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a b s t r a c t 

The present study deals with the effects of hybrid nanoparticles on the melting process of a nano- 

enhanced phase-change material (NEPCM) inside an enclosure. The bottom side of the cavity is isothermal 

at a hot temperature while the top wall is isothermal at a cold temperature and the left and right walls 

are insulated. The governing partial differential equations are first non-dimensional form and then solved 

using the Galerkin finite element method. Some of the dimensionless parameters are kept constant such 

as the Prandtl number, the Rayleigh number, the Stefan number and the ratio between the thermal dif- 

fusivity of the solid and liquid phases while the volume fraction of nanoparticles, the conductivity and 

viscosity parameters, and the Fourier number are altered. It is found out that increasing the values of the 

nanoparticles volume fraction, viscosity and conductivity parameters leads to significant variations in the 

solid-liquid interface for large values of Fourier number. Moreover, increasing the conductivity parame- 

ter and decreasing the viscosity parameter at the same time can cause an augmentation in the liquid 

fraction. 

© 2017 Taiwan Institute of Chemical Engineers. Published by Elsevier B.V. All rights reserved. 
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1. Introduction 

Latent heat thermal energy storage is an effective and reliable

way of storing energy compared to the other ways of energy stor-

age including thermochemical reactions. Thus, phase-change pro-

cesses such as melting can play a vital role in today’s need for en-

ergy storage. A small volume of Phase Change Materials (PCM) can

store a significant amount of energy during a solid to liquid phase-

change process. Nowadays, PCM are extensively utilized in a vari-

ety of application such as solar heating systems [2,38] , cooling the

electronic devices [15,26] , finned heat pipe-assisted thermal energy

storage systems [44,45] and waste heat recovery [31,32,35] . Unfor-

tunately, PCM employed in energy storage units have low thermal

conductivity which reduce the heat absorption rate. Several meth-

ods are proposed to increase the thermal performance of the stor-

age units, among them, using nanoparticles can enhance the ther-

mal conductivity of a PCM even for a small volume fraction of

nanoparticles. 
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A comprehensive study has been done regarding the effects of

anoparticles on the enhancement of the thermophysical and heat

ransfer potential of the conventional fluids. Rashidi et al. [36] have

tudied the thermal behavior of Al 2 O 3 –water and γ Al 2 O 3 –C 2 H 6 O 2 

anofluids in boundary layer over a vertical stretching sheet. They

eported that both of the dynamic viscosity and thermal conductiv-

ty of the investigated nanofluids can significantly affect the ther-

al behavior of nanofluids. Ismael et al. [19] and Chamkha et

l. [7] addressed the natural convective heat transfer of copper-

ater nanofluids in cavities. They concluded that the presence of

anoparticles could enhance the heat transfer; however, the heat

ransfer enhancement of nanofluids is under the significant influ-

nce of the flow conditions. Makulati et al. [29] have addressed

he natural convective heat transfer of Al 2 O 3 -water nanofluids in

 C shape cavity. They studied the effect of nanoparticles volume

raction on the natural convective heat transfer and found that in

ome cases the presence of nanoparticles could decrease the heat

ransfer in the cavity. Sheremet et al. [40] have studied the effect

f nanoparticles on the convective heat transfer of nanofluids in

 porous medium. They found that the presence of nanoparticles

n the porous media may suppress some of the natural convec-

ive heat transfer mechanisms. In another study Sheremet et al.

39] have analyzed the natural convective heat transfer of nanoflu-

ds in a cavity containing a hot solid block. The results show
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nanoparticles on the melting rate? 
Nomenclature 

A mush mushy-zone constant (Carman–Koseny equation 

constant) 

C p specific heat in constant pressure ( J / kg K ) 

Fo non-dimensional time 

g gravity ( m / s 2 ) 

H length and height ( m ) 

k thermal conductivity ( W / m K ) 

L latent heat of fusion ( J / kg ) 

Nc conductivity parameter 

N ν viscosity parameter 

P pressure ( Pa ) 

Pr Prandtl number 

Ra Rayleigh number 

S enclosure inclination angle 

S(T) Carman–Kozeny equation (source term) 

Ste Stefan number 

t time ( s ) 

T temperature ( K ) 

T f melting temperature ( K ) 

u velocity in the x-direction ( m / s ) 

u velocity vector ( m / s ) 

v velocity in the y-direction ( m / s ) 

x,y Cartesian coordinates 

Greek symbols 

(T) ϕ liquid fraction 

α thermal diffiusivity (m 

2 /s) 

φ Volume fraction of nanoparticles 

μ dynamic viscosity (kg/m s) 

ρ density (kg/m 

3 ) 

ε Carman–Kozeny equation constant 

υ kinematic viscosity (m 

2 /s) 

T 
 mushy-zone temperature range (K) 

ξ basis functions 

γ the ratio of thermal diffiusivity 

β thermal expansion coefficient (1/K) 

θ on-dimensional temperature 

Subscripts 

bf base fluid 

c cold 

F fusion 

h hot 

hnf hybrid nanofluid 

i interface position 

k node number 

l liquid phase 

nf nanofluid 

p particles 

s solid phase 

he enhancement of heat transfer in the presence of nanopar-

icles. Additionally, phase change phenomena in nanofluids have

een addressed by different researchers. Malvandi et al. [30] stud-

ed the film-wise condensation of nanofluids over a vertical plate.

n order to modify the cooling rate, the thermophysical proper-

ies of nanofluids are subjected to change, and also the flow and

eat and mass transfer are controlled throughout the domain. It

s found that increasing nanoparticles volume fraction and nor-

al temperature difference enhance the heat transfer rate, and

t is also reported that the alumina nanoparticles offer better

ooling performance compared to titania. In another attempt, the

nisotropic behavior of magnetic nanofluids in film-wise conden-
ation is investigated by Heysiattalab et al. [18] over a vertical

late. In this study, the modified Buongiorno model is used to

bserve the effects of nanoparticles slip velocity relative to the

ase fluid. It is reported that the heat transfer rate enhances when

he magnetic field is aligned in the direction of the temperature

radient. 

An augmentation in the thermal conductivity of a composite

CM has been reported by Zeng et al. [49] by using Ag nanopar-

icles. Liu et al. [27] reported a significant enhancement in the

hermal conductivity of a PCM by suspending a small amount

f TiO 2 nanoparticles in saturated BaCl 2 . The effects of different

anoparticles such as Cu, Al, and C/Cu on the heat transfer rate of

araffin as a nano-enhanced phase-change material (NEPCM) have

een investigated by Wu et al. [47] . They found that the heating

nd cooling times decreased by 30.3% and 28.2%, respectively, us-

ng a 1% Cu nanoparticles. Harikrishnan and Kalaiselvam [17] stud-

ed the solidification and melting time for the different volume

ractions of CuO in an oleic phase-change material. They reported

p to 27.67% and 28.57% reduction in solidification and melting

imes, respectively. These investigations have been done using sin-

le metallic or non-metallic nanoparticles. The non-metallic parti-

les such as Al 2 O 3 have an excellent stability and chemical inert-

ess, although, they have lower thermal conductivities compared

o the metallic nanoparticles. 

Incorporation of a small amount of metal particles with non-

etallic particles can outstandingly enhance the thermal proper-

ies. A copper–alumina composite briquette has been prepared by

ena et al. [20] from a homogeneous mixture of finely divided

uO and Al 2 O 3 using the hydrogen reduction technique. The re-

ults reported by Suresh et al. [42] indicate that the augmenta-

ion in the viscosity is considerably higher than the increase in

he thermal conductivity. A maximum enhancement of 13.56% in

he Nusselt number has been reported by Suresh et al. [43] for

l 2 O 3 –Cu hybrid nanofluid. Esfe et al. [12] investigated the ef-

ect of nanoparticles volume fraction on the thermal conductiv-

ty and the dynamic viscosity. They utilized Ag–MgO/water hy-

rid nanofluid with nanoparticles volume fraction range between

% and 2%, and then examined the accuracy of different exist-

ng theoretical and empirical correlations in predicting the value

f the thermal conductivity and dynamic viscosity by compar-

ng the predicted values with experimental data. Moghadassi et

l. [33] numerically studied the effects of water-based Al 2 O 3 and

l 2 O 3 –Cu hybrid nanofluid with a 0.1% volume concentration on

aminar forced convective heat transfer. Their results revealed a

uch higher convective heat transfer coefficient for the hybrid

anofluid. 

In view of the importance of phase-change materials and the

eneficial characteristics of hybrid nanoparticles, the aim of the

resent research is to analyze the effect of a hybrid nanofluid on

atural convection inside an enclosure which is filled with nano-

nhanced phase-change material. The present study aims to an-

wer the following questions regarding to phase change heat trans-

er of single/hybrid nanofluids: 

I Does the presence of nanoparticles enhance the melting rate? 

II From the literature review, it is clear that the presence of

nanoparticles enhances the thermal conductivity and the dy-

namic viscosity of the NEPCM. The increase of the thermal con-

ductivity tends to increase the heat transfer and the melting

rate. In contrast, the increase of the dynamic viscosity tends to

suppress the natural convective heat transfer. How does these

two properties simultaneously affect the melting process of a

NEPCM? 

III What is the effect of the increase of the volume fraction of solid
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Fig. 1. A schematic for the physical model and geometry details. 
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2. Geometric and mathematical models 

2.1. Physics of the problem 

Consider a square cavity of size H (height and length H ) which

is filled with nano-enhanced phase-change material including hy-

brid nanoparticles. The bottom side of the enclosure is isothermal

at a hot temperature T h and the top wall is isothermal at a cold

temperature T c while the left and right walls are insulated. The

coordinate system and the physical model of the cavity are shown

in Fig. 1. 

2.2. Governing equations 

According to the physical model of the cavity, the governing

partial differential equations can be written as follows [6,45] : 

Continuity 

∇ · u = 0 (1)

Momentum 

∂ � u 

∂t 
+ ( u · ∇ ) u = − 1 

ρhn f 

∇ P + 

μhn f 

ρhn f 

∇ · ( μ( ϕ ) ∇ u ) 

+ 

βhn f 

ρhn f 

g 
(
T − T f 

)
+ 

1 

ρhn f 

S ( T ) u (2)

Energy 

∂T 

∂t 
+ u · ∇ T = αhn f ∇ ( α( ϕ ) ∇ T ) − L 

( C p ) hn f 

∂ϕ ( T ) 

∂t 
. (3)

It is worth noticing that in the writing of the above equations, the

terms of viscosity related to ∇u T have been neglected due to the

fact that the variable dynamic viscosity is only utilized to assist the

nanofluid velocity to smoothly reach the zero velocity in the solid

part. The above equations in expanded form are as follows: 
Continuity 

∂u 

∂x 
+ 

∂v 
∂y 

= 0 (4)

omentum in x -direction 

ρhn f 

(
∂u 

∂t 
+ u 

∂u 

∂x 
+ v 

∂u 

∂y 

)

= −∂P 

∂x 
+ 

(
∂ 

∂x 

(
μhn f ( ϕ ) 

∂u 

∂x 

)
+ 

∂ 

∂y 

(
μhn f ( ϕ ) 

∂u 

∂y 

))
+ S ( T ) u 

(5)

omentum in y -direction 

ρhn f 

(
∂v 
∂t 

+ u 

∂v 
∂x 

+ v 
∂v 
∂y 

)

= −∂P 

∂y 
+ 

(
∂ 

∂x 

(
μhn f ( ϕ ) 

∂v 
∂x 

)
+ 

∂ 

∂y 

(
μhn f ( ϕ ) 

∂v 
∂y 

))
+ ρhn f gβ

(
T − T f 

)
+ S ( T ) v (6)

nergy (
∂T 

∂t 
+ u 

∂T 

∂x 
+ v 

∂T 

∂y 

)

= − 1 

( ρC P ) hn f 

+ 

(
∂ 

∂x 

(
k hn f α( ϕ ) 

∂T 

∂x 

)
+ 

∂ 

∂y 

(
k hn f α( ϕ ) 

∂T 

∂y 

))

+ 

L 

( C P ) hn f 

∂ϕ ( T ) 

∂t 
(7)

ere α = αl, hnf ϕ + αs, hnf (1- ϕ) and ϕ is the melt fraction and can

e evaluated using the temperature as follows: 

 ( T ) = 

⎧ ⎨ 

⎩ 

0 T < T f 
T −T f 

T 

T f < T < T f + 


T 
2 

1 T > T f + 
T 

(8)

here 
T is the mushy-zone temperature range, and also the vis-

osity is controlled in the mushy region utilizing the following

elation: 

( ϕ ) = μl ( 1 + A mush ( 1 − ϕ ) ) (9)

ontrolling the viscosity according to Eq. (9) in the mushy re-

ion causes the velocity and the pressure fields to be uniform

n the domain of the solution. In addition, it helps the velocity

eld to remain zero in the vicinity of the solid parts of the do-

ain. The thermal diffusivity in the liquid, solid and mushy re-

ions is a linear function of the volume fraction of the liquid as:

( ϕ) = αl, hnf ϕ+ αs, hnf (1- ϕ). 

In the momentum equation, the source term S ( T ) is assumed as

 continuous equation for phase transient exploiting the Carman–

ozeny equation as [3] : 

 ( T ) = −A mush 
( 1 − ϕ ( T ) ) 

2 

ϕ ( T ) 
3 + ε 

(10)

The buoyant force which causes the liquid phase to rise and

atural convection happens, is modeled through the Boussinesq

pproximation as follows: 

�
 

 = ρhn f β�
 g 
(
T − T f 

)
(11)

ased on the problem description, the boundary conditions are

iven by: 
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eatedwall y = 0 : u = 0 , v = 0 , T = T h (12a)

ooledwall y = H : u = 0 , v = 0 , T = T c (12b)

eftwall x = 0 : u = 0 , v = 0 , 
∂T 

∂x 
= 0 (12c)

ightwall x = H : u = 0 , v = 0 , 
∂T 

∂x 
= 0 (12d)

here H is the width and height of the square enclosure. 

The following dimensionless variables are introduced to change

qs. (4) –( 7 ) into the non-dimensional form. 

 = 

x 

H 

, Y = 

y 

H 

, U = 

uH 

αl,b f 

, V = 

v H 

αl,b f 

, θ = 

T − T f 

T h − T f 
, (13a)

F o = 

t αb f 

H 

2 
, S ( θ ) = 

s ( T ) H 

2 

ρl,hn f αl,b f 

, μr = 

μhn f ( ϕ ) 

μb f 

, 

αr = 

αhn f ( ϕ ) 

αb f 

, P = 

P H 

2 

ρl,b f α
2 
l,b f 

(13b) 

ccordingly, the dimensionless parameters are obtained as follows:

a = 

g βb f 

(
T h − T f 

)
L 3 

αl.b f υb f 

, Ste = 

C l,b f 

(
T h − T f 

)
L 

, P r = 

υb f 

αl,b f 

(14)

here Ra , Ste, and Pr are the Rayleigh number, the Stefan num-

er, and the Prandtl number, respectively. Substituting Eqs. ( 13 )

nd ( 14 ) into Eqs. (4) –( 7 ), the non-dimensional form of the gov-

rning Eqs. (15) –( 18 ) is obtained as follows: 

Continuity: 

∂U 

∂X 

+ 

∂V 

∂Y 
= 0 (15) 

omentum in X -direction: 

∂U 

∂F o 
+ U 

∂U 

∂X 

+ V 

∂U 

∂Y 

= − ρb f 

ρhn f 

∂P 

∂X 

+ 

ρb f 

ρhn f 

μhn f 

μb f 

P r 

(
∂ 

∂X 

(
μr 

∂U 

∂X 

)
+ 

∂ 

∂Y 

(
μr 

∂U 

∂Y 

))

+ 

ρb f 

ρhn f 

S ( θ ) U (16) 

omentum in Y -direction: 

∂V 

∂F o 
+ U 

∂V 

∂X 

+ V 

∂V 

∂Y 

= − ρb f 

ρhn f 

∂P 

∂Y 
+ 

ρb f 

ρhn f 

μhn f 

μb f 

P r 

(
∂ 

∂X 

(
μr 

∂V 

∂X 

)
+ 

∂ 

∂Y 

(
μr 

∂V 

∂Y 

))

+ 

ρb f 

ρhn f 

S ( θ ) V + P rRaθ
( ρβ) hn f 

ρhn f βb f 

(17) 

nergy: 

∂θ

∂F o 
+ U 

∂θ

∂X 

+ V 

∂θ

∂Y 

= 

αhn f 

αb f 

(
∂ 

∂X 

(
αr 

∂θ

∂X 

)
+ 

∂ 

∂Y 

(
αr 

∂θ

∂Y 

))

− ( C p ) b f 

( C p ) hn f 

1 

Ste 

∂ϕ ( θ ) 

∂F o 
(18) 

he thermal diffusivity ratio in energy equation can be eval-

ated as 
αhn f (ϕ) 

αl,b f 
= 

ϕ αl,hn f +( 1 −ϕ ) αs,hn f 

αl,b f 
which it can be rewritten

s 
αhn f (ϕ) 

αl,b f 
= ϕαr l + ( 1 − ϕ ) αr s where αr l = 

αl,hn f 

αl,b f 
and αr s = 

αl,hn f 

αl,b f 
.

ere, αr denotes the thermal diffusivity ratio of hybrid nanofluid
l 
nd the base fluid for the liquid phase, and αr s indicates the ther-

al diffusivity ratio of the hybrid nanofluid in the solid phase and

he thermal diffusivity of the base fluid in the liquid phase. In

he solid phase, the nanoparticles are trapped in the solid struc-

ure and they cannot freely move. In addition, as the volume frac-

ion of the nanoparticles is very low, the changes in the thermo-

hysical properties of the solid phase could be negligible. Hence,

ither it can be assumed that the thermal diffusivity of the solid

ybrid nanofluid ( αs, hnf ) is equal to the thermal diffusivity of the

olid base fluid ( αs, bf ), which as a result yields αs, bf / αl, bf ≈1 or

he thermal diffusivity of the solid hybrid nanofluid ( αs, hnf ) can

e evaluated using the Maxwell model (Nc ≈4.0) for nanofluids. It

s worth considering that the change in the thermal diffusivity of

he liquid hybrid nanofluid ( αl, hnf ) due to the presence of hybrid

anoparticles is quite significant, and it must be considered. 

Eqs. (15) –( 18 ) are subjected to the following boundary condi-

ions. By using the variables ( 13 ), the non-dimensional boundary

onditions become: 

eatedwall Y = 0 : U = 0 , V = 0 , θh = 1 (19a)

oolingwall Y = AR : U = 0 , V = 0 , θc = 0 (19b)

eftwall X = 0 : U = 0 , V = 0 , 
∂θ

∂x 
= 0 (19c)

ightwall X = 1 : U = 0 , V = 0 , 
∂θ

∂x 
= 0 (19d)

here U , V , C , P and T are the X -velocity, Y -velocity, volume

raction of nanoparticles, pressure and the temperature of the

anofluid, respectively. The subscripts hnf , bf and p denote the

anofluid, the base fluid and the nanoparticles, respectively. The

elt volume fraction as a function of θ is written as: 

 ( T ) = 

{ 

0 θ < 0 

θ

θ

0 < θ < 
θ
1 θ > 
θ

(20) 

here 
θ = 


T 
T h −T f 

. The initial temperature in the non-dimensional

orm is evaluated as θ = 0 in the cavity. Following the study of

araki et al. [48] , the dynamic viscosity ratio and the thermal con-

uctivity ratio can be evaluated using: 

μhn f 

μb f 

= ( 1 + Nv × φ) (21) 

k hn f 

k b f 

= ( 1 + Nc × φ) (22) 

nd 

αhn f 

αb f 

= 

k hn f 

k b f 

( ρC P ) b f 

( ρC P ) hn f 

(23) 

here Nv and Nc are respectively the number of the dynamic vis-

osity and the number of the thermal conductivity as discussed by

araki et al. [48] . Nv and Nc generally could be functions of the

ize of nanoparticles, shape of nanoparticles, type of nanoparticles,

ype of the base fluid, and the method of preparation. However,

s discussed in Zaraki et al. [48] , each synthesized nanofluid could

ave a unique value of Nv and Nc Zaraki et al. [48] which could be

valuated using a linear curve fit of the experimental data. Table 1

hows some evaluated values of Nc and Nv evaluated using curve

tting of the available experimental data available in the literature.
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Table 1 

The evaluated of Nc and Nv for different samples of single and hybrid nanofluids. 

Case Refs. Bas fluid Temperature ( T ) Type ∗Size (nm) Shape Relative fraction Nc N ν

1 ∗ [12] Water – Ag 25 Irregular 0.5 20.3 6.26 

MgO 40 Irregular 0.5 

2 ∗ [42] Water 32 Al 2 O 3 17 Spherical 0.9 (g) 9.2 33.29 

Cu 17 Spherical 0.1 (g) 

3 ∗ [41] Water 20 MWCNT 10–30 L = 0.5–500 μm Cubic 0.74 (g) 82.59 122.34 

Fe 3 O 4 13 Cubic 0.26 (g) 

Water 40 MWCNT OD = 10–3 L = 0.5–500 μm Cubic 0.74 (g) 106.05 132.71 

Fe 3 O 4 13 Cubic 0.26 (g) 

4 ∗ [46] EG 30 ZnO 35–45 Spherical 0.5 6.68 –

TiO 2 30 Spherical 0.5 

EG 40 ZnO 35–45 Spherical 0.5 8.82 –

TiO 2 30 Spherical 0.5 

5 ∗ [28] Water 60 Cu 55 Spherical 0.5(g) 4.03 –

TiO 2 55 Spherical 5(g) 

6 ∗ [11] SAE40 25 MWCNTs OD = 5–15 ID = 3–5 – 0.2 – 38.62 

SiO 2 20–30 – 0.8 

SAE40 30 MWCNTs ID = 3–5 OD = 5–15 – 0.2 – 54.19 

SiO 2 20–30 – 0.8 

7 ∗ [16] EG 30 F-MWCNTs ID = 3–5 OD = 5–15 – 0.5 10.45 –

Fe 3 O 4 20–30 Spherical 0.5 

EG 40 F-MWCNTs ID = 3–5 OD = 5–15 – 0.5 13.6 –

Fe 3 O 4 20–30 Spherical 0.5 

EG 50 F-MWCNTs ID = 3–5 OD = 5–15 – 0.5 18.11 –

Fe 3 O 4 20–30 Spherical 0.5 

8 ∗∗ [34] Eicosane 15 CuO 5–15 Spherical – 1.31 –

Eicosane 25 CuO 5–15 Spherical – 1.20 –

Eicosane 35 CuO 5–15 Spherical – 4 –

9 ∗∗ [34] Eicosane 15 CuO 5–15 Spherical – 1.76 –

Eicosane 25 CuO 5–15 Spherical – 2 –

Eicosane 35 CuO 5–15 Spherical – 3.58 –

10 ∗∗ [34] Eicosane 15 CuO 5–15 Spherical – 1.23 –

Eicosane 25 CuO 5–15 Spherical – 1.57 –

Eicosane 35 CuO 5–15 Spherical – 2.14 –

11 [10] Water 25 TiO 2 21 Spherical – 3.87 7.65 

12 [21] Water 25 ZnO 150 Rectangular – 3.86 13.20 

13 [13] Water 25 MgO 40 Spherical – 7.70 12.05 

14 [8] Water 25 Al 2 O 3 44 Spherical – 14.1 15.62 

15 [1] Kerosene 25 Al 2 O 3 21 Spherical – 20.1 20.23 

∗ Hybrid nanofluids; 
∗∗ For the cases 8–10, each of the models are subject to different solidification procedures, e.g. ambient solidification, ice bath solidification and oven solidification 

method, respectively; ∗∗∗OD: Out Diameter, L : Length, ID = Inner Diameter. 
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3. Method of solution and validation 

First, the system of non-linear dimensionless partial differen-

tial Eqs. (15) –( 18 ) and its boundary conditions ( 19 ) are trans-

formed into a weak form, and then have been solved exploiting the

Galerkin finite element method Zienkiewicz et al. [50] . The conti-

nuity equation ( Eq. (15) ) is used as a constraint to satisfy the mass

conservation by control of the pressure distribution utilizing the

mass conservation. Although, the following constraint equation for

the continuity equation is utilized as a penalty parameter ( χ ) in

the momentum equations as described by [37] . Therefore, the pres-

sure can be written as 

P = χ

(
∂U 

∂X 

+ 

∂V 

∂Y 

)
(24)

Here χ is the penalty number, which has a large value. Using Eq.

(24) , the momentum Eqs. (16) and ( 17 ) become as follows: 

∂U 

∂F o 
+ U 

∂U 

∂X 

+ V 

∂U 

∂Y 

= − ρb f 

ρhn f 

∂ 

∂X 

(
χ

(
∂U 

∂X 

+ 

∂V 

∂Y 

))

+ 

ρb f 

ρhn f 

μhn f 

μb f 

P r 

(
∂ 

∂X 

(
μr 

∂U 

∂X 

)
+ 

∂ 

∂Y 

(
μr 

∂U 

∂Y 

))

+ 

ρb f 

ρhn f 

S ( T ) U (25)
∂V 

∂F o 
+ U 

∂V 

∂X 

+ V 

∂V 

∂Y 

= − ρb f 

ρhn f 

∂ 

∂Y 

(
χ

(
∂U 

∂X 

+ 

∂V 

∂Y 

))

+ 

ρb f 

ρhn f 

μhn f 

μb f 

P r 

(
∂ 

∂X 

(
μr 

∂V 

∂X 

)
+ 

∂ 

∂Y 

(
μr 

∂V 

∂Y 

))

+ 

ρb f 

ρhn f 

S ( T ) V + P rRaθ
( ρβ) hn f 

ρhn f βb f 

(26)

n Eqs. (25) and ( 26 ), the continuity Eq. (15) is satisfied for very

arge values of the penalty parameter ( χ = 10 7 ) [37] . Now, the ve-

ocities ( U and V ) as well as the temperature, θ , are expanded call-

ng a basis set { ξk } N k =1 
in the domain interval of −0.5 < X < 0.5 and

 < Y < 1 as, 

 ≈
N ∑ 

k =1 

U k ξ ( X, Y ) , V ≈
N ∑ 

k =1 

k k ξ ( X, Y ) , θ ≈
N ∑ 

k =1 

θk ξ ( X, Y ) (27)

It is worth mentioning that the basis function ζ for all of the

hree variables are the same, thus, the total number of nodes

s N = 3. By calling the introduced basis functions in Eq. (27) ,

he nonlinear residual equations ( R N ) of the governing equations,
i 
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R
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Table 2 

The required time for grid size independency. 

Cases Grid size Run time 

Case 1 100 × 100 14 h, 21 min 

Case 2 125 × 125 1 day, 6h, 12 min 

Case 3 150 × 150 2 day, 1 h, 20 min 

Case 4 175 × 175 2 days, 18 h, 27 mins 

Case 5 200 × 200 3 days, 10 h, 48 min 

Fig. 2. The liquid fraction for various grid sizes. 
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qs. (15) –( 18 ) can be rewritten as follows: 

 

1 
i = 

N ∑ 

k =1 

U k 

∫ 
�

∂ ξk 

∂F o 
ξi dX dY 

+ 

N ∑ 

k =1 

U k 

∫ 
�

[ ( 

N ∑ 

k =1 

U k ξk 

) 

∂ ξk 

∂X 

+ 

( 

N ∑ 

k =1 

V k ξk 

) 

∂ ξk 

∂Y 

] 

ξi dX dY 

+ 

ρb f 

ρhn f 

( 

N ∑ 

k =1 

U k 

∫ 
�

∂ ξi 

∂X 

[
( χ) 

∂ ξk 

∂X 

dX dY 

]

+ 

N ∑ 

k =1 

V k 

∫ 
�

∂ ξi 

∂X 

[
( χ) 

∂ ξk 

∂Y 
dX dY 

]) 

+ 

ρb f 

ρhn f 

μhn f 

ρb f 

P r 

[ 

N ∑ 

k =1 

U k 

∫ 
�

∂ ξi 

∂X 

(
μr 

∂ ξk 

∂X 

dX dY 

)

+ 

N ∑ 

k =1 

U k 

∫ 
�

∂ ξi 

∂Y 

(
μr 

∂ ξk 

∂Y 
dX dY 

)] 

+ 

ρb f 

ρhn f 

S ( T ) 

N ∑ 

k =1 

∫ 
�

( 

N ∑ 

k =1 

( U k ξk ) ξi 

) 

dX dY (28) 

 

2 
i = 

N ∑ 

k =1 

V k 

∫ 
�

∂ ξk 

∂F o 
ξi dX dY 

+ 

N ∑ 

k =1 

V k 

∫ 
�

[ ( 

N ∑ 

k =1 

U k ξk 

) 

∂ ξk 

∂X 

+ 

( 

N ∑ 

k =1 

V k ξk 

) 

∂ ξk 

∂Y 

] 

ξi dX dY 

+ 

ρb f 

ρhn f 

( 

N ∑ 

k =1 

U k 

∫ 
�

∂ ξi 

∂Y 

[
( χ) 

∂ ξk 

∂X 

dX dY 

]

+ 

N ∑ 

k =1 

V k 

∫ 
�

∂ ξi 

∂Y 

[
( χ) 

∂ ξk 

∂Y 
dX dY 

]) 

+ 

ρb f 

ρhn f 

μhn f 

ρb f 

P r 

[ 

N ∑ 

k =1 

V k 

∫ 
�

∂ ξi 

∂X 

(
μr 

∂ ξk 

∂X 

dX dY 

)

+ 

N ∑ 

k =1 

V k 

∫ 
�

∂ ξi 

∂Y 

(
μr 

∂ ξk 

∂Y 
dX dY 

)] 

(29) 

 

3 
i = 

N ∑ 

k =1 

θk 

∫ 
�

∂ ξk 

∂F o 
ξi dX dY 

+ 

N ∑ 

k =1 

θk 

∫ 
�

[ ( 

N ∑ 

k =1 

U k ξk 

) 

∂ ξk 

∂X 

+ 

( 

N ∑ 

k =1 

V k ξk 

) 

∂ ξk 

∂Y 

] 

ξi dX dY 

+ 

αb f 

αhn f 

( 

N ∑ 

k =1 

θk 

∫ 
�

∂ ξi 

∂X 

[
αr 

∂ ξk 

∂X 

dX dY 

]

+ 

N ∑ 

k =1 

θk 

∫ 
�

∂ ξi 

∂Y 

[
αr 

∂ ξk 

∂Y 
dX dY 

]) 

+ 

( C p ) b f 

( C p ) hn f 

1 

Ste 

N ∑ 

k =1 

f k 

∫ 
�

∂ ξk 

∂F o 
ξi dX dY (30) 

.1. Grid check 

The grid independency of the solution is examined by utiliz-

ng several grid sizes for the case of Pr = 0.0216, Ra = 2.1 × 10 5 ,
te = 0.039, A mush = 1.6 × 10 6 and φ = 0 Table 2 presents the re-

uired time for simulation of approximately 90% of melting for

arious grid sizes. In order to study the phase-change process, a

upercomputer with 40 GB of memory and 20 CPU cores each of

.2 GHz is used. As seen, by the increase grid nodes, the required

alculation time increases dramatically. Here, the variation of the

iquid fraction versus different grid sizes is depicted in Fig. 2 . The

elting front (the interface of solid and liquid) is considered as

= 0.5 in the present study. The results of this figure indicate that

he grid size of 150 × 150 can provide accurate results for most of

ngineering applications and graphical illustration of the results in

lmost a reasonable time. Thus, in the present study the grid size

50 × 150 is used to carry out the results. 

.2. Validation of the results 

Several studies have been done to measure the accuracy of the

resent research. Firstly, the results of the present study are com-

ared with both experimental Gau and Viskanta [14] and the nu-

erical results available in the literature for the case of a rectan-

ular cavity with an aspect ratio (height/width) of 0.714. 

Gau and Viskanta [14] have examined the melting interface uti-

izing the pour-out method and the probing method. In their study,

he left wall is hot while the top and bottom walls are insulated.

dditionally, the evaluated melting interface for this problem is

umerically reported by Kashani et al. [22] , Khodadadi and Hos-

einizadeh [23] , Brent et al. [5] and Tiari et al. [44] . The summary

f the available numerical results is plotted in Fig. 3 . Clearly, the

esults of the present study are in acceptable agreement with the

vailable results in the literature. In the case of Fo = 3.48, there is

 difference between the present results and the experimental re-

ults, however, they show an acceptable agreement with the nu-

erical results. In previous studies, the authors have concluded

hat the difference between the numerical and experimental re-

ults could be due to the method of evaluating the melting inter-

ace in the experiments of Gau and Viskanta [14] , since they mea-

ured the melting interface mechanically exploiting a manual me-

hanical probe. In the case with high values of Fo , the solid-liquid
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Fig. 3. A comparison of the experimental measurement of Gau and Viskanta 

[14] and numerical results available in literature with the results of the present 

study: isothermal hot wall at the left and isothermal cooled wall at the right while 

the bottom and top walls are insulated, Ra = 6 ×10 5 Pr = 0.0216. 

Fig. 4. A comparison of the benchmark study of Bertrand et al. [4] with the results 

of the present study ( τ = Fo × Ste ) when (a): (a): τ = 6 × 10 −3 (b): τ = 1 × 10 −2 . 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. The result of benchmark experimental of Kumar et al. [25] and the results 

of present study when Fo = 0.37, Fo = 1.1 and Fo = 2.2. 
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interface of melting could be unstable, as a result, distinguishing

the exact shape of the interface is hard. 

Secondly, a comparison is drawn between the results of the

present finite element code and the benchmark study of Bertrand

et al. [4] when Ra = 1 × 10 7 , Pr = 50and αs / αl = 1, for which differ-

ent authors have obtained the results of the melting interface for

a square cavity. The results are depicted in Fig. 4 . It can be seen

that there is a good agreement between the results of the present

study and the results available in the literature. 

Finally, the results are compared with the experimental results

reported by Kumar et al. [25] for melting of lead. Kumar et al.

[25] have studied the melting of lead contained in a stainless steel

cuboid, in which there was a heater located at one of the verti-

cal side walls of the cavity, providing a constant heat flux, since
Table 3 

Input provided for one case in simulation of Kumar et al. [25] . 

Heater input (right side) Prandtl number Stefan number R

16.3 kW/m2 0.0236 0.4 1
he other walls were insulated. The photography of the solid-liquid

nterface movement was carried out during melting of lead using

eutron radiography. Table 3 presents the non-dimensional param-

ters of the experimental setup of Kumar et al. [25] . In the experi-

ent of Kumar et al. [25] , before melting started, the temperature

as linearly distributed because the heater increased the temper-

ture on both sides. However, after the melting started, the tem-

erature at the right-hand side wall (the heater side) was higher

han the left-hand side wall. Since the experiment by Kumar et

l. [25] have been accomplished for the case of constant heat

ux, the Rayleigh number, Stefan number and the Prandtl num-

er should be calculated on the basis of the constant heat flux as

te ∗ =C p q 
′′ 

cond L 
4 

x /( kL ) and the Rayleigh number based on constant

eat flux can be written as Ra ∗ = g βq ′′ cond L 
4 

y /( k αν) and Ste ∗= C p
 

′′ 
cond L 

4 
x /( kL ). 

Fig. 5 depicts the comparison between the present results and

he photography carried out by Kumar et al. [25] using neutron

adiography. The solid-liquid interface has a curved shape in the

resent results and the results by Kumar et al. [25] . Additionally,

oth results show that the maximum and minimum depths occur

t the top and bottom of the enclosure, respectively. Moreover, as

o increases from 0.37 to 1.74, the depth of the solid-liquid inter-

ace increases which is accurately predicted by the present numer-

cal results. 

Finally, the results of the present study are compared with the

esults reported by Corcione [9] in Fig. 6 for the case of heating

rom bottom and cooling from top when Pr = 0.71 and Ra = 10 6 . In

ig. 6 , the streamlines and isotherms patterns of the present study

re compared with the results of Corcione [9] . As it can be seen,

he results are in a complete agreement with each other. 

. Results and discussion 

An enclosure with the size of L x = 4.5 cm, L y = 4.5 cm filled

ith Octadecane is chosen for the model of the present study.

he temperature at the bottom wall is T h = 40 ̊C and the tem-

erature at the cold wall is T c = 30 ̊C. The thermophysical prop-

rties of Octadecane are presented in Table 4 . Accordingly, the
ayleigh number Temp at left side (K) Temp at right side (K) 

.4 × 10 7 555 599 
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Fig. 6. The streamlines and isotherms patterns for Ra = 10 6 , Pr = 0.71, A comparison of the study of Corcione [9] and the results of present study. 

Table 4 

Thermophysical properties of Octadecane. 

Property Symbol Value Unit 

Density (Solid/Liquid) ρ 800 ( kg/m 

3 ) 

Thermal expansion coefficient β 2 × 10 −3 ( 1/K ) 

Fusion temperature T f 303.16 ( K ) 

Thermal conductivity (Solid/Liquid) k 0.2 ( W/m K ) 

Latent heat of fusion L 1.25 × 10 −5 ( J/kg ) 

Specific heat capacity (Solid/Liquid) C 1250 ( J/kg K ) 

Dynamic viscosity μ 8 × 10 −3 ( kg/m s ) 
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orresponding non-dimensional parameters are: Pr = 50, Ste = 0.1,

a = 1 × 10 7 and αs / αl = 1. These non-dimensional parameters are

onsidered as the default non-dimensional parameters in the

resent study. The calculations are carried out for this set of

on-dimensional parameters otherwise the value of the non-

imensional parameter will be stated. 

Following the experimental study of Esfe et al. [12] and the-

retical study of Zaraki et al. [48] , the magnitudes of ρbf / ρhnf ,

 ρC p ) bf /( ρC p ) hnf , C bf / C hnf and ρhnf βbf /( ρβ) hnf for most of nanoflu-

ds is about unity. Indeed, by using nanoparticles in the base fluid

nly the thermal conductivity and dynamic viscosity of the result-

ng nanofluid would change dramatically. Therefore, by considering

 ρC p ) bf /( ρC p ) hnf ≈1 and using Eq. (22) , the thermal diffusivity ratio

hnf / αbf can be simplified as 

αhn f 

αb f 

= 

k hn f 

k b f 

( ρC P ) b f 

( ρC P ) hn f 

= ( 1 + Nc × φ) × ( ≈ 1 ) = 1 + Nc × φ (31)

hus, in the present study, ρbf / ρhnf , ( ρC p ) bf /( ρC p ) hnf , C bf / C hnf and

hnf βbf /( ρβ) hnf are considered as unity. The dynamic viscosity ra-

io and the thermal conductivity ratio are evaluated using Eqs.

21) and ( 22 ); the thermal diffusivity ratio αhnf / αbf is also evalu-

ted using Eq. (31) . 

Figs. 7 –10 present the streamlines and isotherms for different

alues of the conductivity parameter, the viscosity parameter, the

olume fraction of nanoparticles, and the Fourier number. As it is

bvious, increasing the values of φ, Nc and Nv causes the depth of

he solid-liquid interface to increase. Likewise, augmentation in the

alue of Fo leads to increasing the depth of the solid-liquid inter-

ace. Additionally, comparing the effects of the conductivity param-

ter, viscosity parameter and the volume fraction of nanoparticles

or different values of Fourier number shows that for larger Fourier

umber, increasing φ, Nc and Nv has a much larger impact on the

olid-liquid interface. 

The effects of the nanoparticles volume fraction and the Fourier

umber on the melting front is depicted in Fig. 8 , while the val-

es of Nc and Nv are kept equal to 4 and 16, respectively. Obvi-

usly, increasing the volume fraction of nanoparticles from 0 to 2
ignificantly decreases the melting interface for large values of the

ourier number. In contrast, it is seen that increasing the nanopar-

icles volume fraction from 2 to 5 leads to a considerable augmen-

ation in the melting interface depth. Comparing Fig. 8 with Figs. 9

nd 10 , illustrate the fact that the trend of changing the depth in

he solid-liquid interface with the volume fraction of nanoparticles

s not similar for different values of the conductivity and the vis-

osity parameters. For instance, in Fig. 10 , in which the values of

c and Nv are equal to 4 and 16, respectively, increasing the val-

es of the nanoparticles volume fraction leads to the continuous

evelopment of the melting front for large values of the Fourier

umber. 

Figs. 11 –13 illustrate the effects of the conductivity and the vis-

osity parameters on the liquid fraction versus the Fourier num-

er for different values of the nanoparticles volume fraction. Fig.

1 clearly shows that the liquid fraction significantly decreases as

he conductivity parameter increases from 4 to 16, while the vis-

osity parameter is kept constant and equal to 16. Similarly, in-

reasing the viscosity parameter from 4 to 16 causes a substan-

ial decline in the values of the liquid fraction, as the conductivity

arameter is equal to 16. The same trend can be observed in Fig.

3 in which the nanoparticles volume fraction is equal to 5%. How-

ver, in the case when φ is equal to 2% ( Fig. 12 ), as the conductiv-

ty parameter increases from 4 to 16, the liquid fraction augments

ignificantly. It is worth mentioning that in all the three cases it is

redicted that when the conductivity parameter increases from 4

o 16 and at the same time the viscosity parameter decreases from

6 to 4, the liquid fraction increases, which means that the rate of

he melting increases. 

. Conclusion 

In the present study, the effects of the presence of nano addi-

ives on the natural convective melting process of nano-enhanced

ctadecane inside a cavity are investigated. The governing set of

quations was solved numerically using the Galerkin finite element

ethod. The temperature at the bottom wall T h is chosen to be

igher than the fusion temperature. The Prandtl number, Rayleigh

umber, Stefan number and the ratio between the thermal diffu-

ivity of the solid and liquid phases are kept constant equal to 50,

.1, 1 × 10 7 and 1, respectively. The effects of several parameters

uch as the volume fraction of nanoparticles, the conductivity and

iscosity parameters, and the Fourier number on the melting pro-

ess caused by natural convection are reported. The results can be

ummarized as follows: 

➢ The effects of the viscosity parameter, the conductivity parame-

ter, and the volume fraction of nanoparticles for different values
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Fig. 7. Streamlines and isotherms, when (a): F o = 0.15 (b): F o = 0.35 (c): F o = 0.6. 



M. Ghalambaz et al. / Journal of the Taiwan Institute of Chemical Engineers 72 (2017) 104–115 113 

Fig. 7. Continued 

 

 

 

 

 

 

 

of the Fourier number indicate that for larger Fourier numbers,

augmentation in φ, Nc and Nv causes larger variations in the

solid-liquid interface. 

➢ As the values of the nanoparticles volume fraction rise, contin-

uous increases in the depth of the melting front for large values
of the Fourier number can be observed, while the values of Nc

and Nv are equal to 4 and 16, respectively. 

➢ Increasing the conductivity parameter from 4 to 16 and simul-

taneously decreasing the viscosity parameter from 16 to 4 lead

to increasing the rate of the melting of the solid phase. 
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Fig. 8. The melting front for Nc = 4, Nv = 16. 

Fig. 9. The melting front for Nc = 16, Nv = 16. 

Fig. 10. The melting front for Nc = 16, Nv = 4. 

Fig. 11. Effect of φ = 1% Volume fraction of nano-hybrid on liquid fraction for vari- 

ous Nc and N ν . 

Fig. 12. Effect of φ = 2% Volume fraction of nano-hybrid on liquid fraction for vari- 

ous Nc and N ν . 

Fig. 13. Effect of φ = 5% Volume fraction of nano-hybrid on liquid fraction for vari- 

ous Nc and N ν . 
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It is worth mentioning that the low thermal conductivity of a

hase change material is the barrier for the efficiency of a thermal

ystem in many applications. In a Latent Heat Storage (LHS) sys-

em, a PCM is commonly utilized in sealed packages. Each pack of

CM is subject to the heat transfer with the working flow. For ex-

mple, in a solar energy system, the day light energy can be stored

n the PCM and then utilized during the night hours. In addition,

he release rate of the stored energy could be significantly higher

han its storage rate due to different demands. However, the PCM

acks can only absorb or release a limited amount of thermal en-

rgy at a time. The heat transfer potential of a PCM pack is limited

y the effective surface area of the package and the heat conduc-

ivity or natural convection mechanism inside the package. Thus,

ny practical method for the increase of the thermal conductiv-

ty and heat transfer in a PCM package could be of great inter-

st. As a result, a NEPCM with enhanced thermophysical properties

an be a potential candidate to be utilized as an alternative phase

hange media to the regular phase change material. In this regard,

n an invention, Khodadadi et al. [24] demonstrated that dispersed

anoparticles in the phase change material exhibit enhanced ther-

al conductivity in comparison to the base phase change mate-

ial. In accordance with the results of the present study, the use of

anoparticles with a high thermal conductivity parameter ( Nc ) and

 low dynamic viscosity parameter ( Nv ), finally improves the heat

ransfer rate of the thermal storage. However, there are other tech-

ological aspects such as the cost of nanoparticles and the overall

mount of the heat storage and the entropy generation yet needed

o be discussed in future studies. 
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