aims to theoretically address the
effects of using a hybrid nanofluid on the natural convec-
tion heat transfer in a cavity heated by a thick wall. Four
key issues associated with the heat transfer aspects of
hybrid nanofluids (here, Ag-MgO/water) have been
addressed for the first time. Here, Ag—-MgO/water nano-
fluid is adopted as an example of a synthesized hybrid
nanofluid because synthesized samples of this type of
hybrid nanofluid have been reported in the literature, so its
thermophysical data are available. Moreover, silver
nanoparticles are known to be anti-bacterial agents.

1.  What happens to natural-convection heat transfer in the
presence of hybrid nanofluids? Does the heat transfer
enhance due to the improvement of thermal conduc-
tivity or deteriorate due to the augmentation of
viscosity?

2. Is there any thermal advantage to utilizing water-based

Ag-MgO hybrid nanofluid compared to a regular
water-based nanofluid?

3. How does the cavity’s wall thickness or material

(thermal conductivity) affect the natural convection
thermal behavior of hybrid nanofluids?

4. Does increasing the volume fraction of Ag-MgO

nanoparticles in the base fluid always enhance heat
transfer?

In order to answer the above fundamental key questions,
we proceed to the next section to introduce a physical
model for the flow and heat transfer of a hybrid nanofluid
in a cavity.

Physical and mathematical models
The physical model
Figure 1 shows the schematic view of the physical model

of the problem and its coordinate system. Consider a square
cavity with the size of H, in which one of the walls has a
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Fig. 1 Schematic view of the physical model in which the boundary
condition of the left vertical wall is isothermal (B.C.: T = Ty)

Table 1 Thermophysical properties of the components of Ag
(20 nm)-MgO (40 nm)/water hybrid nanofluid [40, 41]

Physical properties ~ Water Ag MgO

eI kg™ K 4179 235 879

W m™ ' K™! 0.613 429 30

a/m* 57! 147 x 1077 174 x 107> 953 x 107’
BIK™! 21 x 107 54 x 107 336 x 107°
plkg m™> 997.1 10,500 3580
wkgm™'s7! 89 x 107* - -

thickness equal to e. The cavity is filled with a mixture of
water and Ag-MgO hybrid nanoparticles. The thermo-
physical properties of water, Ag, and MgO are represented
in Table 1. The bottom and top walls are assumed well-
insulated. The right and the left vertical walls are kept at
the isothermal temperatures of 7, and Tj, respectively.

Governing equations

Continuity

V-u=0 (1)

Momentum
1

(0 V)= = VP+ Pt fg(T =T (2)
n n

Energy

(u) . VT = Othnfva (3)

Equations (1)—(3) in the expanded form can be written
as follows:
Continuity

Ou Ov
Zi27 0 4
6x+6y “)

Momentum in x-direction

ua_u+v% —_@_’_ az_u+@ (5)
Phnf ox ay - ox Unnt axz ayz

Momentum in y-direction
v ovy _oP 62v+62v
phnf u ax v ay - ay “hnf axz ayz
+ Puoe8B(T — Tt) (6)

Energy

or  ar kit (O*T 0T

iy =t (¥ 7
(u = 6y> (PCp) e \ OX? + 0y? @

Besides, the heat conduction equation for the tempera-
ture distribution in the left wall is introduced as:

o°T | T
k| = +==) =0 8
(@x2 " @y2> ®
The boundary conditions are illustrated in the schematic

figure, Fig. 1. Following Fig. 1, the boundary conditions
can be introduced as follows:

Atthecooledwallx=H, u=0,v=0,T =T, (9a)
Atthehotwallx = —e*, u=0,v=0,T =T, (9b)
oT
At thebottomwally =0, u =0, v =0, > =0 (9¢)
oT
At thetopwally:H,uzO,v:O,G—y:O (9d)

Here, ¢ is the wall thickness, and H is the cavity size
(height and width of the cavity). The boundary conditions
on the interface of the heating wall in dimensional form are
introduced as [42]:

oTr oT
Knnf <a> = ks <a> S and Tynr = T (10)

where Ry = knnt/ks. To transform the governing equations,
Egs. (4)—(8), along with their boundary condition, Eq. (9),
the following non-dimensional variables are utilized:

H H T-—T,
X:£7 Y:Xa U:u_7 V:V_7 0: fa
H H Opt Olpf Th—Tf
g LT _ PH?
STy Pof %o
(11)
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The Rayleigh number (Ra) and Prandtl number (Pr) are
also introduced in the usual way as:
_ 8Py (Ta — Tr)L’ Vof

Pr=— (12)

Ra ,
Obf Vof Olbf

Additionally, the body force term can be written in
Cartesian coordinates as follows:

F= Pt BE(T — Tt) (13)

Invoking the non-dimensional parameters of Eq. (11),
the governing equations, Egs. (4)—(7), are transformed into
a non-dimensional form as follows:

Continuity:
ou ov
X + T 0 (14)

Momentum in X-direction:

Phnf Ua—U+Va—U __a£+ﬂhnfpr @_,_@
Dor X oY) Xy X2 oy?
(15)
Momentum in Y-direction:
Pint ov. v OP - (OPV PV
_ ) == Prl— 4+ ——
(be> (UaX i Vay) Y puyy "\ox? * or?
(PB) s
+ PrRal-—"™"
(PB)ue
(16)
Energy:
(PCp ) ot U%—F V% _ Kant @+@ (17)
(pcp) s X 0Y) ke \OX?  0Y?
ks (905 00,
s S =0 18
kbf <6x2 + ayz) ( )

By using the dimensionless parameters in Eq. (11), the
non-dimensional boundary conditions can be presented as:

Kint 0.1747 x 10° + @y

U:O,V:O,%:O

T 1Yy =1:
op wa oy

(19d)

where e = e*/H, which is the non-dimensional solid wall
thickness. In the present study, e is assumed as e = 0.2.
According to the non-dimensional variables, Eq. (10) can
be rewritten in the form:

(), ().

The heat transfer rate is represented by the Nusselt

number, which can be defined by the following
relationship:
kint OT
Ni ocal — — 5 A~_ 21
Ulocal fey Ox | x =0 (21)

The average Nusselt number Nu,,, is obtained by inte-
grating the local Nusselt number Nujcar:

1
Nuavg = /Nulocaldy
0

In this equation, the effective density (ppn,;) and the
thermal expansion coefficient (pf),r for hybrid nanofluids
can be defined as follows [43]:

Phnt = Por(1 — @png) + PagPag T PM0PMeO (22)

(PB)nt= (PB)pe(1 = @png) + (PB) ag®ag + (PB)MeoPmeo
(23)

where

Phnf = Pag T Pme0 (24)

In all the relations mentioned above, ¢ represents the
volume fraction of nanoparticles. In Eq. (17), otpns = knne/
(pcpnns denotes the thermal diffusivity of the hybrid
nanofluid. Furtheremore, the thermal conductivity of the
hybrid nanofluid is evaluated through curve fitting of the
experimental data of Esfe et al. [22]:

kot 0.1747 x 105 — 0.1498 x 10°¢yc + 0.1117 x 1072 . +0.1997 x 103¢3, (25)

0 S Dhnf S 0.03

CooledwallX=1: U=0,V=0,0=0 (19a)

HotwallX = —¢: U=0,V=00=1 (19b)
00

BottomwallY =0: U=0,V=0, 5—0 (19¢)
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Likewise, the experimental results of Esfe et al. [22]
were extracted for different hybrid nanoparticle volume
fractions to calculate the hybrid nanofluid’s dynamic vis-
cosity through curve fitting of the experimental data to
yield the following values:
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% - (1 + 32.7950p,¢ — 121402, + 71460002
bf

—0.1941 x 10%¢p)  0< @y, <0.02

Based on the data of the experimental study of Esfe et al.
[22], the volume fractions of hybrid nanoparticles (50% Ag
and 50% MgO by volume) in the present study are assumed
to be between 0 and 2%. In the study of Esfe et al. [22], the
Ag nanoparticles had a diameter of 25 nm, and the diam-
eters of the MgO nanoparticles were equal to 40 nm.
Similar values are assumed here.

Numerical solution

The finite element method [44] is employed to solve the
system of partial differential equations (PDEs) of
Egs. (14)—(18) along with the corresponding boundary
conditions of Egs. (19) and (20). Based on the finite ele-
ment method, the weak form of the governing equations is
obtained and integrated numerically. To ensure the satis-
faction of mass conservation, the continuity equation,
Eq. (14), is invoked as a constraint to control the pressure

Fig. 2 A sample of the non-uniform structured mesh with the coarse
size of 20 x 20 and an element ratio of 10

distribution in the domain of the solution. Thus, as a pen-
alty parameter, the following constraint equation is intro-
duced and substituted in the momentum equations as
described by [44]. In it, the pressure is introduced as:

P:x<6U+aV) o

X ' dY
where y is a large number (y = 107 [44]) and denotes the

penalty number. Using Eq. (27), the momentum equations,
Egs. (15) and (16), are obtained as:

Pu (,QU ,,OUY _ 0 ( (U @V
(pbf>(Uax+Vay)_ ox \Nax tor

2 2
Mot , (O°U OV
o Pr<aX2 +55) (@8)

12
10 _{,;.,/”ﬁ—
- — ——— Present, Ra=10°
| O Kahvechi [45], Ra = 105
8F 00 —m—e= Present, Ra = 10°
3?; i O Kahvechi [45], Ra = 10°
= I Present, Ra = 10*
6 o) Kahvechi [45], Ra = 105
I Ly m
> ------- '<> _______ '@
ol
b © o i ©
0 5 10 15 20
0%

Fig. 3 A comparison between the results of the present study and
Kahveci [45] for Nu,,, as a function of the volume fraction of
nanoparticles when Ra = 104, 10° and 10°

Table 2 Effects of different grid sizes versus the volume fractions of Ag-MgO hybrid nanoparticle on the average Nusselt number (Nu,y,), when
Pr =6.2 and Ry = 10 and the nanoparticle compositions are 50% Ag (25 nm) and 50% MgO (40 nm)

Rayleigh number (Ra) Hybrid nanoparticles concentration/¢% Grid size

50 x 50 70 x 70 100 x 100 120 x 120 140 x 140
10* 0 2.1536 2.1530 2.1527 2.1527 2.1526
10* 2.1490 2.1485 2.1483 2.1482 2.1482
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Now, by invoking a basis set {fk}ivzl, the non-dimen-
sional velocities of U and V along with the dimensionless
temperatures of 0 and 0, are expanded as:

N N N
Urn ) UEXY),Va Y VEXY),0~> 0EX,Y)
k=1 k=1 k=1
at0<X<land0<Y <1
(30)

and
N

0.~ ) 0sé(X,Y) at—e<X<Oand0<Y<I (31)
k=1

For all of the four variables of U, V, 0, and 0., the basis
function ({) is the same, and hence, the overall number of
four nodes (N = 4) is required. Invoking the set of the basic
functions introduced in Egs. (30) and (31), the nonlinear
residual equations (R\') of the governing equations for
momentum, Egs. (28) and (29), together with the energy
equations, Eqgs. (17) and (18), can be derived as follows:
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<«Fig. 7 Evaluation of the local Nusselt number (Nu,c,) on the hot side
of the solid wall, for different values of the volume fraction of hybrid
nanoparticles and Ra = 103, 104, and 10° when R, =0.1
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Solution procedure, grid independence
tests, and validations

A non-uniform mesh, in which the mesh points are clus-
tered near the walls, is utilized. The high-density mesh can
capture the high boundary layer gradients next to the walls.
The element ratio of 10 is utilized for the clustering of the
mesh elements. The density of mesh points in the x-di-
rection of the solid area is half of the cavity meshes. The
density of mesh points in the y-direction of the solid area
follows the patterns of the mesh points in the cavity. A
schematic view of a coarse mesh with a size of 20 x 20 is
depicted in Fig. 2. The number of the mesh points in the x-
direction of the solid area is 10. This very low-density
mesh is utilized to represent the selected grid. Much higher
grid densities (i.e., 100 x 100 and more) were utilized for
executing the grid independence tests. The results of the
grid size examinations are presented in Table 2 when
Pr=6.2 and Ry = 10. Several grid sizes have been con-
sidered to assess grid independence. The corresponding
average Nusselt numbers are compared. Comparing the
results for both 0% and 1% of the hybrid nanoparticle,
volume fraction confirms the fact that the optimal grid size
is that of 100 x 100 elements.

Further validation has been done comparing the average
Nusselt number with the work of Kahveci [45] by using the
grid size of 100 x 100. Figure 3 shows the values of the
Nusselt number versus the nanoparticle volume fraction for
three values of the Rayleigh number. This figure confirms
that the results of the present study are in good agreement
with those reported by Kahveci [45] for all three cases of
the Rayleigh numbers.
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<«Fig. 8 Evaluation of the local Nusselt number (Nu,c,) on the hot side
of the solid wall, for different values of the volume fraction of hybrid
nanoparticles for Ra = 103, 104, and 10° in the case of R.=1

Results and discussion

To examine the effect of hybrid nanofluids upon natural
convection flow and heat transfer, a square cavity with a
side size of H and filled with Ag—-MgO/water hybrid
nanofluid has been envisioned. The results of the present
analysis have been obtained with Rayleigh numbers in the
interval of 10> and 10°, and a nanoparticle volume fraction
with a value between 0.0 and 0.02. The Prandtl number is
fixed as Pr = 6.2.

Figures 4-6 show the dimensionless temperature con-
tours of the Ag—-MgO/water hybrid nanofluid for various
volume fractions of the hybrid nanoparticles, Rayleigh
number, and Ry. Figure 4 reveals that the temperature
distribution in the cavity part is mostly a function of X for
low values of the Rayleigh number. Further increases in the
Rayleigh number from 10° to 10° indicate that the tem-
perature distribution is significantly affected by Ra through
the Y-axis, and becomes a function of both X and Y for
large Rayleigh numbers. However, for a large Ry value
(Fig. 6), it can be seen that the temperature distribution is a
function of both X and Y even at low values of the Rayleigh
number.

Interestingly, increasing the hybrid nanoparticle volume
fraction changes the thickness of the thermal boundary
layer. The change in the thickness of the thermal boundary
layer is much more significant for low values of the Ray-
leigh number. For instance, for Ra = 10 and Ry = 0.1, the
thickness of the thermal boundary layer significantly
decreases as the volume fraction of the hybrid nanoparti-
cles raises. Important to note is that the temperature dis-
tribution is profoundly affected by Ry, which represents the
ratio between the thermal conductivity of the solid wall and
that of the hybrid nanofluid. Comparison of the results of
Figs. 4-6 indicates that as the value of Ry increases from
0.1 to 10, the thickness of the thermal boundary layer
substantially augments.

Furthermore, the temperature distribution through the
solid wall shows that as the value of Ry increases, the
temperature difference throughout the conjugate wall
considerably decreases. For example, the dimensionless
temperature at both sides of the conjugate wall is approx-
imately equal when the value of Ry is 10. When Ry is low,
the thermal resistance of the solid wall is the dominant
parameter of the heat transfer. Hence, the temperature
distribution in the wall is almost linear. In this case, due to
the low thermal conductivity of the solid wall, the heat
transfer in the vertical direction is almost negligible.
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<«Fig. 9 Evaluation of the local Nusselt number (Nu,c,) on the hot side
of the solid wall, for different values of the volume fraction of hybrid
nanoparticles for Ra = 103, 104, and 10° in the case of R, =10

However, as the thermal conductivity of the solid wall
increases, the temperature distribution inside the solid wall
starts to show some nonlinear behaviors. In the case of
Ry = 1.0, the nonlinear temperature gradients are more
evident at the top of the solid wall where the flow starts to
move along the horizontal wall of the cavity. At this region,
the fluid velocity at the Y-direction (V) becomes strong, and
hence, it commences to affect the temperature distribution
in the solid wall in a normal direction. It should be noted
that when R, = 1.0, the conduction heat transfer in the
0 0.2 0.4 0.6 0.8 1 solid wall is not strong enough to redistribute the temper-
Y ature gradients.

When Ry is very high, the temperature gradient in the
wall is very weak, and the solid wall is under significant
influence from the hot wall boundary conditions. In this
situation, the solid wall is almost at the temperature of the
hot wall. However, as the Rayleigh number increases, the
convective heat transfer gets stronger. As a result, when the
Rayleigh number is high, i.e., Ra = 10°, some temperature
gradients can be observed at the bottom of the solid. This is
where the convective heat transfer is high.

A comparison of the trends of the temperature contours
in Figs. 4-6 reveals that when Ry is low, many of the
temperature levels are inside the solid wall. This pattern
indicates that most of the changes in the temperature gra-
dient occur inside the solid wall. There are only a few
temperature levels inside the fluid region, indicating small
temperature gradients. Assuming a constant temperature
level, the observed difference between the corresponding
temperature levels of different volume fractions of
nanoparticles becomes obvious. Indeed, as the solid wall
acts as a thermal resistance (when Ry is low), the natural
convective flow weakens, and the thermal diffusion
mechanism grows in importance. Increasing the volume
fraction of the nanoparticles produces a higher thermal
conductivity in the nanofluid. Hence, as seen in Fig. 4 (the
case of Ra = 103), the difference between the contours of
the temperature distribution for various volume fractions of
nanoparticles is accentuated. This is the case, in which the
natural convective heat transfer is weakest. Generally, the
increase in volume fraction of nanoparticles shifts the
isotherms toward the hot wall at the top regions of the
cavity. This is because of the increase in the viscosity of
hybrid nanofluid by the increase in the volume fractions of
A B T R nanoparticles.

0 0.2 0.4 06 08 1 Figures 7-9 present the variation of the local Nusselt
number (Nujoc,) on the hot side of the conjugate wall, at
X =0, for different values of the Rayleigh number, volume

Nulocal

N Uocal

Ni Uocal
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<«Fig. 10 Evaluation of Local Nusselt number (Nuoc,) on the hot side
of the conjugate wall, for different values of the thermal conductivity
ratio (Ry) for Ra = 10°, 10%, and 10°, in the case of ¢ = 0%

fraction of the hybrid nanoparticles, and Ry. It can be seen
that in all cases, the local Nusselt number is a decreasing
function of Y. However, in some cases, there is a small
augmentation at the bottom of the conjugate wall. The local
Nusselt number is significantly affected by both the Ray-
leigh number and Ry. For instance, as Ry increases from 0. 1
to 10, the values of the local Nusselt number at the bottom
- of the wall change from approximately 0.4-6.5 when

N Uocal

02} . .

[ Ra = 10°. At the same location, when Ry is equal to 10, the
0.0 AR SRR SR SR S value of the local Nusselt number increases from approx-
0 0.2 0.4 0.6 0.8 1 imately 1.4-6.5, as the Ra increases from 10° to 10°.

For low values of the Rayleigh number (Ra = 10%), the
local Nusselt number augments as the volume fraction of
the hybrid nanoparticles increases from O to 0.02. The
range of this change in the local Nusselt number is quite
extensive at the upper half part of the cavity. Besides, for
Ra equal to 10, it is evident that the enhancement in the
local Nusselt number caused by the volume fraction of the
hybrid nanoparticles is more significant for large values of
Ry. In contrast, for large values of the Rayleigh number, the
rise of the volume fraction of the nanoparticles reduces the
local Nusselt number in a large portion of Y. It can also be
seen that the effects of the hybrid nanoparticles on the local
Nusselt number decline as the Rayleigh number augments.

The presence of nanoparticles in a nanofluid seems to
enhance the thermal conductivity as well as the dynamic
viscosity of the synthesized nanofluid. Increasing the
thermal conductivity can enhance the thermal diffusivity
and, consequently, boost heat transfer (Nusselt number). It
is worth noting that an increase in the dynamic viscosity
may reduce the fluid velocity and consequently the con-
vective heat transfer. Indeed, when the convective heat
transfer is low, the thermal diffusive mechanism is the
dominant mechanism of heat transfer. Under these condi-
tions, enhancement of heat transfer through an increase in
the nanoparticle volume fraction can be expected (e.g.,
Ra = 10%). The increase in Rayleigh number enhances the
convective heat transfer mechanism (e.g., Ra = 10* and
10° ). Thus, a change in the trend of the Nusselt number as a
function of the volume fraction of nanoparticles can be
expected by the boost of the convective heat transfer
mechanism.

Figure 10 illustrates the effects of the Rayleigh number
and Ry on the local Nusselt number when the volume
fraction of the hybrid nanoparticles is equal to 0. For Ry

= 0.1, the local Nusselt number is approximately constant
throughout the Y-direction and for any value of the Ray-
leigh number. As Ry increases, the local Nusselt number

Nulocal

Ni Uiocal
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<«Fig. 11 Average Nusselt number (Nu,,,) as a function of thermal
conductivity ratio for various values of the volume fraction of hybrid
nanoparticles for the cases of Ra = 103, 104, and 10°

variation in the Y-direction becomes more substantial. For
instance, when the Rayleigh number is equal to 10°, the
variation of the local Nusselt number in the Y-direction is
approximately O in the case of R, = 0.1, and then increases
to approximately 6, when Ry is equal to 10. In the case of
Ry = 0.1, the local Nusselt number is almost a horizontal
line. This is since for low values of Ry the thermal resis-
tance in the conjugate wall is dominant and the heat
transfer is controlled by conduction in the wall.

The effects of the volume fraction of the hybrid
nanoparticles, the Rayleigh number, and Ry on the values
of the average Nusselt number are depicted in Fig. 11. The
values of the average Nusselt number increase as the vol-
ume fraction of the hybrid nanoparticles increases, when
Ra = 10°. On the contrary, for larger Rayleigh numbers,
the average Nusselt number declines as the volume fraction
of the hybrid nanoparticles raise. Thus, according to
Fig. 11, increasing the nanoparticle volume fraction could
either increase or decrease the heat transfer rate: it depends
entirely on the value of the Rayleigh number. Furthermore,
the average Nusselt number is a growing function of Ry
regardless of the magnitude of the Rayleigh number and of
the volume fraction of the hybrid nanoparticles.

Conclusions

In the present study, the problem of conjugate natural
convection inside a square cavity filled with an Ag-MgO/
water hybrid nanofluid was investigated numerically. The
finite element method was employed to numerically solve
the governing partial differential equations representing the
natural convection behavior of nanofluids. The effect of
grid quality on the accuracy of the results was checked, and
a non-uniform mesh with the size of 100 x 100 was
selected. The effects of the dimensionless parameters, such
as the Rayleigh number, the hybrid nanoparticle volume
fraction, and Ry, upon the temperature distribution, local
Nusselt number, and the average Nusselt number, are
studied. The important observations of the present works
are:

e Addition of the hybrid nanoparticles to the base fluid
does not always enhance the heat transfer rate in the
square cavity, which means that other parameters, such
as the Rayleigh number, can change the effects of the
hybrid nanoparticles.
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e The local and average Nusselt numbers increase with
increasing values of the volume fraction of hybrid
nanoparticles for a small Rayleigh number. In contrast,
increasing the volume fraction of the hybrid nanopar-
ticles for large Rayleigh numbers reduces the values of
the local and average Nusselt numbers.

e The temperature distribution and the thermal boundary
layer thickness are profoundly affected by Ry, which
represents the ratio between the solid wall thermal
conductivity and that of the hybrid nanofluid.

e For large values of Ry, the local Nusselt number is
statistically more significant at the bottom of the cavity.
Moreover, the variation of the local Nusselt number
throughout the Y-direction augments as the Rayleigh
number increases.

e The average Nusselt number is an increasing function
of both the Rayleigh number and Ry.

The results of the present study showed that using
hybrid nanofluids does not always enhance the natural
convection heat transfer in the cavity. Therefore, a com-
prehensive analysis of the effect of various types of hybrid
nanofluids on the convective heat transfer in enclosures can
be subject of future works.
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