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a b s t r a c t 

The present paper studies the melting of nanoparticles-enhanced phase-change materials (NEPCM) in a square 

cavity using the finite element method. The enhancement is based on the hybrid nanofluid strategy. A linearized 

correlations procedure has been followed to determine the properties of the hybrid nanofluid. The Rayleigh, 

Prandtl, and Stefan numbers have been fixed at 10 8 , 50, and 0.1, respectively. The left wall is kept at a higher 

temperature T h = 40 °C, the right wall is kept at a lower temperature T c = 30 °C, while the horizontal walls are kept 

adiabatic. The enthalpy-porosity model is used to simulate the melting of the phase-change materials (PCM). The 

study is governed by tracing the liquid–solid interface by varying the total nanoparticles volume fraction 𝜙 = 0–

5%, and four different sets of models parameters combinations ( Nc, N 𝜈) = (0,0), (5,18), (18,18), (18,5). The 

results have shown the consistency of the liquid–solid phase progress with the available experimental results, i.e. 

the melting process expedites when the enhancement in the thermal conductivity, which is characterized by Nc , 

is much greater than the enhancement of the dynamic viscosity. Compared with the available experimental data, 

hybrid nanoparticles composed of Mg–MgO demonstrate the best fusion performance. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Our life testifies rapid development in the electronics and engineer-

ng industries which is accompanied with high cooling and condition-

ng requirements. These requirements may need a larger attention to be

atisfied. On the other hand, there are transcendent voices of preserving

he environment. Alternative techniques which compromise between all

f these requirements are, therefore, necessary. Phase-change materi-

ls (PCM) are one of the efficient topics for these demands. They are

lassified as substances of high latent heat because heat is absorbed or

eleased when they melt and solidify at a certain temperature. In other

ords, they have the capability of storing or releasing large amounts of

nergy, and thus, they are termed as thermal energy storage material.

ithin a small temperature difference, they can be rapidly and repeat-

dly switched between the liquid–solid phases. They are widely used

n many industrial applications such as heat exchangers, solar energy,

ooling of electric and combustion engines, refrigeration and air condi-

ioning, and many other applications [1] . 

Phase-change materials were addressed in the early works of Telkes

nd Raymond [2] in 1949. However, they did not find real interest
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t that time. Due to the continuously increasing demands for energy,

elkes [3–5] had developed this field of investigation to the issue we

now today. As such, this topic has attracted many review attention re-

arding the general applications, types, and preparation of PCMs [6–9] .

ther reviews have focused on the techniques of improving the rela-

ively low thermal conductivity of PCMs [10,11] . Early reviews regard-

ng the mathematical and numerical treatments of the problem can be

ound in [12,13] . 

The thermal energy storage in PCMs contained in different flow ge-

metries and enclosures has attracted the attention of many researchers.

brahimnia-Bajestan et al. [14] concluded that increasing the Rayleigh

umber could reduce the freezing time while the water content in the

ood can extend the freezing time. The experiments of Allen et al.

15] have concluded that an enhanced system combined of a heat pipe

ith foils or foam may achieve much higher melting and solidification

ates with respect to a non-enhanced system. Mirzaei et al. [16] con-

luded that using proper arrangement of discrete heat sources had a

reat potential for improving the energy storage system of a melting

rocess of a PCM in a 2-D horizontal cylindrical annulus. Kousksou

t al. [17] studied numerically the melting process along a vertical wavy
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Nomenclature 

A mush mushy-zone constant (Carman–Koseny equation con- 

stant) 

C specific heat (J/kg K) 

C p specific heat in constant pressure (J/kg K) 

g gravity (m/s 2 ) 

H length and Height (m) 

k thermal conductivity (W/m K) 

L latent heat of fusion (J/kg) 

Nc conductivity parameter 

N 𝜐 viscosity parameter 

P pressure (Pa) 

Pr Prandtl number 

Ra Rayleigh number 

S ( T ) Carman–Kozeny equation (source term) 

Ste Stefan number 

T temperature (K) 

T f melting temperature (K) 

t time 

u velocity in the x -direction (m/s) 

v velocity in the y -direction (m/s) 

x, y Cartesian coordinates 

Greek symbols 

𝛼 thermal diffusivity (m 

2 /s) 

𝛽 thermal expansion coefficient (1/K) 

𝛾 the ratio of thermal diffusivity 

ΔT mushy-zone temperature range (K) 

𝜀 Carman–Kozeny equation constant 

𝜃 non-dimensional temperature 

𝜇 dynamic viscosity (kg/m s) 

𝜉 basis functions 

𝜌 density (kg/m 

3 ) 

𝜈 kinematic viscosity (m 

2 /s) 

𝜑 ( T ) liquid fraction 

𝜙 volume fraction of nanoparticles 

subscripts 

hnf hybrid nanofluid 

l liquid phase 

nf nanofluid 

F fusion 

s solid 

urface with uniform surface temperature. They found that the rate of

he melting increased with the increase of the amplitude of the wavy

urface. Bondareva and Sheremet studied the effect of the presence of

 local heat source on the melting behavior of a phase-change mate-

ial in a square cavity [18] . Following [18] , Bondareva and Sheremet

19,20] addressed the effects of the presence of a uniform inclined mag-

etic field on the natural convection heat transfer combined with the

elting process in a square cavity [19] and cubical cavity [20] . 

Generally, the thermal conductivity can be increased either by re-

esigning the geometry of PCM containers, or by an additive of nanopar-

icles or nanotubes. Tiari et al. [ 21 –23 ] investigated numerically the

hermal characteristics of a finned heat pipe-assisted latent heat ther-

al energy storage system. The increase of the fin length resulted in

roviding more uniform temperature distribution. Sari and Karaipekli

24] prepared a phase-change material composite of paraffin absorbed

nto expanded graphite that enhanced the thermal conductivity which

n turn, reduced the melting time. Motahar et al. [25] have addressed

he solidification process of a phase-change material containing TiO 2 

anoparticles for thermal energy storage. Dhaidan [26] have reviewed

he analytical, numerical and experimental investigations of NePCM and
86 
ddressed the effect of the cavity geometry on the melting behavior of

he nanostructures-assisted phase-change materials. Dhaidan [26] con-

luded that the measured actual thermophysical properties of NePCM

hould be utilized in numerical investigations instead of depending on

imple mixture models. Ş ahan et al. [27] prepared paraffin–non mag-

etite (Fe 3 O 4 ) composites (PNMC) by a dispersion technique to enhance

heir thermal properties. Their results demonstrated that the addition of

e 3 O 4 nanoparticles is an efficient and cost effective method to enhance

he heat transfer properties of paraffin, when they are incorporated into

atent heat storage systems. Kashani et al. [28] and Abdollahzadeh and

smaeilpour [29] made two separate studies on solidification of Cu-

ater nanofluid in wavy cavities. They reported that the nanoparticles

dditions could decrease the solidification times. However, the wall

aviness can control the solidification process. Jorabian and Farhadi

30] examined numerically the melting process of Cu-water nanoflu-

ds in PCMs in a semi-circle enclosure using the enthalpy-based Lattice

oltzman method. They showed that the increase in the volume fraction

f nanoparticles resulted in the enhancement of the thermal conductiv-

ty of PCM and the decrease in the latent heat of fusion. The numerical

tudy of Sharma et al. [31] on the solidification of the Cu-water showed

hat the heat transfer performance of NEPCM was significantly enhanced

ith the use of a trapezoidal cavity when compared to a square cavity

aving the same internal area. However, abundant papers have been

ublished and continue to be published on dispersing of nanoparticles

n order to improve the thermal performance of PCMs, see for examples

he experimental works [32–37] , and the analytical works [38–40] . 

However, most of the numerical studies regarding nanoparticles-

nhanced PCM indicate decreases in the solidification times and in-

reases in the melting times as a result of increasing the nanoparticles

olume fraction [29] . Nevertheless, the experimental results demon-

trate a contrast behavior of the NEPCM, where Zeng et al. [34] have

emonstrated an acceleration in the melting times when multi-walled

arbon nanotubes is dispersed in 1-dodeconal. They attributed this dis-

repancy to uncertainties of the models of the thermo-physical proper-

ies of NEPCMs that had been used in the numerical studies. As such,

hey suggested the use of the measured thermo-physical properties in-

tead of those predicted using simple mixture models or correlations. 

Recently, a very new class of nanofluids obtained by suspending

ifferent nanoparticles called “hybrid ” nanofluids is slowly growing as

n investigation field. Compromised properties between the advantages

nd disadvantages properties of individual nanoparticles are a declared

ask of hybridization. Moreover, we found that the nanoparticles sup-

liers exhibit noticeable differences in prices of different nanoparticles

ypes. For example, the price of copper nanoparticles is about 10 times

reater than that of alumina nanoparticles. Hence, it is appropriate if

ne achieves the benefits of the expensive nanoparticles properties with

inimum quantity. 

Indeed, the “hybrid ” nanoparticles should be limited to those pre-

ared as a single composite substance in the base fluid for which their

ynthetization requires extra attention [41–43] . However, the “hybrid ”

opic is also used to those prepared by suspending dissimilar nanoparti-

les types in a base fluid. Comprehensive details of hybrid nanoparticles

ynthesis are reviewed in Sarkar et al. [44] . This review shows very lim-

ted studies concerning the mathematical models of the hybrid nanoflu-

ds properties. For example, the experiments of Ho et al. [45] showed

ery good agreements between the measured data of the density and

ass fraction ( 𝜌, Cp ) and those predicted using the mixture theory.

heir experiments were based on suspensions of Al 2 O 3 nanoparticles

nd particles of micro-encapsulated phase-change material in water as

 base fluid. Nevertheless, the experiments of Botha et al. [46] , which

ere conducted on silver–silica-oil-based hybrid nanofluid showed that

he Maxwell relation [47] underestimates the thermal conductivity with

ore deviation at higher solid volume fractions. Sebti et al. [48] have

tudied the melting of Cu-paraffin phase-change material in a square

avity for various volume fractions of copper nanoparticles. 



M. Ghalambaz et al. International Journal of Mechanical Sciences 134 (2017) 85–97 

Fig. 1. A schematic diagram of the physical model and geometry details. 
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According to the above literature survey, we ascertain that the hy-

rid nanofluid in phase-change materials has not been investigated yet.

hus, the present paper aims to address the effect of dispersing hybrid

anoparticles in PCMs contained in a square cavity. The melting be-

avior together with the thermal and flow fields will be traced for this

urpose. 

. Physical and mathematical modeling 

Consider a square enclosure of side H filled by a phase-change ma-

erial (PCM). Initially, the PCM is considered a frozen substance (solid).

he left side wall of the enclosure is kept isothermal at a hot tempera-

ure T h and the right wall is kept isothermal at a cold temperature T c 
hile the top and bottom walls are thermally insulated. A schematic

epresentation of the cavity, coordinate system and the physical model

re depicted in Fig. 1 . Hybrid nanoparticles are dispersed in the PCM.

fter melting, the thermo-physical properties in each phase are assumed

o be constant. The thermo-physical properties of the hybrid nanofluid

liquid phase) are assumed to be constant except for the density where

he Boussinesq approximation is applicable. No-slip between the hybrid

anoparticles and the liquid is considered. The flow in the liquid phase

s assumed laminar, incompressible and Newtonian. It is also assumed

hat Joule heating effects as well as the viscous dissipation effects and

adiation effects are negligible. According to the above assumptions, the

onservation equations for mass, momentum and energy are written as:

Continuity 

𝜕𝑢 

𝜕𝑥 
+ 

𝜕𝑣 

𝜕𝑦 
= 0 (1)

Momentum in x -direction 

ℎ𝑛𝑓 

( 

𝜕𝑢 

𝜕𝑡 
+ 𝑢 

𝜕𝑢 

𝜕𝑥 
+ 𝑣 

𝜕𝑢 

𝜕𝑦 

) 

= − 

𝜕𝑝 

𝜕𝑥 
+ 

(
𝜕 

𝜕𝑥 

(
𝜇ℎ𝑛𝑓 ( 𝜑 ) 𝜕𝑢 

𝜕𝑥 

)
+ 

𝜕 

𝜕𝑦 

( 

𝜇ℎ𝑛𝑓 ( 𝜑 ) 𝜕𝑢 
𝜕𝑦 

) ) 

+ 𝑆 ( 𝑇 ) .𝑢 (2) 
87 
Momentum in y -direction 

ℎ𝑛𝑓 

( 

𝜕𝑢 

𝜕𝑡 
+ 𝑢 

𝜕𝑣 

𝜕𝑥 
+ 𝑣 

𝜕𝑣 

𝜕𝑦 

) 

= − 

𝜕𝑝 

𝜕𝑦 
+ 

( 

𝜕 

𝜕𝑥 

(
𝜇ℎ𝑛𝑓 ( 𝜑 ) 𝜕𝑣 

𝜕𝑥 

)
+ 

𝜕 

𝜕𝑦 

( 

𝜇ℎ𝑛𝑓 ( 𝜑 ) 𝜕𝑣 
𝜕𝑦 

) ) 

+ 𝑔 ( 𝜌𝛽) ℎ𝑛𝑓 
(
𝑇 − 𝑇 𝑓 

)
+ 𝑆 ( 𝑇 ) .𝑣 (3) 

Energy 

 

𝜕𝑇 

𝜕𝑡 
+ 𝑢 

𝜕𝑇 

𝜕𝑥 
+ 𝑣 

𝜕𝑇 

𝜕𝑦 

) 

= − 

1 (
𝜌𝐶 𝑃 

)
ℎ𝑛𝑓 

(
𝜕 

𝜕𝑥 

(
𝑘 ℎ𝑛𝑓 𝛼( 𝜑 ) 𝜕𝑇 

𝜕𝑥 

)
+ 

𝜕 

𝜕𝑦 

( 

𝑘 ℎ𝑛𝑓 𝛼( 𝜑 ) 𝜕𝑇 
𝜕𝑦 

) ) 

+ 

𝐿 (
𝐶 𝑃 

)
ℎ𝑛𝑓 

𝜕𝜑 ( 𝑇 ) 
𝜕𝑡 

(4) 

The thermal diffusivity is defined as: 

( 𝜑 ) = 𝛼𝑙,ℎ𝑛𝑓 𝜑 + 𝛼𝑠,ℎ𝑛𝑓 ( 1 − 𝜑 ) (5)

here 𝜑 is the melt fraction which is evaluated using the temperature

s: 

 ( 𝑇 ) = 

⎧ ⎪ ⎨ ⎪ ⎩ 
0 𝑇 < 𝑇 𝑓 
𝑇− 𝑇 𝑓 
Δ𝑇 

𝑇 𝑓 < 𝑇 < 𝑇 𝑓 + 

Δ𝑇 

2 
1 𝑇 > 𝑇 𝑓 + Δ𝑇 

(6) 

ΔT is the mushy-zone temperature range. 

The dynamic viscosity is also controlled in the mushy region using

he following relation: 

( 𝜑 ) = 𝜇𝑙 

(
1 + 𝐴 𝑚𝑢𝑠ℎ ( 1 − 𝜑 ) 

)
(7) 

It should be noted that as a consequence of using Eq. (7) for the

iscosity in the mushy region, the pressure and the velocity fields in

he domain of the solution become uniform and the velocity field takes

n the value zero close to the solid parts of the domain. As men-

ioned before, the thermal diffusivity in the liquid, mushy and solid

egions is a linear function of the volume fraction of the liquid given

y Eq. (5) . 

The source term S ( T ) in the momentum equation is modeled as a con-

inuous equation for phase transition using the Carman–Kozeny equa-

ion: 

 ( 𝑇 ) = − 𝐴 𝑚𝑢𝑠ℎ 

( 1 − 𝜑 ( 𝑇 ) ) 2 

𝜑 ( 𝑇 ) 3 + 𝜀 
(8)

The Physical boundary conditions for the problem under considera-

ion are given by: 

eated wall 𝑥 = 0 , 𝑦 = 𝑦 ∶ 𝑢 = 0 , 𝑣 = 0 , 𝑇 𝑠 = 𝑇 ℎ (9a) 

ooled wall 𝑥 = 𝐻, 𝑦 = 𝑦 ∶ 𝑢 = 0 , 𝑣 = 0 , 𝑇 = 𝑇 𝑐 (9b) 

op wall 𝑥 = 𝑥, 𝑦 = 𝐻 ∶ 𝑢 = 0 , 𝑣 = 0 , 𝜕𝑇 

𝜕𝑦 
= 0 (9c )

ottom wall 𝑥 = 𝑥, 𝑦 = 0 𝑢 = 0 , 𝑣 = 0 , 𝜕𝑇 

𝜕𝑦 
= 0 (9d)

here H is the width and height of the square enclosure. 

It is convenient to non-dimensionalize Eqs. (1) –( 4 ) using the follow-

ng dimensionless variables: 

 = 

𝑥 

𝐻 

, 𝑌 = 

𝑦 

𝐻 

, 𝑈 = 

𝑢𝐻 

𝛼𝑙,𝑏𝑓 

, 𝑉 = 

𝑣𝐻 

𝛼𝑙,𝑏𝑓 

, 𝜃 = 

𝑇 − 𝑇 𝑓 

𝑇 ℎ − 𝑇 𝑓 
, 𝐴𝑅 = 

𝑅 

𝐿 

(10) 

 𝑜 = 

𝑡 𝛼𝑏𝑓 

𝐻 

2 , 𝑆 ( 𝜃) = 

𝑠 ( 𝑇 ) 𝐻 

2 

𝜌𝑙,ℎ𝑛𝑓 𝛼𝑙,𝑏𝑓 

, 𝜇𝑟 = 

𝜇ℎ𝑛𝑓 ( 𝜑 ) 
𝜇𝑏𝑓 

𝛼𝑟 = 

𝛼ℎ𝑛𝑓 ( 𝜑 ) 
𝛼𝑏𝑓 

, 

𝑃 = 

𝑃 𝐻 

2 

𝜌𝑙,𝑏𝑓 𝛼
2 
𝑙,𝑏𝑓 

(11) 
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Through the non-dimensionalization process, the following impor-

ant dimensionless parameters are obtained: 

𝑎 = 

𝑔 𝛽𝑏𝑓 
(
𝑇 ℎ − 𝑇 𝑓 

)
𝐿 

3 

𝛼𝑙.𝑏𝑓 𝜐𝑏𝑓 
, Ste = 

𝐶 𝑙,𝑏𝑓 

(
𝑇 ℎ − 𝑇 𝑓 

)
𝐿 𝑏𝑓 

, 𝑃 𝑟 = 

𝜐𝑏𝑓 

𝛼𝑙,𝑏𝑓 

(12)

here Ra is the Rayleigh number, Ste is the Stefan number, and Pr is

he Prandtl number 

By substituting Eqs. (10) and (11) into Eqs. (1) –(4) , one obtains the

ollowing non-dimensional governing equations: 

Continuity: 

𝜕𝑈 

𝜕𝑋 

+ 

𝜕𝑉 

𝜕𝑌 
= 0 (13)

Momentum in X -direction: 

𝜕𝑈 

𝜕𝐹 𝑜 
+ 𝑈 

𝜕𝑈 

𝜕𝑋 

+ 𝑉 
𝜕𝑈 

𝜕𝑌 
= − 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜕𝑃 

𝜕𝑋 

+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜇ℎ𝑛𝑓 

𝜇𝑏𝑓 

𝑃 𝑟 

(
𝜕 

𝜕𝑋 

(
𝜇𝑟 

𝜕𝑈 

𝜕𝑋 

)
+ 

𝜕 

𝜕𝑌 

(
𝜇𝑟 

𝜕𝑈 

𝜕𝑌 

))
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 
𝑆 ( 𝜃) 𝑈 (14)

Momentum in Y -direction: 

𝜕𝑉 

𝜕𝐹 𝑜 
+ 𝑈 

𝜕𝑉 

𝜕𝑋 

+ 𝑉 
𝜕𝑉 

𝜕𝑌 
= − 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜕𝑃 

𝜕𝑌 
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜇ℎ𝑛𝑓 

𝜇𝑏𝑓 

𝑃 𝑟 

(
𝜕 

𝜕𝑋 

(
𝜇𝑟 

𝜕𝑉 

𝜕𝑋 

)
+ 

𝜕 

𝜕𝑌 

(
𝜇𝑟 

𝜕𝑉 

𝜕𝑌 

))
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 
𝑆 ( 𝜃) 𝑉 + 𝑃 𝑟𝑅𝑎𝜃

( 𝜌𝛽) ℎ𝑛𝑓 
𝜌ℎ𝑛𝑓 𝛽𝑏𝑓 

(15)

Energy: 

𝜕𝜃

𝜕𝐹 𝑜 
+ 𝑈 

𝜕𝜃

𝜕𝑋 

+ 𝑉 
𝜕𝜃

𝜕𝑌 
= 

( 

𝜕 

𝜕𝑋 

( 

𝛼ℎ𝑛𝑓 ( 𝜑 ) 
𝛼𝑙,𝑏𝑓 

𝜕𝜃

𝜕𝑋 

) 

+ 

𝜕 

𝜕𝑌 

( 

𝛼ℎ𝑛𝑓 ( 𝜑 ) 
𝛼𝑙,𝑏𝑓 

𝜕𝜃

𝜕𝑌 

) ) 

− 

(
𝐶 𝑝 

)
𝑏𝑓 (

𝐶 𝑝 

)
ℎ𝑛𝑓 

( 1 − 𝜑 ) 1 
𝑆𝑡𝑒 

𝜕 𝜑 ( 𝜃) 
𝜕𝐹 𝑜 

(16)

here U, V, C, P and T are the x -velocity, y -velocity, volume fraction

f nanoparticles, pressure and the temperature of the nanofluid, respec-

ively. The subscripts hnf, bf and p denote the hybrid nanofluid, the base

uid and the nanoparticles, respectively. 

It should be noted that in Eq. (16) , the thermal diffusivity ratio can

e evaluated as 

𝛼ℎ𝑛𝑓 ( 𝜑 ) 
𝛼𝑙,𝑏𝑓 

= 

( 

𝜑 𝑘 𝑙,ℎ𝑛𝑓 + ( 1 − 𝜑 ) 𝑘 𝑠,ℎ𝑛𝑓 
𝑘 𝑙,𝑏𝑓 

) 𝜑 𝐶 𝑝 𝑙,ℎ𝑛𝑓 
+ ( 1 − 𝜑 ) 𝐶 𝑝 𝑠,ℎ𝑛𝑓 

𝐶 𝑝 𝑙,𝑏𝑓 

(17)

Following Eq. (17) , the non-dimensional form of the viscosity equa-

ion, Eq. (7) can be evaluated as follows: 

𝑟 = 

(
1 + 𝐴 𝑚𝑢𝑠ℎ ( 1 − 𝜑 ) 

)
(18)

Eqs. (13) –( 16 ) are subjected to the following boundary conditions

nd by using the variables in Eq. (10) , the non-dimensional boundary

onditions are: 

eated wall 𝑋 = 0 ∶ 𝑈 = 0 , 𝑉 = 0 , 𝜃𝑠 = 1 (19a)

ooled wall 𝑋 = 1 ∶ 𝑈 = 0 , 𝑉 = 0 , 𝜃𝑠 = 0 (19b)

op wall 𝑌 = 𝐴𝑅 ∶ 𝑈 = 0 , 𝑉 = 0 , 𝜕𝜃

𝜕𝑌 
= 0 (19c)

ottom wall 𝑌 = 0 ∶ 𝑈 = 0 , 𝑉 = 0 , 𝜕𝜃

𝜕𝑌 
= 0 (19d)

The melt volume fraction as a function of 𝜃 is written as: 

 ( 𝜃) = 

⎧ ⎪ ⎨ ⎪ ⎩ 
0 𝜃 < 0 
𝜃

Δ𝜃
0 < 𝜃 < Δ𝜃

1 𝜃 > Δ𝜃

(20)
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here Δ𝜃 = 

Δ𝑇 

𝑇 ℎ − 𝑇 𝑓 
. The initial temperature in the non-dimensional form

s evaluated as 𝜃 = 0 in the cavity. 

Because there is no published sophisticated numerical models for hy-

rid nanofluid properties, we followed the procedure proposed by Zarki

t al. [49] . This procedure linearizes the properties based on experimen-

al data documented by other experimental studies, and as follows: 

𝜇ℎ𝑛𝑓 

𝜇𝑏𝑓 

= ( 1 + 𝑁𝑣 × 𝜙) (21)

𝑘 ℎ𝑛𝑓 

𝑘 𝑏𝑓 
= ( 1 + 𝑁𝑐 × 𝜙) (22)

𝛼ℎ𝑛𝑓 

𝛼𝑏𝑓 

= 

𝑘 ℎ𝑛𝑓 

𝑘 𝑏𝑓 

(
𝜌𝑐 𝑝 

)
𝑏𝑓 (

𝜌𝑐 𝑝 
)
ℎ𝑛𝑓 

(23)

Following the experimental study of Esfe et al. [50] and the theoreti-

al study of Zarki et al. [49] , the magnitudes of 𝜌bf / 𝜌hnf , ( 𝜌C p ) bf /( 𝜌C p ) hnf ,

 bf / C hnf and 𝜌bf 𝛽bf /( 𝜌𝛽) hnf for most of nanofluids are about unity. In-

eed, by using nanoparticles in the base fluid, only the thermal con-

uctivity and the dynamic viscosity of the resulting nanofluid would

hange dramatically. Therefore, by considering ( 𝜌C p ) bf /( 𝜌C p ) hnf ≈1 and

sing Eq. (23) , the thermal diffusivity ratio 𝛼hnf / 𝛼bf can be simplified as

𝛼ℎ𝑛𝑓 

𝛼𝑏𝑓 

= 

𝑘 ℎ𝑛𝑓 

𝑘 𝑏𝑓 

(
𝜌𝐶 𝑃 

)
𝑏𝑓 (

𝜌𝐶 𝑃 

)
ℎ𝑛𝑓 

= ( 1 + 𝑁𝑐 × 𝜙) × ( ≈ 1 ) = 1 + 𝑁𝑐 × 𝜙 (24)

Thus, in the present study, 𝜌bf / 𝜌hnf , ( 𝜌C p ) bf /( 𝜌C p ) hnf , C bf / C hnf and

hnf 𝛽bf /( 𝜌𝛽) hnf are considered as equal to unity. The reason that the

hermo-physical properties have been assumed to be constant is to sim-

lify the problem with eliminating the variables that have less effect

n the overall solution. In the work of Zaraki et al. [49] , it was dis-

ussed that the effect of the presence of a very low volume fraction of

anoparticles on the dynamic viscosity and thermal conductivity is sig-

ificant and the change in the other thermo-physical properties would

e very smooth. Hence, in the present study, we assumed that the dom-

nant variation of the thermo-physical properties is due to the thermal

onductivity and the dynamic viscosity of nanofluids and that the other

hermophysical properties have minor roles. 

The stored or released latent heat is a direct function of the melting

olume fraction of the PCM. As mentioned, use of nanoparticles can

educe the latent heat of the phase-change material. Thus, using the

ollowing relation, the stored latent heat of NEPCM can be evaluated

sing the volume fraction curves of NEPCMs: 

𝑄 

𝐿 

= ( 1 − 𝜙) × 𝐿𝑖𝑞𝑢𝑖𝑑 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 (25)

As mentioned, the presence of nanoparticles does not show a signif-

cant effect on the heat capacity of NEPCMs. Moreover, it is found that

he presence of nanoparticles would smoothly change the temperature

radient in the molten region. Thus, a little change in the sensible heat

f NEPCM due to the presence of nanoparticles can be expected. 

. Numerical solution 

The system of partial differential Eqs. (13) –( 16 ) along with the

oundary conditions, Eq. ( 19 ), are transformed into the weak form and

re solved numerically using the Galerkin finite element method [51] .

he computer solution codes associated with user-defined MATLAB sub-

outines were adopted to solve the system of the governing equations.

he continuity equation ( Eq. (13) ) is employed as a constraint to satisfy

he mass conservation by controlling the pressure distribution. Thus, the

ollowing constraint equation is utilized as a penalty parameter ( 𝜒) in

he momentum equations as described by Reddy [51] . Therefore, the

ressure is written as 

 = 𝜒

(
𝜕𝑈 

𝜕𝑋 

+ 

𝜕𝑉 

𝜕𝑌 

)
(26)
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Table 1 

The required time for simulation of approximately 

90% of melting versus grid sizes for Pr = 0.0216, 

Ra = 2.1 × 10 5 , Ste = 0.039, A mush = 1.6 × 10 6 . 

Cases Grid size Run time 

Case1 100 × 100 14 h, 21 min 

Case2 125 × 125 1 day, 6 h12 min 

Case3 150 × 150 2 day, 1 h, 20 min 

Case4 175 × 175 2 days, 18 h, 27 min 

Case5 200 × 200 3 days, 10 h, 48 min 

Fig. 2. The liquid fraction for various grid sizes. 
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here 𝜒 is the penalty number, which is a large value. Using Eq. (26) ,

he momentum Eqs. (14) and (15) are written as: 

𝜕𝑈 

𝜕𝐹 𝑜 
+ 𝑈 

𝜕𝑈 

𝜕𝑋 

+ 𝑉 
𝜕𝑈 

𝜕𝑌 
= − 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜕 

𝜕𝑋 

(
𝜒

(
𝜕𝑈 

𝜕𝑋 

+ 

𝜕𝑉 

𝜕𝑌 

))
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜇ℎ𝑛𝑓 

𝜇𝑏𝑓 

𝑃 𝑟 

(
𝜕 

𝜕𝑋 

(
𝜇𝑟 

𝜕𝑈 

𝜕𝑋 

)
+ 

𝜕 

𝜕𝑌 

(
𝜇𝑟 

𝜕𝑉 

𝜕𝑌 

))
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 
𝑆 ( 𝜃) 𝑈 (27) 

𝜕𝑉 

𝜕𝐹 𝑜 
+ 𝑈 

𝜕𝑉 

𝜕𝑋 

+ 𝑉 
𝜕𝑉 

𝜕𝑌 
= − 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜕 

𝜕𝑌 

(
𝜒

(
𝜕𝑈 

𝜕𝑋 

+ 

𝜕𝑉 

𝜕𝑌 

))
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜇ℎ𝑛𝑓 

𝜇𝑏𝑓 

𝑃 𝑟 

(
𝜕 

𝜕𝑋 

(
𝜇𝑟 

𝜕𝑈 

𝜕𝑋 

)
+ 

𝜕 

𝜕𝑌 

(
𝜇𝑟 

𝜕𝑉 

𝜕𝑌 

))
+ 

𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 
𝑆 ( 𝜃) 𝑉 + 𝑃 𝑟𝑅𝑎𝜃

( 𝜌𝛽) ℎ𝑛𝑓 
𝜌ℎ𝑛𝑓 𝛽𝑏𝑓 

(28) 

Thus, in the above equations, the continuity Eq. (13) is satisfied for

ery large values of the penalty parameter ( 𝜒 = 10 7 ) [51] . Now, the

elocities ( U and V ) as well as the temperature, 𝜃, are expanded by in-

oking a basis set { 𝜉𝑘 } 𝑁 

𝑘 =1 in the domain interval of − 0.5 < X < 0.5 and

 < Y < 1 as, 

 ≈
𝑁 ∑
𝑘 =1 

𝑈 𝑘 𝜉( 𝑋, 𝑌 ) , 𝑉 ≈
𝑁 ∑
𝑘 =1 

𝑘 𝑘 𝜉( 𝑋, 𝑌 ) , 𝜃 ≈
𝑁 ∑
𝑘 =1 

𝜃𝑘 𝜉( 𝑋, 𝑌 ) (29)

It is worth noting that the basis function 𝜁 is the same for all of the
hree variables. Therefore, the total number of nodes is N = 3. Invoking
he introduced basis functions Eq. (29) ), the nonlinear residual equa-
ions ( R 

N 
i ) of the governing momentum Eqs. (27) and ( (28) together

ith the energy Eq. (16) can be derived as follows: 

 

1 
𝑖 
= 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 ∫Ω

𝜕 𝜉𝑘 

𝜕𝐹𝑜 
𝜉𝑖 𝑑 𝑋 𝑑 𝑌 + 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 ∫Ω

[ ( 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 𝜉𝑘 

) 

𝜕 𝜉𝑘 

𝜕𝑋 

+ 

( 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 𝜉𝑘 

) 

𝜕 𝜉𝑘 

𝜕𝑌 

] 
𝜉𝑖 

𝑑 𝑋 𝑑 𝑌 + 
𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

( 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑋 

[ 
( 𝜒) 

𝜕 𝜉𝑘 

𝜕𝑋 

𝑑 𝑋 𝑑 𝑌 

] 
+ 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑋 

[ 
( 𝜒) 

𝜕 𝜉𝑘 

𝜕𝑌 
𝑑 𝑋 𝑑 𝑌 

] ) 

+ 
𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜇ℎ𝑛𝑓 

𝜌𝑏𝑓 

𝑃 𝑟 

[ 
𝑁 ∑
𝑘 =1 

𝑈 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑋 

( 

𝜇𝑟 

𝜕 𝜉𝑘 

𝜕𝑋 

𝑑 𝑋 𝑑 𝑌 

) 

+ 
𝑁 ∑
𝑘 =1 

𝑈 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑌 

( 

𝜇𝑟 

𝜕 𝜉𝑘 

𝜕𝑌 
𝑑 𝑋 𝑑 𝑌 

) 

] 

+ 
𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝑆 ( 𝜃) 
𝑁 ∑
𝑘 =1 

∫Ω

( 

𝑁 ∑
𝑘 =1 

(
𝑈 𝑘 𝜉𝑘 

)
𝜉𝑖 

) 

𝑑 𝑋 𝑑 𝑌 (30) 

 

2 
𝑖 
= 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 ∫Ω

𝜕 𝜉𝑘 

𝜕𝐹𝑜 
𝜉𝑖 𝑑 𝑋 𝑑 𝑌 + 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 ∫Ω

[ ( 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 𝜉𝑘 

) 

𝜕 𝜉𝑘 

𝜕𝑋 

+ 

( 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 𝜉𝑘 

) 

𝜕 𝜉𝑘 

𝜕𝑌 

] 
𝜉𝑖 

𝑑 𝑋 𝑑 𝑌 + 
𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

( 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑌 

[ 
( 𝜒) 

𝜕 𝜉𝑘 

𝜕𝑋 

𝑑 𝑋 𝑑 𝑌 

] 
+ 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑌 

[ 
( 𝜒) 

𝜕 𝜉𝑘 

𝜕𝑌 
𝑑 𝑋 𝑑 𝑌 

] ) 

+ 
𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝜇ℎ𝑛𝑓 

𝜌𝑏𝑓 

𝑃 𝑟 

[ 
𝑁 ∑
𝑘 =1 

𝑉 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑋 

( 

𝜇𝑟 

𝜕 𝜉𝑘 

𝜕𝑋 

𝑑 𝑋 𝑑 𝑌 

) 

+ 
𝑁 ∑
𝑘 =1 

𝑉 𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑌 

( 

𝜇𝑟 

𝜕 𝜉𝑘 

𝜕𝑌 
𝑑 𝑋 𝑑 𝑌 

) 

] 

+ 
( 𝜌𝛽) ℎ𝑛𝑓 
𝜌ℎ𝑛𝑓 𝛽𝑏𝑓 

𝑅𝑎𝑃 𝑟 

[ 
∫Ω

( 

𝑁 ∑
𝑘 =1 

𝜃𝑘 𝜉𝑘 

) 

𝜉𝑖 𝑑 𝑋 𝑑 𝑌 

] 

+ 
𝜌𝑏𝑓 

𝜌ℎ𝑛𝑓 

𝑆 ( 𝜃) 
𝑁 ∑
𝑘 =1 

∫Ω

( 

𝑁 ∑
𝑘 =1 

(
𝑉 𝑘 𝜉𝑘 

)
𝜉𝑖 

) 

𝑑 𝑋 𝑑 𝑌 (31) 

 

3 
𝑖 
= 

𝑁 ∑
𝑘 =1 

𝜃𝑘 ∫Ω

𝜕 𝜉𝑘 

𝜕𝐹𝑜 
𝜉𝑖 𝑑 𝑋 𝑑 𝑌 + 

𝑁 ∑
𝑘 =1 

𝜃𝑘 ∫Ω

[ ( 

𝑁 ∑
𝑘 =1 

𝑈 𝑘 𝜉𝑘 

) 

𝜕 𝜉𝑘 

𝜕𝑋 

+ 

( 

𝑁 ∑
𝑘 =1 

𝑉 𝑘 𝜉𝑘 

) 

𝜕 𝜉𝑘 

𝜕𝑌 

] 
𝜉𝑖 

𝑑 𝑋 𝑑 𝑌 + 
𝛼𝑏𝑓 

𝛼ℎ𝑛𝑓 

( 

𝑁 ∑
𝑘 =1 

𝜃𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑋 

[ 
𝛼𝑟 

𝜕 𝜉𝑘 

𝜕𝑋 

𝑑 𝑋 𝑑 𝑌 

] 
+ 

𝑁 ∑
𝑘 =1 

𝜃𝑘 ∫Ω

𝜕 𝜉𝑖 

𝜕𝑌 

[ 
𝛼𝑟 

𝜕 𝜉𝑘 

𝜕𝑌 
𝑑 𝑋 𝑑 𝑌 

] ) 

+ 

(
𝐶 𝑝 

)
𝑏𝑓 (

𝐶 𝑝 
)
ℎ𝑛𝑓 

1 
𝑆𝑡𝑒 

𝑁 ∑
𝑘 =1 

𝑓 𝑘 ∫Ω

𝜕 𝜉𝑘 

𝜕𝐹𝑜 
𝜉𝑖 𝑑 𝑋 𝑑 𝑌 (32) 
n  

89 
. Validations 

.1. Grid independency test 

To check the grid independency of the solution, the case of Pr

 0.0216, Ra = 2.1 × 10 5 , Ste = 0.039, A mush = 1.6 × 10 6 are calculated

or several grid sizes as shown in Table 1 . This table presents the re-

uired time for simulation of approximately 90% of melting for various

rid sizes. The calculations are performed using a supercomputer with

0 GB of memory and 20 CPU cores each of 2.2 GHz. In addition, the liq-

id fraction for different grid sizes is depicted in Fig. 2 , which indicates

hat the grid size of 150 × 150 can provide a tradeoff between the ac-

eptable accuracy and the time consumed by the processor. Hence, the

esults of the present study are carried out using the grid size 150 × 150.

.2. Comparisons with others 

The reliability of the present solution is further ascertained by solv-

ng several previously investigated problems. As a first case, the results

f the present study are compared with the experimental results of Gau

nd Viskanta [52] and the numerical results available in the literature

or a rectangular cavity with an aspect ratio (height/width) of 0.714. In

he experiment of Gau and Viskanta [52] , the left wall is hot while the

op and bottom walls are insulated. Gau and Viskanta [52] have evalu-

ted the melting interface using the pour-out method and the probing

ethod. Kashani et al. [28] , Khodadadi and Hosseinzadeh [38] , Brent

t al. [53] , Joulin et al. [54] , Viswanath and Jaluria [55] , Tiari et al.

21] and Desai and Vafai [56] also addressed the evaluated melting

nterface for this problem numerically. The summary of the available

umerical results are plotted in Fig. 3 (a) and (b). As seen, the results

f the present study are in reasonable agreement with the available ex-

erimental and numerical results. In the case of Fo = 3.48, the results

re somehow different from the experiment but in agreement with the

umerical results. The previous authors have concluded that the discrep-
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Fig. 3. Comparisons among the experimental measurement of Gau and Viskanta [52] and numerical results available in literature and the results of the present study (a) and (b): 

uniformly heated at left and cooled at right with adiabatic horizontal walls, Ra = 6 × 10 5 Pr = 0.0216. 

Fig. 4. A comparison between the benchmark study of Bertrand et al. [57] and the results 

of present study ( 𝜏 = Fo × Ste) when 𝜏 = 2 × 10 − 3 and 𝜏 = 1 × 10 − 2 . 
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ncy between the numerical and experimental results in this case could

e due to the instrumentation and method of evaluating the melting in-

erface in the experiment of Gau and Viskanta [52] . The authors have

easured the melting interface mechanically using a manual mechan-

cal probe. For high values of Fo, the solid–liquid interface of melting

ould be unstable, and hence, distinguishing the precise shape of the

nterface is hard. 

As another validation, the results of the present finite element code

re compared with the study of Bertrand et al. [57] when Ra = 1 × 10 7 ,

r = 50, and 𝛼s / 𝛼l = 1. Considering the study of Bertrand et al. [57] as

 benchmark, different authors have reported the results of the melting

nterface for a square cavity. The results are shown in Fig. 4 . As seen,

here is a good agreement between the results of the present study and

he results available in the literature. 

As an extra comparison, the results of the present study are com-

ared with the experimental results reported by Kumar et al. [58] for

elting of lead. Kumar et al. [58] have examined the melting of lead

ontained in a stainless steel cuboid. In their study, there was a heater
90 
ounted at one of the vertical sidewalls of the cavity, which provided

 constant heat flux, while the other walls were insulated. The authors

ave captured photography of the solid–liquid interface movement dur-

ng the melting of lead using the neutron radiography. Following the

etup and boundary conditions of Kumar et al. [58] and the study of

halambaz et al. [59] , a comparison between the results of the present

tudy and the experimental results of Kumar et al. [58] for the position

f the melting interface is performed at different time steps. The results

f this comparison are reported in Table 2 . As seen, a good agreement

etween the results of the present study and those reported by Kumar

t al. [58] is obtained. 

Sebti et al. [48] have studied the melting of Cu-paraffin phase-

hange material in a square cavity for various volume fractions of copper

anoparticles. Hence, following the study of Sebti et al. [48] , the com-

arison results of the melting front are reported in Table 3 . This table

hows the location of the melting interface for two different nanoparti-

les volume fractions of 𝜙 = 0% and 𝜙 = 2.5% at the non-dimensional

ime step of Fo = 0.82. As can be seen, the results of this table show

 good agreement between the results of the present study and those

eported by Sebti et al. [48] . 

. Results and discussion 

The present study focuses on the effect of the hybrid nanofluid on

he melting characteristics of the paraffin in a two-dimensional square

nclosure ( L x = L y = 10 cm). The temperature at the hot wall is fixed at

 h = 40 °C, Prandtl number Pr = 50, Stefan number Ste = 0.1, Rayleigh

umber Ra = 1 × 10 8 and the ratio of thermal diffusivities of solid to

iquid 𝛼s / 𝛼l = 1. Until now, there are no comprehensive mathematical

odels for the hybrid nanofluid properties. Moreover, models regarding

he nanofluids ’ properties dispersed in PCM give inconsistent behaviors

34] . Therefore, the present computations are based on the linear rela-

ions (21) –(24) which have been correlated according to the procedure

roposed by Zaraki et al. [49] . This procedure determines its parameters

ccording to experimental data. Table 4 presents the use of data corre-

ation according to several experimental works [ 50, 60 –65 ]. The range

f the volume fraction of nanoparticles has been reported in Table 4 .

he maximum error of prediction of the results using a linear curve fit-

ing technique was about 6% which is acceptable for most of practical
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Table 2 

The x coordinate of the melting front as a function of y for different time steps: a comparison between the experimental 

benchmark results of Kumar et al. [58] and the results of the present study. 

Fo = 1.83 Fo = 1.1 Fo = 0.73 y 

Present work Kumar et al. [58] Present work Kumar et al. [58] Present work Kumar et al. [58] 

0.29 0.29 0.17 0.12 0.13 0.08 0 

0.39 0.29 0.19 0.15 0.16 0.09 0.1 

0.49 0.40 0.21 0.18 0.16 0.10 0.2 

0.55 0.56 0.28 0.23 0.21 0.17 0.3 

0.65 0.58 0.30 0.24 0.19 0.17 0.4 

0.84 0.78 0.30 0.29 0.21 0.18 0.5 

0.95 0.90 0.41 0.37 0.20 0.20 0.6 

1 0.98 0.52 0.53 0.27 0.27 0.7 

1.06 1.01 0.58 0.57 0.37 0.37 0.8 

1.07 1.03 0.57 0.58 0.38 0.40 0.9 

1.07 1.03 0.59 0.57 0.38 0.40 1 

Table 3 

Interface location of solid–liquid ( x ) at different non-dimensional time ( Fo = 0.82): 

a comparison between the result of Sebti et al. [48] and the results of the present 

study, when (a): 𝜙 = 0%, (b): 𝜙 = 2.5%. 

y (a) 𝜙 = 0% (b) 𝜙 = 2.5% 

Present work Sebti et al. [48] Present work Sebti et al. [48] 

0 0.30 0.24 0.33 0.26 

0.1 0.35 0.32 0.38 0.34 

0.2 0.42 0.40 0.45 0.42 

0.3 0.50 0.46 0.53 0.50 

0.4 0.56 0.54 0.60 0.57 

0.5 0.65 0.63 0.70 0.68 

0.6 0.76 0.75 0.78 0.80 

0.7 0.85 0.85 0.89 0.91 

0.8 0.94 0.94 0.96 1 

0.9 1 0.99 1 1 

1 1 1 1 1 

e  

i  

O  

s  

s  

a  

s  

p  

N  

[

 

t  

N  

i  

l

Table 4 

Results of data correlations for Nc and Nv using several experimental data. 

Case Refs. Base fluid Temperature (°C) Type Size (nm) 

1 [50] Water – Ag 25 

MgO 40 

2 [60] Water 32 Al 2 O 3 17 

Cu 17 

3 [61] Water 20 MWCNT OD = 10–30

Length = 0.

500 𝜇m 

Fe 3 O 4 13 

4 [61] Water 40 MWCNT OD = 10–30

Length = 0.

500 𝜇m 

Fe 3 O 4 13 

5 [62] EG 30 ZnO 35–45 

TiO 2 30 

6 [62] EG 40 ZnO 35–45 

TiO 2 30 

7 [63] Water 60 Cu 55 

TiO 2 55 

8 [64] SAE40 25 MWCNTs ID = 3–5 

OD = 5–15 

SiO 2 20–30 

9 [64] SAE40 30 MWCNTs ID = 3–5 

OD = 5–15 

SiO 2 20–30 

10 [65] EG 30 F-MWCNTs ID = 3–5 

OD = 5–15 

Fe 3 O 4 20–30 

11 [65] EG 40 F-MWCNTs ID = 3–5 

OD = 5–15 

Fe 3 O 4 20–30 

12 [65] EG 50 F-MWCNTs ID = 3–5 

OD = 5–15 

Fe 3 O 4 20–30 

91 
ngineering applications. Unfortunately, there are no published exper-

mental data for phase-change hybrid nanofluids, such as paraffin or

ctadecane, which are oil-based fluids. Hence, we have not limited our

tudy to correlation parameters of a special case. However, a set of re-

ults for high-value correlation parameters has been considered to cover

ll of the possible ranges of the hybrid nanofluid. In addition, the case

tudies are also possible using the available experimental data. In the

resent study, the results of the case study of water/Ag–MgO hybrid

EPCM are reported using the actual experimental data of Esfe et al.

50] . 

However, the parametric values of the thermal conductivity and

he dynamic viscosity parameters are set in many combinations where

c = 0, 5, 18 and N 𝜈 = 0, 5, 18. The phase-change material adopted

n the present study is Octadecane with its thermo-physical properties

isted in Table 5 . 
Shape Relative 

fraction 

Volume 

fraction 

range % 

Nc N 𝜈

Disordered 0.5 0–2 21 6.8 

Disordered 0.5 

Spherical 0.9 0.1–2 9.2 33.29 

Spherical 0.1 

 

5–

Cubic 0.74 (g) 0.1–0.3 82.59 122.34 

Cubic 0.26 (g) 

 

5–

Cubic 0.74 (g) 0.1–0.3 106.05 132.71 

Cubic 0.26 (g) 

Spherical 0.5 0–3.5 6.68 –

Spherical 0.5 

Spherical 0.5 0–3.5 8.82 –

Spherical 0.5 

Spherical 0.5(g) 0.1–2 4.03 –

Spherical 5(g) 

– 0.2 0–2 – 38.62 

– 0.8 

– 0.2 0–2 – 54.19 

– 0.8 

– 0.5 0–2.3 10.45 –

Spherical 0.5 

– 0.5 0–2.3 13.6 –

Spherical 0.5 

– 0.5 0–2.3 18.11 –

Spherical 0.5 
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Fig. 5. Streamlines and isotherms for Nc = 0 , N 𝜈 = 0 at (a) F o = 0.1, (b) F o = 0.3, and (c) F o = 0.7. 
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Table 5 

Thermo- physical properties of Octadecane. 

Property Symbol Value Unit 

Density (Solid/Liquid) 𝜌 800 (kg/m 

3 ) 

Thermal expansion coefficient 𝛽 2 × 10 − 3 (1/K) 

Fusion temperature T f 303.15 (K) 

Thermal conductivity (Solid/Liquid) k 0.2 (W/m K) 

Latent heat of fusion L 1.25 × 10 + 5 (J/kg) 

Specific heat capacity (Solid/Liquid) C 1250 (J/kg K) 

Dynamic viscosity μ 8 × 10 − 3 (kg/m s) 

t  

t  

i  
The evolution of the melting process with dimensionless time Fo is

hown in Fig. 5 by the contour maps of the streamlines (on the left) and

he isotherms (on the right) for pure Octadecane ( Nc = N 𝜈 = 0). During

he initial stage of melting, where Fo = 0.1 ( Fig. 5 (a)), the molten liquid

rogresses from the hot left wall with a vertically elongated clockwise

otating vortex. Due to the stronger buoyancy effect close to the top of

he cavity, the liquid tends to extend horizontally. Thus, larger molten

iquid quantity exists there. In addition, the mushy zone in the top part

f the cavity looks thinner than that in the cavity bottom. The corre-

ponding isotherms demonstrate the convection dominance in the upper

art of the cavity, where hotter liquid exists there. When Fo evolves to

.3 ( Fig. 5 (b)), the progressively increasing buoyancy effect produces a

ouble-eye vortex of the melting. Moreover, the hot liquid, which moves

p and circulates in the upper part of the cavity, increases the melting

ate in the solid, which in turn, rapidly increases the molten liquid quan-

t  

92 
ity and thins the mushy zone when one moves from the bottom part to

he top part of the cavity. The molten liquid manifests flatter isotherms

n the upper part of the cavity. When further time elapses, ( Fig. 5 (c)),

he liquid in the upper part of the cavity moves strongly in a horizontal
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Fig. 6. The melting interface for Nc = 5, Nv = 18. 

Fig. 7. The melting interface for Nc = 18, Nv = 18 . 

Fig. 8. The melting interface for Nc = 18, Nv = 5. 
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Fig. 9. Effect of 𝜙 = 1% volume fraction of nano-hybrid on liquid fraction for various Nc 

and N 𝜈. 

Fig. 10. Effect of 𝜙 = 2% volume fraction of nano-hybrid on liquid fraction for various 

Nc and N 𝜈. 

Fig. 11. Effect of 𝜙 = 5% volume fraction of nano-hybrid on liquid fraction for various 

Nc and N 𝜈. 
anner. As a result, most solid melts leaving a triangular solid quantity

n the lower left corner, i.e. the solid–liquid interface is mostly linear

ith mostly homogeneous mushy zone thickness. The isotherms imply

 purely convective heat transfer within the middle of the cavity, while

lose to the left hot wall, high temperature gradients exist which indi-

ates a horizontal heat transfer. However, at all times ( Fig. 5 (a)–(c)),

he temperature within the solid phase is homogenous. 

Figs. 6–8 present the melting interface that is traced within three

alues of the dimensionless time Fo (0.1, 0.35, 0.7) for different total

anoparticles volume fraction 𝜙 (0, 1%, 2%, 5%), where each figure is

lotted for a selected combination of the correlation parameters. In the

ombination parameters of Nc = 5 and N 𝜈 = 18 ( Fig. 6 ), the dynamic

iscosity of the hybrid nanofluid is robustly enhanced greater than the

nhancement of the thermal conductivity. As such, at the earlier times

 Fo = 0.1 and 0.35), the role of the thermal conductivity can be seen
93 
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Fig. 12. Isotherms for 𝜙 = 0, 0.1, 0.2 at F o = 0.03 and 0.15: the case study of for water/Ag–MgO NEPCM. 
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h  
n the lower part of the melting interface, where a slight progress takes

lace by increasing 𝜙. This refers to the conduction dominance in this

egion. However, in the upper part of the cavity, the role of the vis-

ous force restricts the available strong circulation and hence, result-

ng in a lag in the melting interface with increasing values of 𝜙. This
94 
echanism can result in a planer-melting interface. When Fo = 0.7, the

ow adjacent to the mostly linear melting interface is due to gravity (as

hown in Fig. 5 (c)) and the thickness of the mushy zone is approximately

omogenous, thus, the viscous force effect will be weak against the ther-
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Fig. 13. The melting interface curves of water/Ag–MgO hybrid NEPCM for various values 

of volume fraction of hybrid nanoparticles. 
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Fig. 14. Effect of 𝜙 on the volume fraction of molten water/Ag–MgO hybrid NEPCM. 

Fig. 15. Effect of 𝜙 on stored latent heat of water/Ag–MgO hybrid NEPCM. 
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al energy gained due to nanoparticles loading by 5%. Therefore, a

omogenous progress of the melting interface can be seen in Fig. 6 . 

There are cases in which Nc is greater than Nv for instance Nc in Case

 reported in Table 4 is higher than Nv , i.e. Nc = 21 and Nv = 6.8. In

ddition, for some cases such as Cases 8 and 9 in Table 4 , the value of Nc

s not available. Hence, in the present analysis, we have also studied the

ases in which Nc values are higher than Nv . We believe that presenting

uch results for high values of Nc are essential for future studies to show

esearchers how much enhancement in Nc (compared to Nv ) is required

or overall enhancement in the overall melting volume fraction and the

verall heat release and the melting behavior of NEPCMs. Indeed, such

ases are of more interest for heat transfer applications of NEPCMs. 

Fig. 7 shows that when the parameters Nc and N 𝜈 are set to 18

nd 18, a significant progress of the melting interface takes place

ith nanoparticles loading even at the initial melting process. How-

ver, the melting rate is higher with time evolution. This is because

he significantly-enhanced thermal conductivity can decrease the latent

eats of fusion and consequently, increases the melting rate. The melt-

ng configurations of Nc = 18 and N 𝜈 = 5 are presented in Fig. 8 . Al-

ogether, there are no significant changes with the previous combina-

ion set ( Nc = N 𝜈 = 18) except that at Fo = 0.7, the melting rate is

aster. According to these two figures, it can be demonstrated that in

 phase-change material, the effect of the thermal conductivity mani-

ests the dominance role in accelerating the melting process. Moreover,

t is worth mentioning that the melting configuration with increasing

he loading ratio of the hybrid nanoparticles agrees with the finding of

he experimental study of Zeng et al. [27] . 

The traced liquid fraction in the PCM is depicted in Figs. 9–11 for dif-

erent parameters combinations and different loading volume fractions

f the hybrid nanofluid. Initially, the nanoparticles have no influenc-

ng role on the liquid fraction in the cavity. As time goes on, prominent

ncrease of the liquid fraction is associated with increasing the volume

raction of the hybrid nanoparticles. Moreover, the increase in the liq-

id fraction is distinguished when the thermo-physical properties of the

ybrid nanofluid are governed by a higher parameter of the thermal

onductivity as shown in Fig. 11 , where higher liquid fractions avail-

ble with setting the thermal conductivity parameter to Nc = 18. 

Now, the importance of Table 4 becomes evident. That is, the hybrid

anofluids which have Nc much greater than N 𝜈 or say equivalent val-

es, are expected to melt faster than those having N 𝜈 ≫ Nc . Thus, the

ybrid nanoparticles configuration of Esfe et al. [49] , which uses Mg–

gO, dispersed in water can be considered as having a great chance in

ccelerating the melting process. 

As a case study, the exact values of the non-dimensional parame-

ers such as 𝜌bf / 𝜌hnf , ( 𝜌C p ) bf /( 𝜌C p ) hnf , C bf / C hnf and 𝜌bf 𝛽bf /( 𝜌𝛽) hnf were

dopted from the experimental study of Esfe et al. [50] . The values of

c and Nv have been reported in Table 4 as Nc = 21 and Nv = 6.8. 
95 
Fig. 12 illustrates the isotherms for the case study of water/Ag–MgO

EPCM at two time steps of Fo = 0.03 and Fo = 15 for various volume

ractions of 𝜙 = 0%, 1.0% and 2.0%. For the initial stages of the melt-

ng process, i.e. Fo = 0.03, a comparison between the isotherms due to

ifferent volume fractions of nanoparticles reveals that the most differ-

nces can be observed in the regions near the bottom of the cavity. This

s where the convective heat transfer mechanism is weak and the diffu-

ive heat transfer mechanism is the dominant mode. For higher Fourier

umbers, i.e. Fo = 0.15, the effect of the presence of nanoparticles on the

emperature profiles is slightly developed in the bottom areas into the

iddle regions of the cavity. In order to show the effect of the presence

f nanoparticles on the melting front interface, the melting volume frac-

ion and the stored latent heat ( Q / L ) for the case study of water/Ag–MgO

EPCM are plotted in Figs. 13 –15 . As can be seen, the greatest differ-

nce in the melting front interfaces is at the bottom of the cavity. At the

ottom of the cavity, the fluid is trapped between the hot wall and the

elt interface where the velocities are small. Hence, the heat transfer

akes place mainly by conduction. As the presence of the nanoparticles

ould significantly enhance the thermal conductivity of the NEPCM,

.e. Nc = 21, the most significant difference between the melting front

nterfaces can also be seen at the bottom of the cavity. In the top re-

ions, where the fluid can move more freely, the convective mechanism

ets important. As discussed, the presence of nanoparticles mainly af-

ects the thermal conductivity and the dynamic viscosity of the NEPCM.

hus, the increase of the thermal conductivity tends to accelerate the

elting process but the increase of the dynamic viscosity tends to sup-

ress the convection mechanism. As a result, the change in the melting

ront curves due to the increment of the nanoparticles volume fractions

s not much significant in the top region of the cavity. Fig. 14 shows
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Fig. 16. A comparison between the melting interface curves of the water as the base fluid, 

water/Ag–MgO hybrid NEPCM, and single water/MgO NEPCM for: (a) 1% total volume 

fraction of nanoparticles and (b) 2% total volume fraction of nanoparticles. 

Fig. 17. A comparison between the liquid fractions of the water as the base fluid, 

water/Ag–MgO hybrid NEPCM, and single water/MgO NEPCM. 
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hat the increase of the volume fraction of Ag–MgO nanoparticles would

nhance the melting fraction. However, as the presence of nanoparticles

ould reduce the stored latent heat, Fig. 15 demonstrates little enhance-

ent in the release of stored latent heat of NEPCMs due to the presence

f Ag–MgO nanoparticles. 

Fig. 16 compares the effect of using a single NEPCM (water/MgO)

nd a hybrid NEPCM (water/Ag–MgO) on the melting interface curves

or 1% and 2% total volume fractions of nanoparticles. The utilized ther-

ophysical properties are given in Table 4 . The results are reported for

wo non-dimensional times of Fo = 0.05 and Fo = 0.15. The results con-
96 
rm that the melting process has enhanced by using a hybrid NEPCM

n all studied cases. Indeed, in all cases, the melting interface of the hy-

rid NEPCM has further advanced toward the cold wall. Fig. 17 depicts

he liquid fraction of NEPCMs for the studied cases of Fig. 16 as a func-

ion of the non-dimensional time ( Fo ). This figure is in agreement with

ig. 16 and shows that by using the hybrid NEPCM, the fusion time has

een improved. 

. Conclusions 

Melting of nanoparticles-enhanced phase-change materials has been

umerically analyzed using the finite element method. The enhance-

ent utilizes the hybrid nanofluid strategy. A linearized correla-

ions procedure is followed to determine the properties of the hybrid

anofluid. The impacts of the nanoparticles ’ volume fraction and vari-

us models ’ parameters on the melting behavior have been traced with

ime. The results have led us to report the following conclusions: 

• The used linearized models give a melting behavior which com-

pletely agrees with the finding of the available experimental data

associated with nanoparticles-enhanced phase-change materials. 
• The melting process expedites tremendously when the enhancement

in the thermal conductivity is much greater than the enhancement

of the dynamic viscosity. 
• Marginal variations in the liquid fraction are predicted when the en-

hancement of the dynamic viscosity is much greater than the thermal

conductivity enhancement. 
• According to the available experimental data, hybrid nanoparticles

composed of Ag–MgO demonstrates the best fusion performance. 
• At the initial melting stages, the mushy zone is thicker in the lower

part of the solid–liquid interface where the convection is too small.

With time evolution, the mushy zone tends to be homogenous in

thickness. 
• The case study of water containing Ag (25 nm)–MgO (40 nm)

nanoparticles demonstrates small enhancements in the acceleration

of the melting fraction and the release of latent heat. 
• Using a water/Ag–MgO hybrid NEPCM shows a faster fusion time

compared to the single water/MgO NEPCM. 

It should be mentioned that one of the most important aspect of

EPCMs is the size of nanoparticles and their composition as it could

ignificantly affect the convective behavior of NEPCM in the melting

rocess and the release rate of latent heat. 
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