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Nomenclature

B = magnetic field strength
c = constant
DB = Brownian diffusion coefficient
DT = thermophoretic diffusion coefficient
k = thermal conductivity
Le = Lewis number
M = magnetic parameter
Nb = Brownian motion parameter
Nt = thermophoresis parameter
Nu = Nusselt number
Nur = reduced Nusselt number
Pr = Prandtl number
p = pressure
��c�f = heat capacity of the fluid
��c�p = effective heat capacity of the nanoparticle material
qm = wall mass flux
qw = wall heat flux
Rex = local Reynolds number
Shr = reduced Sherwood number
Shx = local Sherwood number
T = fluid temperature
Tw = temperature at the stretching sheet
T1 = ambient temperature
u, v = velocity components along x and y axis
uw = velocity of the stretching sheet
x, y = Cartesian coordinates (x axis is aligned along the

stretching surface and y axis is normal to it)
� = thermal diffusivity
� = dimensionless nanoparticle volume fraction
� = similarity variable
� = dimensionless temperature
�f = fluid density
�p = nanoparticle mass density
� = electrical conductivity of the fluid
� = parameter defined by ratio between the effective heat

capacity of the nanoparticle material and heat capacity
of the fluid. � � ��c�p=��c�f

’ = nanoparticle volume fraction
’1 = ambient nanoparticle volume fraction
’w = nanoparticle volume fraction at the stretching sheet
 = stream function

I. Introduction

T HE hydromagnetic flow and heat transfer of a viscous fluid
passover continuously moving surface has many practical

applications, especially in the field of metallurgy and chemical
engineering, such as extrusion of polymer plastic sheets, cooling of
metallic plate, drawing of paper films, glass blowing, paper
production, and magnetohydrodynamic (MHD) pumps [1].

Magnetic nanofluids are unique materials that have both the liquid
and magnetic properties. Many of the physical properties of these
nanofluids can be tuned up by varying the magnetic field. The mag-
netic nanofluids are easy to manipulate with an external magnetic
field; therefore, they have been used for variety of studies [2].

Nanofluid is described as a fluid in which solid nanoparticles with
the length scales of 1–100 nm are suspended in conventional heat
transfer basic fluid. It has been recognized that the addition of highly
conductive particles can significantly increase the thermal
conductivity of basic pure fluids. Buongiorno [3] developed an
analytical model for convective transport in nanofluids in which
Brownian motion and thermophoresis effect are taken into account.
Recently, the Boungiorno’s model [3] has been used by Kuznetsov
and Nield [4]. They studied the influence of nanoparticles on natural
convection boundary-layer flow past a vertical plate by considering
the effects of Brownian motion and thermophoresis parameters.

Very recently, Khan and Pop [5] analyzed flow and heat transfer of
nanofluids over a stretching sheet by considering dynamic effects of
nanoparticles including Brownian motion and thermophoresis.
Following that, Makinde and Aziz [6] applied convective boundary
condition on the sheet while Rana and Bhargava [7] considered a
nonlinear velocity for the stretching sheet. Hassani et al. [8] applied
the Homotopy analyses method and analytically analyzed model of
Khan and Pop [5]. Noghrehabadi et al. [9] considered the develop-
ment of partial slip effects on the boundary-layer heat transfer of
nanofluids in the presence of Brownian motion and thermophoresis
forces over an isothermal stretching sheet.

The present study aims to examine the combined effects of
Brownian motion, thermophoresis, and magnetic field on the steady
boundary-layer flow and heat transfer of nanofluids over a linear
isothermal stretching sheet.

II. Mathematical Model

Consider a two-dimensional viscous flow of a nanofluid over a
stretching surface in a quiescent fluid, in which the flow is
incompressible and steady-state. Auniform transversemagneticfield
with strength B is applied in the vertical direction. It is assumed that
the induced magnetic field is negligible in comparison with applied
magnetic field (as the magnetic Reynolds number is small), and the
external electric field and the electric field due to the polarization of
charges are negligible [10,11].

The stretching velocity of the sheet is linear; hence, it can be
represented as U� c:x where c is a constant, x is the coordinate
measured along the stretching sheet, and y is the coordinatemeasured
normal to the stretching sheet. The coordinate system and the scheme
of the problem are shown in Fig. 1. Although there are three distinct
boundary layers over the stretching sheet, only a single boundary
layer is shown to avoid congestion. The boundary layers over the
sheet are the hydrodynamic (velocity) boundary layer, the thermal
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boundary layer (temperature), and the concentration boundary layer
(volume fraction of nanoparticles).

The flow takes place at y� 0. It is assumed that the wall
temperature takes the constant value of Tw and the fraction of
nanoparticles takes the constant value of ’w at the stretching surface.
When y tends to infinity, the ambient values of temperature and
nanoparticle fraction attained to the constant value of T1 and ’1,
respectively. The variables ’ and T denote a fraction of nanoparticles
and temperature of flow, respectively. Under the previous
assumptions, in a Cartesian coordinates system of x and y the basic
steady conservation of mass, momentum, thermal energy, and
nanoparticle equations for nanofluids can be obtained as follows
[4,11]:
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The boundary conditions at the wall (i.e., y� 0) are defined as

v� 0; u�Uw�x�; T � Tw; 	� 	W; at y� 0

(6)

The boundary conditions at the far field (i.e., y!1) are defined as

v� u� 0; T � T1; 	� 	1; as y!1 (7)

The parameters of the above equations are introduced in the
Nomenclature.

To attain a similarity solution of Eqs. (1–5) subject to Eqs. (6) and
(7), the stream function and dimensionless variables can be posited in
the following form:

 � �c��1=2xf���; ��
�
c

�

�
1=2

y

���� � T � T1
TW � T1

; ���� � ’ � ’1
’W � ’1

(8)

The stream function is defined by u� @ =@y, v��@ =@x, so
that the continuity equation will be satisfied identically. By applying

the boundary-layer assumptions and the similarity transforms on the
remaining governing Eqs. (2–5), the following similarity equations
are obtained:

f000 � ff00 � f02 �Mf0 � 0 (9)

1

pr
�00 � f�0 � Nb�0�0 � Nt�02 � 0 (10)

�00 � Nt

Nb
�00 � Lef�0 � 0 (11)

Subject to the following boundary conditions:

At �� 0: f� 0; f0 � 1; �� 1; �� 1 (12)

At �!1: f0 � 0; �� 0; �� 0 (13)

where primes denote differentiation with respect to �. The
parameters of Pr, Le,M, Nb, and Nt are defined by

Pr� �
�
; Le� �

DB

; M� �B2

��c�f

Nb� ��c�PDB�	W � 	1�
��c�f�

; Nt� ��c�PDT�TW � T1�
��c�f�T1

(14)

The quantities of the local Nusselt number Nu and Sherwood
number Sh as important quantities in heat transfer are

Nu� xqW
k�TW � T1�

; Sh� xqm
DB�’W � ’1�

(15)

where qw is the heat flux and qm is the wall mass flux. Using defined
similarity transforms in Eq. (8), one can obtain

Re�1=2x Nu���0�0�; Re�1=2x Sh���0�0� (16)

Here, Rex � uw�x�x=� is the local Reynolds number based on the
stretching velocity [i.e., uw�x�]. Kuznetsov andNield [4] referred the
value ofRe�1=2x Nu as the reducedNusselt numberNur, and the value

of Re�1=2x Sh as the reduced Sherwood number Shr.

III. Results and Discussion

The set of ordinary differential Eqs. (9–11) are solved numerically
for the various range of the magnet parameter and for selected values
ofPr,Le,Nb, andNt. Numerical results were obtained using a finite
difference method basis on collocation points and Newton’s method
[12,13]. The accuracy of the solution was controlled less than 10�6

with an adaptive mesh scheme.
As a test of the accuracy of the solution, the values of Nur are

compared with those reported by Hamad [10], Khan and Pop [5],
Hassani et al. [8], Gorla and Sidawi [14], and Wang [15] in Table 1
when the effects of thermophoresis, Brownian motion, and magnetic
field are neglected.

For a typical case with Pr� 10, Le� 10, and selected
combination of Nt and Nb, the dependent similarity variables ����
and���� are plotted for a variation of themagnetic parameter ofM in
Figs. 2 and 3, respectively. In these figures the zero value of the
magnetic parameter simulates the stretchingmodel used in theworks
ofKhan and Pop [5] andHassani et al. [8]. Both ���� and���� tend to
zero as the distance increases.

Increase of the magnetic parameter increases the drag force and
consequently decreases the magnitude of the temperature and
concentration profile as well as thermal and nanoparticle boundary-
layer thickness, which are shown in Figs. 2 and 3. Figure 2 shows that
the increase of both the thermophoresis and Brownian parameters
increases the temperature and thermal boundary-layer thickness.
The Brownian motion tends to uniform the concentration of

Fig. 1 Boundary-layer configuration.
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nanoparticles, but, by contrast, the thermophoresis force tends to
move nanoparticles from hot to cold areas. These two different
effects, i.e., Brownian motion and thermophoresis, on the
nanoparticle concentration profiles are shown in Fig. 3. These
effects on the concentration profiles are most obvious when the
Brownian motion and thermophoresis parameters are comparatively
high. Furthermore, the magnetic field strongly influences the areas
that are far from the wall when Nb and Nt are comparatively high.
However, by decreasing these parameters, the effect of the magnetic
field on concentration profiles is also decreased.

The variation of the dimensionless heat transfer rate (i.e., reduced
Nusselt number) with respect to the thermophoresis parameter for
different values of the magnetic parameterM is shown in Figs. 4 and
5 when Le� 10. In these figures, for the case ofM� 0, neglecting
magnetic effects, the obtained profiles of the reducedNusselt number

are compared with results reported by Khan and Pop [5] and Hassani
et al. [8]. These figures depict that the reduced Nusselt number is
decreased by an increase of theBrownianmotion, thermophoresis, or
magnetic parameter. Increase of the magnetic parameter decreases
the motion of fluid in the boundary layer because of the induced drag
force, and thereby, it decreases the reduced Nusselt number. It is
interesting that for the water-based nanofluid types (Pr� 10) the
influence of magnetic parameter on the reduced Nusselt number is
decreased by increase of the Brownian motion or thermophoresis
parameter. By increasing the thermophoresis parameter, the
influence of the magnetic parameter on the reduced Nusselt number
is increased.

Comparison between Figs. 4 and 5 reveal that the reduced Nusselt
number is decreased by the increase of the Prandtl number.
Furthermore, the magnetic parameter has a significant effect on the

Fig. 2 Temperature profiles for selected values of M, Nb, and Nt.

Fig. 3 Profiles of nanoparticle volume fraction for selected values ofM,

Nb, and Nt.

Fig. 4 Variation of Nur with Nt for different values ofM and Nb when

Pr� Le� 10.

Fig. 5 Variation ofNurwithNt for different values ofMwhenPr� 1:0,
Le� 10, and Nb� 0:3.

Table 1 Comparison of results for reduced Nusselt number ��0�0�

Pr Hamad [10] Khan and Pop [5] Hassani et al. [8] Gorla and Sidawi [14] Wang [15] Present results Nb� Nt�M� 0

0.07 0.06556 0.0663 - 0.0656 0.0656 0.065565
0.2 0.16909 0.1691 0.1692 0.1691 0.1691 0.169089
0.7 0.45391 0.4539 0.4582 0.4539 0.4539 0.453916
2 0.91136 0.9113 0.9114 0.9114 0.9114 0.911358
7 1.89540 1.8954 1.8956 1.8905 1.8954 1.895404
20 3.35390 3.3539 3.3539 3.3539 3.3539 3.353917
70 6.46220 6.4621 6.4623 6.4622 6.4622 6.462290

688 J. THERMOPHYSICS, VOL. 26, NO. 4: TECHNICAL NOTES

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

A
R

Y
L

A
N

D
 o

n 
O

ct
ob

er
 1

8,
 2

01
4 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.T
38

66
 



reduced Nusselt number even for comparatively large values of the
thermophoresis parameterwhen the Prandtl number is comparatively
small.

IV. Conclusions

In the present paper, the effect of the magnetic field on the
boundary-layer flow and heat transfer of nanofluids past an
isothermal stretching sheet is investigated. The fluid flow boundary-
layer governing equationswere reduced to a set of nonlinear ordinary
differential equations using the similarity transformations and solved
numerically for different combinations of nanofluid parameters and
magnetic parameter. The findings can be summarized as follows:

1) The thermal boundary-layer thickness is increased by the
increase in magnetic parameter.

2) The reduced Nusselt number is a decreasing function of
magnetic parameter.

3) For comparatively high values of Brownian motion parameter,
the dominant effect on the reduced Nusselt number is the Brownian
motion effect while for comparatively small values of Brownian
motion parameter, the dominant effects are the magnetic and
thermophoresis parameters.

4) The effect of the magnetic parameter on the reduced Nusselt
number is decreased by the increase of the thermophoresis parameter
or Brownian motion parameter.
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