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Abstract
flow of a nanofluid over a stretching sheet. The obtained results agree well with the
The results of the presented solution provide an analytic solution,

An integral treatment is proposed for the analysis of the forced convection

numerical results.
which can be conveniently used in engineering applications. Four types of nanoparticles,
i.e., alumina (Al,Os3), silicon dioxide (SiO2), silver (Ag), and copper (Cu), dispersed
in the base fluid of water are examined. The analytical results show that an increase
in the volume fraction of nanoparticles increases the thickness of the thermal boundary
layer. The reduced Nusselt number is a decreasing function of the volume fraction of

nanoparticles.
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Nomenclature
(pc)s,  heat capacity of the fluid; kp, nanoparticle thermal conductivity;
(pc)p, effective heat capacity of the nanoparti-  Le, Lewis number;
cle material; Ng, Brownian motion parameter;
(pcp)nt, heat capacity of the nanofluid; Nr, thermophoresis parameter;
0, condition at infinity; Nu, Nusselt number;
Dz, Brownian diffusion coefficient; P, pressure;
dp, nanoparticle diameter; Pr, Prandtl number;
Dr, thermophoretic diffusion coefficient; Res, local Reynolds number;
g, gravitational acceleration vector; Shy, local Sherwood number;
h, local heat transfer coefficient; T, temperature;
Am, local mass transfer coefficient; T, ambient temperature attained as y tends
hnt, heat transfer coefficient of the nanofluid; to infinity;
K, thermal conductivity; Tw, temperature at the stretching surface;
Kz, Boltzmann constant; u, v, velocity components;
ks, thermal conductivity of the fluid; U, velocity of the stretching sheet;
knt, nanofluid thermal conductivity; W, condition at the stretching surface;
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T, Y, Cartesian coordinates; Lnf, viscosity of the nanofluid;
a, thermal diffusivity; D, fluid density;
B, volumetric expansion coefficient of the  pyf, nanofluid density;
fluid; Pps nanoparticle mass density;
A, boundary-layer thickness ratio; v, kinematic viscosity of the fluid;
e, concentration boundary-layer thickness; ©, nanoparticle volume fraction;
o, thermal boundary-layer thickness; w(n), dimensionless concentration profile;
T, heat capacity ration (pc)p/(pc)e; Poo, ambient concentration attained as y
0(n), dimensionless temperature profile; tends to infinity;
Lt viscosity of the fluid; DOw, ambient nanoparticle volume fraction.

1 Introduction

The analysis of the boundary layer flow and convective heat transfer passing a stretching
surface is very important in many industrial processes. The stretching phenomena occur in
a number of manufacturing processes in modern industry, e.g., metal and polymer extrusion,
hot rolling, drawing of plastic sheets, paper production, and continuous casting!’ 2/, In many
metallurgical processes such as drawing of continuous filaments through quiescent fluids and
annealing and tinning of copper wires, the properties of the final product depend greatly on
the rate of cooling or heating involved in these processes®l. Therefore, the rate of heat transfer
from the sheet and consequently the choice of a proper working liquid can significantly affect
the quality of the final product.

Recently, the study of the boundary layer flow and convective heat transfer in nanofluids has
gained a lot of attention because of the unique thermal properties of these fluids. Nanofluids
were first introduced in 1995 by Choil¥. They are solid-liquid composite materials consisting
of solid nanoparticles or nanofibers with sizes typically in the range from 1nm to 100nm,
suspending in a liquid. The dramatically enhancement of the thermal conductivity of nanofluids,
which can be achieved by dispersing a low volume fraction of host nanoparticles, has attracted
the attention of many researchers. A small amount (<1% volume fraction) of Cu nanoparticles
or carbon nanotubes, dispersed in ethylene glycol or oil, can increase the inherently poor thermal
conductivity of the liquid by 40% and 150%, respectivelyl>l. Conventional particle liquid
suspensions require high particle concentration (>10%) in the size of millimeter or micrometer so
as to achieve such enhancement. Nanofluids have many applications in industries since materials
of nanometer size have unique physical and thermal properties. Sun et al.[”) introduced a new
correlation based on their measured data to predict the effective thermal conductivity of the
nanofluids, considering the effects of the flow shear rate, the nanoparticle diameter, and the
nanoparticle volume fraction.

Sakiadis!®! analyzed the boundary layer flow over a continuous surface. Cranel® obtained an
exact solution for the boundary layer flow of a Newtonian fluid caused by the stretching of an
elastic sheet moving in its own plane linearly. Tsou et al.l'%! extended the research to the heat
transfer phenomenon of the boundary layer flow over a continuous moving surface. Magyari and
Keller" 12 studied the thermal boundary layer of moving surfaces. Wang['®! studied the free
convection from a vertical stretching surface. Gorla and Sidawil'¥ analyzed the characteristics
of flow and heat transfer from a continuous surface with suction and blowing.

Very recently, different aspects of the flow and heat transfer of nanofluids over a stretching
sheet have been analyzed numerically. Khan and Pop['%) studied the laminar boundary layer
flow and heat transfer of nanofluids over a linear stretching sheet. Makinde and Aziz[' assumed
that the sheet was thin and subject to a convective flow from below. Rana and Bhargavall”l
assumed a non-linear velocity for the sheet. Noghrehabadi et al.l'® considered a slip veloc-
ity on the surface because of the presence of nanoparticles in the base fluid. Noghrehabadi
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et al. examined the effect of magnetic field['?!, heat generation[?”), and convective boundary
condition®" on the boundary layer heat transfer of nanofluids over a linear stretching sheet.
In all of the mentioned studies!’®> 2!, the boundary layer approximations were utilized. The
governing partial differential equations were first reduced to a set of highly non-linear ordinary
differential equations, and then solved numerically.

Although the numerical methods are capable to obtain a reasonable solution for the bound-
ary layer heat and mass transfer of nanofluids, they need a large amount of computation.
Moreover, for each set of the non-dimensional parameters, the computation is repeated. In
contrast with the numerical solutions, the analytic solutions can provide a closed form solution
for the problem. In many engineering applications, a simple relation which clearly shows the
relation between the main characteristics of the problem and different non-dimensional param-
eters are highly demanded. Using such a simple analytic relation, engineers can easily and
rapidly calculate the physical characteristics of heat and mass transfer for any arbitrary value
of non-dimensional parameters.

In the present study, an integral method is utilized to analyze the boundary layer flow and
heat transfer of nanofluids along an isothermal stretching sheet. An integral solution, depending
on four dimensionless parameters, i.e., the Lewis number, the Prandtl number, the Brownian
motion parameter, and the thermophoresis parameter, is obtained and analytically solved. The
effect of different types of nanoparticles, namely, silicon dioxide (SiOs), silver (Ag), alumina
(Al303), and copper (Cu), on the thermal enhancement of water based nanofluids over an
isothermal stretching sheet is studied.

2 Problem definition and mathematical formulation

Consider the steady-state force convection boundary-layer flow of a water base nanofluid
along an isothermal stretching sheet. The nanofluid can contain different volume fractions of
nanoparticles. The z-coordinate is measured from the leading edge of the sheet, and the y-
coordinate is measured normal to the sheet. Figure 1 shows a schematic view of the stretching
sheet and the coordinate system. The surface of the stretching sheet is maintained at a constant
temperature of T,. The volume fraction of nanoparticles at the surface ¢, is assumed to be
constant. The nanoparticle volume fraction and the temperature of the nanofluid far from the
surface (ambient) are denoted by ¢, and T, respectively.

I
P T
\ o.———
c
X, U Ty, ¢
Slit —> 0 ~ —> U, (®)=ax
Stretching sheet

Fig. 1 Physical model and coordinate system

It is assumed that: (a) the flow is steady and incompressible, (b) the boundary layer ap-
proximations are applicable, and (c) the nanoparticles and the base fluid are in local thermal
equilibrium. With these assumptions, the governing boundary layer equations of mass, momen-
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tum, energy, and concentration of the nanoparticles can be written as follows['%:
ou  Ov
+ =0, 1
Jx Oy (1)
ou  Ou 1 Op u  0%u
“ oo )

Yo v Oy - pr Ox oxr? = 0y

ov ov 1 0p y(a% 8211)

Ox oy _Pf 0y 0x2 = Oy?
oT oT
uax —|—v8y
= oG Gy )+ T (G ()
+a(§1€ + Zf) (4)
v v or =504 00) ¢ 2 (5t ) )

where u and v are the volume-averaged velocity components in the x- and y-directions, respec-
tively. T and ¢ denote the temperature and the volume fraction of nanoparticles, respectively.
pr is the density of the base fluid, « is the thermal diffusivity, and v is the kinematic viscosity.
pp is the density of the particles. (pc)s is the heat capacity of the nanofluid, and (pc), is the
effective heat capacity of the nanoparticles. Dg and D are the Brownian diffusion coefficient
and the thermophoresis diffusion coefficient, respectively. The boundary conditions are

v=0, u=uw(x)=azx, T=T,, @e=¢, at y=0, (6)
u=v=0, T=Ts ¢=p at y— oo. (7)

To attain an integral solution, the energy equation (4) and the conservation equation (5)
can be rewritten as follows:

o(wT) O(T) v Ouy 0T Op 0T Dt s0T\2
ox + y _T<8y+8a:) _O‘ay2 +T<DB8y y Tm(ay) )’ (8)
Nup)  (Ou  Ov o(vyp) . 0*¢ Dy 0T
ox 90(83:—’—83:)—'_ ox _DB8y2 —’—Too oy?’ )
where
S (pc)p

(po)e

Now, with the continuity equation, Egs. (1), (8), and (9) can be reduced to

owT)  9(T) o*r Op OT Dy 0T\2
P + Ay aay2+r B8y8y+TToo<8y>’ (10)
2 2
Oug)  Ovp) _ p 0%  Dr 07T (11)

Ox Ox Oy Ts Oy2’
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Integrating the above equations and using the Leibniz integral rule yield

d [~ 0
da:/ quy—i—/O 8y(UT)dy
2

0
B ° 9°T 0 0T Dt [ /0T\2
—a/o 9y dy +7Dp oy 8ydy+TToo/0 (83/) dy, (12)

d & * 9
dx/o usoder/O ay(w)dy

o 32g0 DT o (92T

. 1
dy? dy+Too o 0y? d (13)

0
They can be further simplified as follows:

d o0
/ uT'dy + TooVoo — Tovo
dx 0

o) [ e (e

d o0
da /0 (up)dy + Voo Yoo — Voo

=200 = 2250y * 1 (5,) = 1 (o o 1)

Since the surface of the plate is impermeable and the flow outside the boundary layer is quies-
cent, it is assumed that

(ia(y))oo =0, wv9=0.

With these assumptions, Egs. (14) and (15) can be simplified as follows:

d o0
/ UT'dy + TooVoo
dx 0

o) e [ a7 (e
T ) oV

Similarly, integrating the continuity equation (1) from the surface to the outside of the
boundary layer yields

ou Ov

d [ d [
+ Y 0 = 33/0 udy +v vg=0=v 133/0 udy (18)
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Substituting v from Eq. (18) into Eqgs. (16) and (17) yields

d [ d [
Tdy — T
d /0 uT'dy d /0 udy

O g o3 L
ddx /OOO (up)dy — poo ;x /OOO udy
- _DB<Z§>0_£: (gz)o 20)
The second terms on the left-hand side of Egs. (19) and (20) can be derived as follows:
Too dda: /000 udy = dcis /000 uTpody — dj;oo /000 udy, (21)
Poo dda: /000 udy = dcis /000 UPoody — d;p;o 000 udy. (22)

Substituting the above equations into Eqs. (19) and (20) and considering that T and ¢oo
are constant yield

dda: /000 u(T — Too)dy

= —a(g)yton [ oo [ (5,) @)
di /Ooou(w—%o)dy

— (), P, o

The exact solution for the momentum equations (2) and (3), satisfying the boundary conditions
(6) and (7), can be obtained as follows!®l:

u = aa:ef\/gy, (25)
v = —(au)é(l —e_\/zy). (26)
There is an exact solution for the velocity profile. Therefore, the profiles of the dimensionless

temperature and concentration, satisfying the boundary conditions (6) and (7), are assumed as
follows:

T:CV __Tji’:o - erfc( 53;) (27)
(ZV__“;Z - erfc(?f), (28)

where d7 is the thermal boundary layer thickness, A is the ratio of the thermal boundary layer
thickness to the concentration boundary layer thickness d., and erfc is the complementary error
function.
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Substituting Egs. (25), (26), (27), and (28) into Egs. (23) and (24) yields

d o _ Y
By _
d /0 axe PY(Ty Too)erfc(aT)dy
O(erfe( ;’T )
Oy ’y:O

. /oo O(erfe( ) D(erfe(5Y))
0 dy dy

= —a(Ty — Tx)

dy

B (S

d [ Ay
—By _
da /0 are PY(py @oo)erfc< 5 )dy

O(erfc(2Y
= — Dp(pw — ¢s0) ( 8;5T ) ‘y:o
Dr d(erfe( )
— g Te=Te) (30)

After simplifying Eqgs. (29) and (30), the following two ordinary differential equations can be
obtained:

(5 (7 (1 ete(on)) +1))

2 A 1

Dt \/2 1 20
Ty — T , 1
+TTOO( ) 7T(ST+\/7T(ST (3 )

(7 (5 ere(5) +1))

2A Dr Ty —Te 2

=D . 2
B\/?T(ST+TOO Pw — Poo \/W(ST (3 )

Based on the scale analysis, the thermal boundary layer thickness can be written as follows[22:

sr= ", 6% (33)
Re?

where 47 is a constant, and

Re, = xuw(x)
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Substituting the above expression for ér in Egs. (31) and (32) yields

sre't (-1+ erfc(;a;)) + 6%
- \/7r2P7" + 2\J/V7v}r3 \/A§+ - \/iNT’ (34)
e (-1+ erfc(;A 51)) + 6
- \/27TALe + \/271' N]ZEe’ (35)
where
Ny = (pC)p(lZg()onf— Poo) (36)
Pr=" = C“]iff“f, (38)
Le = 11;“; (39)

In the above equations, Ny, N1, Pr, and Le represent the Brownian motion parameter, the
thermophoresis parameter, the Prandtl number, and the Lewis number, respectively.

Now, A and % can be obtained from the solution of Egs. (34) and (35). The main parameters
of interest are the reduced Nusselt number (Nu,) and the reduced Sherwood number (Sh,). The
reduced Nusselt number, indicating the dimensionless rate of heat transfer from the surface,
and the reduced Sherwood number, indicating the dimensionless rate of mass transfer from the
surface, can be written as follows:

Nug 1
Nu, = ul = x
Rez Ot
Sh A (40)
Sh’r = "f = * )
Re? OF
where
hx hm
N T = ; ha: = .
U= e 8 Dg

In the above equations, h and h,, are the local heat transfer coefficient and the local mass
transfer coefficient expressed by

k Dg
h = hm = .
or’ " oc
The accuracy acquired in the above approximate expressions may be examined by comparing
the heat and mass transfer results against the similarity solution. Our approximate formulae
given by Eq.(40) tend to overestimate the heat and mass transfer rate under these physical



Integral treatment for forced convection heat and mass transfer of nanofluids 345

limiting conditions. It is not unusual to have an error of 5% or more, depending on the assumed
profiles. Therefore, the situation is remedied by adjusting the multiplicative constant, namely,
replacing 1 by 1.14. Thus, the following approximate formulae can be proposed:

Nu, 1.14

Re% a 0% ’

Shy A 4D
L =1.14

Re? OF

As a comparison between the heat transfer coefficient of the base fluid and the heat transfer
coefficient of the nanofluid, we introduce the enhancement ratio as follows:

hot  (63)f knf\/ Ut
_ 7 42
he  (0%)nt ke \ vnt (42)

where
k . T a
h= 5o 5T_6T\/Rez’ \/Rer—\/vx.

Combining the similarity approach with the boundary layer approximations used by Noghre-
habadi et al.l'8l and Khan and Popl'%! yields the enhancement ratio as follows:

Bt (0'(0))nt knt [ vt
he — (07(0))s ke \/Unf’ (43)

where 6(0) is the non-dimensional temperature gradient at the surface, and

T-Ty

0= .
TW_TOO

3 Thermophysical properties

The thermophysical properties of the nanofluid are given in Table 112324/, The density of
the nanofluid is evaluated as follows!?%:

put = (1 = @)pt + @pp. (44)

The effective dynamic viscosity of nanofluids is evaluated by the Brinkman model?627 as
follows:

1223
/jfnf - (1 _ @)2'57 (45)

and the heat capacity of nanofluids (pCp)u¢ is computed by!2®!

(PCp)nt = (1 = ) (pCp )t + ©(pCp )p- (46)

The nanofluid thermal conductivity is evaluated by the Maxwell model as follows![29 39

kp + 2ks — 20(ke — kp)

kn :k )
M ke 4 2k + (ks — ky)

(47)

where the subscripts f and p represent the base fluid and the nanoparticle, respectively, and
the subscript nf denotes the nanofluid.
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Table 1 Thermophysical properties of water and nanoparticles[23 24

/(Wm=LK-1)  p/(kgm=3)  Cp/(Ikg 1K)  p/(kgm~1s1)

Fluid phase (water) 0.613 997.1 4179 1.002x 1073
Al>O3 40 3970 765 —
SiO2 36 3970 765 —
Ag 429 10500 235 —
Cu 401 8933 385 —

The Brownian and thermal diffusion coefficients are obtained from the following relations!2%:

KpTa
Dp = , 48
B 3 pintdp (48)
Dr = 8" o, (49)
Pnf

where Kp is the Boltzmann constant (1.38x10723 J-K~1), d,, represents the nanoparticle diam-
eter, and £ is the thermophoretic coefficient evaluated as follows[?5!:

ke

=0.2 .
p=0 62kf+kp

(50)

As a practical case, it is assumed that the temperature of the sheet Ty, is 40°C, and the am-
bient temperature T, is 20 °C. The size of the nanoparticles is 30 nm, and the ambient volume
fraction of the nanoparticles ¢ is the variable parameter. For convenience, the concentra-
tion difference Ay is assumed to be equal to the concentration of ambient, i.e., Ay = Q.
With Egs. (44)—(50) and the thermo-physical properties listed in Table 1, the dimensionless
parameters required in Eqgs. (34) and (35) can be calculated (see Table 2).

Table 2 Nanofluid properties and non-dimensional parameters as function of type and volume frac-
tion of nanoparticles

© knt Vnf Pr Le Nt Np
0.01 0.6307 1.00x10~6 6.5927 71859.93 1.97x10~6 1.01x10~7
Al,O3 0.03 0.667 2 9.95x10~7 6.1653 75224.21 6.20x10~6 2.90x10~7
0.05 0.7052 9.94x10~7 5.7943 79150.72 1.10x10~° 4.60x10~7
0.01 0.6306 1.00x10~6 6.593 6 71 859.93 2.18x10~6 1.01x10~7
SiO9 0.03 0.6670 9.95x10~7 6.1679 75224.21 6.93x106 2.90x10~7
0.05 0.7048 9.94x10~7 5.798 3 79150.72 1.12x107° 4.60x10~7
0.01 0.6314 9.40x10~7 6.1826 67 563.31 1.54%x10~7 8.76x108
Ag 0.03 0.6696 8.43%x107 5.1834 63731.01 4.90x10~7 2.78x10~7
0.05 0.709 3 7.73%x10~7 4.4522 61 597.45 8.66x10~7 4.80x10~7
0.01 0.6315 9.54x10~7 6.2873 68 546.83 2.29%10~7 1.20x10~7
Cu 0.03 0.6696 8.75%x10~7 5.4189 66 156.57 7.31x10~7 3.74x10~7
0.05 0.7093 8.17x10°7 4.7586 65 059.81 1.29%x10~6 6.34x10°7

The Prandtel number is a decreasing function of the nanoparticle volume fraction, while
the Brownian motion parameter and the thermophoresis parameter are increasing functions of



Integral treatment for forced convection heat and mass transfer of nanofluids 347

the nanoparticle volume fraction. It is interesting that the trend of the variation of the Lewis
number for different nanoparticles is different. The Lewis number is a decreasing function of the
nanoparticle volume fraction in the case of Ag and Cu nanoparticles, while it is an increasing
function of the nanoparticle volume fraction in the cases of Al,O3 and SiOs. In fact, the Lewis
number can be written as

3ndy pgy

KBTOO Pnf '

Therefore, for a specified size of nanoparticles (dp) and a fixed reference temperature (T ),
the Lewis number is solely a function of the dynamic viscosity and the density. It is clear
that the augmentation of the nanoparticle volume fraction increases the dynamic viscosity.
Moreover, in most cases, the density of the nanoparticles is much higher than the density of
the base fluid. Therefore, the addition of heavy nanoparticles will intensify the density of
the resulting nanofluid, and the increase in the volume fraction of nanoparticles will raise the
dynamic viscosity and the density simultaneously. Therefore, the trend of the variation of the
Lewis number for heavy nanoparticles with a very high density (metallic nanoparticles) is not
the same as that for metallic oxide nanoparticles.

4 Results and discussion

The system of Egs. (34) and (35) is solved with the practical dimensionless parameters listed
in Table 2 to obtain A and 67. As a test of the accuracy of the solution, the values of Nu, are
compared with those data reported by Wang!'3l, Gorla and Sidawi'¥, and Khan and Pop[*® in
Table 3 when the effects of the thermophoresis parameter and the Brownian motion parameter
are neglected. Table 3 shows that the present results are in good agreement with the results
reported by the previous studies.

Table 3 Comparison of results for reduced Nusselt number (Nu,) in pure fluid (Ng = Nt = 0)

Pr Wang[13] Gorla and Sidawill4] Khan and Popl15] Present study
0.2 0.1691 0.1691 0.1691 0.169 495
0.7 0.4539 0.4539 0.4539 0.449 663
2 0.9114 0.9114 0.9113 0.901 709
7 1.8954 1.8956 1.8954 1.886 892
20 3.3539 3.3539 3.3539 3.356 245
70 6.462 2 6.462 2 6.462 1 6.493 741

Table 4 shows the calculated values of 0} and 6 for different type and volume fractions of
nanoparticles dispersed in the water. The enhancement ratio is also calculated analytically. The
results are given in Table 5. The similarity equations are boundary value, seventh-order, and
highly non-linear. The similarity equations are solved by the Runge-Kutta-Fehlberg method
and the shooting technique with an error less than 1.0x107'%, The obtained accuracy of the
numerical results is validated against the results reported by Khan and Pop'® and Noghre-
habadi et al.'8]. Based on the results of Table 5, we can find that the maximum value of the
relative error is 1%. This error is not unusual, and it depends on the assumed profiles.

Figures 2 and 3 present the effects of the volume fraction of Al;O3 nanoparticles on the
concentration distribution and the temperature distribution, respectively. The results show
that the magnitude of the concentration profiles decreases smoothly when the volume fraction
of the nanoparticles increases from 0.00 to 0.05.
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Table 4 Thermal and concentration boundary layer coefficients for different types of nanoparticles

. Al,O3 SiOs Ag Cu
o7 * * L34 * 51 * 81 *
A =0 o1 A o1 A o1 A o1
0.01 0.005 736 0.6249 0.005 786 0.6248 0.005 487 0.6480 0.005 452 0.6419
0.03 0.005 623 0.6490 0.005 676 0.6489 0.005 648 0.716 6 0.005 548 0.698 6
0.05 0.005 504 0.6724 0.005 556 0.6721 0.005 593 0.7823 0.005 743 0.7527
Table 5 Enhancement ratio (hnt/hbe) for different types of nanoparticles
. Al, O3 SiOs Ag Cu
Numeric  Analytic Numeric  Analytic Numeric  Analytic Numeric  Analytic
0.01 1.0111 1.0110 1.0110 1.0109 1.0071 1.006 6 1.0093 1.0089
0.03 1.0327 1.0323 1.0326 1.0321 1.0209 1.0193 1.0277 1.026 3
0.05 1.0546 1.0536 1.5439 1.0535 1.0353 1.0329 1.046 2 1.044 2
1.0 1.0
0.8 Al,Og-water 0.8 Al,Og-water
0.6 - 0.6
= =
< 5
0.4+ 04k
¢=0.00, 0.03, 0.05 ¢=0.00, 0.03, 0.05
0.2+ A 0.2+
L L — 1
0 0005 0010 0015  0.020 0 0.5 1.0 15 2.0
n n
Fig. 2 Profiles of dimensionless concentra- Fig. 3 Profiles of dimensionless temperature for
tion for selected values of volume selected values of volume fraction of
fraction of Al;Os nanoparticles Al2O3 nanoparticles

As the volume fraction of Al;Og3 increases, the thermal conductivity increases, and conse-
quently, the thermal boundary layer thickness increases. An increase in the volume fraction
of Al;O3 nanoparticles will decrease the thickness of the concentration boundary layer. These
results are in good agreement with the results listed in Table 4. The same trend of results
is observed for SiO2 nanoparticles. Therefore, the concentration and temperature profiles for
SiOs are omitted here.

The effects of the volume fraction of Ag nanoparticles on the concentration and temper-
ature distributions are illustrated in Figs.4 and 5, respectively. These figures reveal that an
increase in the volume fraction of the nanoparticles will increase the thickness of the thermal
and concentration boundary layers. The same trend of results is observed in the case of Cu
nanoparticles. In the case of Ag nanoparticles, the variation trend of the concentration bound-
ary layer thickness is not in agreement with that of Al,Os nanoparticles. This is because that
the Lewis number is an increasing function of the nanoparticle volume fraction in the case of
metallic oxide nanoparticles (AloOs and SiOs) while a decreasing function of the nanoparticle
volume fraction in the case of metallic nanoparticles (Ag and Cu) (see Table 2).
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1.0 1.0
Ag-water _

0.8 g 08 Ag-water

0.6 - 0.6
= =
s g

04+ 0.4

£=0.00, 0.03, 0.05
£=0.00, 0.03, 0.05
02 0.2 F
1 1 L
0 0.005 0.010 0.015 0.020 0 0.5 1.0 1.5 2.0
n n

Fig. 4 Profiles of dimensionless concentra-
tion for selected values of volume
fraction of Ag nanoparticles

Fig. 5 Profiles of dimensionless temperature for
selected values of volume fraction of Ag
nanoparticles

Figures 6 and 7 display the behaviors of the concentration profiles and the temperature
profiles with different nanofluids for ¢ = 0.05. These figures show that different types of
nanoparticles have different significant effects on the variations of the concentration and tem-
perature profiles. The thickness of the boundary layer for the concentration of nanoparticles is
found to be smaller than that of the thermal boundary layer thickness when Le > 1.

1.0 1.0
0.8 0.8
0.6 0.6
= =
S 54
0.4 0.4
0.2 0.2
0 ' 0
0.005 0.010 0.015 0.020 2.0
n
Fig. 6 Concentration ¢(n) profiles for dif- Fig. 7 Temperature 6(n) profiles for different

ferent types of nanoparticles when types of nanoparticles when @oo = 0.05

P00 = 0.05

The reduced Nusselt number as a function of the volume fraction of nanoparticles is depicted
in Fig.8. This figure reveals that an increment in the volume fraction of nanoparticles will
decrease the magnitude of the reduced Nusselt number for all investigated types of nanoparticles
when the nanoparticle volume fraction increases. Then, when the thermal boundary layer
thickness increases, the reduced Nusselt number decreases. As seen in the figure, these results
are in good agreement with the variation of the thickness of the thermal boundary layer. It is
clear that the decrease in the reduced Nusselt number for Ag nanoparticles is very significant.

The effects of the nanoparticle volume fraction on the reduced Sherwood number for different
types of nanoparticles are illustrated in Fig.9. This figure interestingly shows that the increase
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in the nanoparticle volume fraction decreases the reduced Sherwood number in the cases of Cu-
water and Ag-water nanofluids, while the reduced Sherwood number is an increasing function
of the volume fraction of nanoparticles in the cases of AloO3-water and SiOs-water nanofluids.
This is because that the increase in the nanoparticle volume fraction will decrease the thickness
of the concentration boundary layer in the cases of AloOs-water and SiOs-water nanofluids;
however, it increases the thickness of the concentration boundary layer in the cases of Cu-water
and Ag-water nanofluids.
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Fig. 8 Reduced Nusselt number profiles for Fig. 9 Reduced Sherwood number profiles for
various values of ¢ various values of ¢

5 Conclusions

The effects of metallic oxide (AlO3 and SiO2) and metallic (Ag and Cu) nanoparticles on the
concentration and thermal boundary layer over an isothermal stretching sheet are analytically
investigated. The advantage of the present integral method is that it successfully provides an
analytic approximate solution to the highly non-linear governing equations. The analytical
solution is non-dimensional. Therefore, the obtained results can be easily utilized for different
nanofluids and temperature boundary conditions in practical applications. The results indicate
that there is a significant difference between the metallic and metallic oxide nanoparticles on
the trend of the concentration thickness of the boundary layer. An increase in the nanoparticle
volume fraction will raise the concentration boundary layer thickness in the case of metallic
nanoparticles. In contrast, an augmentation of the volume fraction of nanoparticles will reduce
the thickness of the concentration boundary layer in the case of metallic oxide nanoparticles.
For all investigated types of nanoparticles, an increase in the nanoparticle volume fraction will
raise the thickness of the thermal boundary layer. The effects of variations of the nanoparticle
volume fraction are also examined on the heat and mass transfer rate for different types of
nanoparticles. It is found that metallic oxide nanoparticles (AloOg and SiOs3) prove higher
cooling performance than metallic (Ag and Cu) nanoparticles over a stretching sheet.
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