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ARTICLE INFO ABSTRACT

Keywords: This study investigates the hydro-thermal behavior of two immiscible fluids in a wavy cavity subjected to an
Heat transfer inclined magnetic field and heat flux. The cavity contains a nanofluid layer beneath an air layer, with partial
Nanofluid = bottom heating and cooled vertical walls. The effects of Rayleigh number (Ra: 10°-10%), wave amplitude (wq:
Ié:gilgmble fluids 0.01-0.15), wave number (w,: 0-6), Hartmann number (Ha: 0-50), magnetic field inclination (y: 0°-90°), and
Heat flux nanoparticle concentration (p: 0-0.1) are examined. Results show that increasing Ra enhances heat transfer

MHD significantly, with Nug, rising by 203 % from Ra = 10° to 10°. Wall waviness effects are more pronounced at
lower Ra, while magnetic fields suppress heat transfer at higher Ra. Nanoparticle addition enhances heat
transfer, particularly at higher Ra. The study concludes that optimizing cavity geometry, magnetic field pa-
rameters, and nanoparticle concentration can significantly improve heat transfer efficiency, especially at higher
Ra. These findings provide valuable insights for designing efficient thermal management solutions in various

industrial applications.

1. Introduction

Heat transfer technology, whether forced or natural, plays a crucial
role in engineering and industrial applications. However, both me-
chanical engineers and academic researchers always strive to find the
best compromise scenario between maximum thermal efficiency and
minimum power consumption. Cavity or enclosure is one of the most
common physical confining geometries that can be found in many ap-
plications, such as solar collectors [1,2], electronic device coolers [3],
passive cooling techniques [4], and so on. Consequently, numerous
studies investigate cavities of various types, geometric configurations,
and operating conditions.

The basic geometry of a cavity is the square, which has been studied
by numerous researchers, to name but a few [5-7]. It had been studied
considering different working fluids [8,9], orientation and boundary
conditions [10,11] and all other possible modifications. Studies
extended to consider different regular shapes like rectangular [12,13],
triangular [14,15], circular [16,17], trapezoidal [18-20], elliptical [21,
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22], octagonal [23,24], etc. Also, irregular or combined geometries have
been investigated like I-shape [25,26], H-shape [27-29], E-shape [30,
31] etc. It is worth mentioning that all the aforementioned geometries
are tested at different operating conditions like laminar or turbulent
flows and different working fluids starting from low Prandtl number
fluids to high ones.

A cavity with a corrugated wall or walls was one of interest to re-
searchers due to its merits in altering fluid motion inside the cavity [32].
Hagq et al. [33] studied a horizontal waved wall porous cavity influenced
by an external magnetic field. They found that the corrugation profile
can affect the fluid motion and Nu majorly but it has a minor effect on Da
and Ha numbers. On the other hand, Selimefendigil and Oztop found in
their study [34] stated that corrugation profile had a negative effect on
the quantity of transferred heat although it can enhance HT at low
corrugation degree.

Other researchers focus on the effect of applying an external mag-
netic field to a cavity. Bozhko et al. [35] conducted an experimental
study to investigate the effect of an external constant magnetic field on a
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fluid that filled a spherical cavity. They observed that applying a hori-
zontal magnetic field can strongly weaken the convection strength,
indicating the impact of magnetic force on heat transfer magnitude. In a
similar context, Sheikholeslami et al. [36] numerically simulated the
hydrothermal characteristics of an alcohol-based fluid using the Lattice
Boltzman method. Their results supported the fact that magnetization
has a negative impact on heat transfer. Gangawane [37] studied the
effect of the cavity orientation, and he found the maximum negative
impact on the natural convection heat transfer inside the cavity can
occur when applying a 45-degree magnetic field to the cavity. Dixit and
Pattamatta [38], on the other hand, discovered that applying a magnetic
field can either decrease or increase the heat transfer rate, depending on
the volume fraction of the ferrofluid. Ramesh et al. [39] investigated
hybrid Casson nanoliquids under MHD effects, demonstrating that
temperature distribution showed positive correlation with both Prandtl
and Hartmann numbers, providing valuable insights for thermal man-
agement applications. Reddy and Ramesh [40] examined magnetohy-
drodynamic convective nanofluid flow over a wedge surface,
incorporating binary chemical reaction and Arrhenius activation en-
ergy, revealing enhanced flow characteristics with increasing wedge
angle and temperature ratio parameters. Ramesh [41] studied
Ree-Eyring hydromagnetic fluid flows through porous media with slip
boundary conditions and thermal radiation effects, though the provided
abstract appears to discuss a different topic. Gajbhiye et al. [42]
analyzed non-Newtonian fluid flow in microchannels with EMHD and
thermal radiation, finding that Darcy number and Casson fluid param-
eters enhance velocity profiles while radiation parameters suppress
temperature profiles.

Recent studies have demonstrated the effectiveness of two-phase
Lattice Boltzmann Method (LBM) for modeling nanofluid behavior in
enclosures. For example, Abdollahzadeh et al. [43] showed improved
prediction accuracy for nanoparticle distribution using LBM. Qi et al.
[44,45] demonstrated better capture of interfacial phenomena with
two-phase approaches. However, for our specific configuration, where
the primary focus is on bulk fluid behavior and overall heat transfer
characteristics rather than detailed particle-fluid interactions, the
single-phase model provides sufficient accuracy while being computa-
tionally more efficient.

There are few studies that are concerned with two superposed
immiscible fluids in the same cavity. The problem has direct applications
in many industrial and engineering applications where occurrence of
two superposed fluid confined together is the practical situation. Oue-
slati et al. [46] introduced an analytical solution for such problems using
a parallel flow approximation and a numerical solution. The study
aimed to compare the two models by analyzing the average Nusselt
number, as well as the temperature and velocity contours. Liu et al. [47]
studied the effects of thermo-gravitational forces and surface tension in
several layers of liquid. They used the finite difference method to
numerically solve the governing equations with a Boussinesq approxi-
mation. Their findings revealed the appearance of typical convection
patterns during interfacial tension, which played a critical role in
determining them. The research by Ouahouah et al. [48] was mostly
about how the dynamic viscosity and thermal diffusivity ratios affect the
temperature and stream function patterns in the cavity. The results
showed that when the surface tension gradient made the advective
transport rate low, the fluid moved from low interfacial tension values to
high values more quickly. Salari et al. [49] performed a
three-dimensional case study to explore the effect of nanofluid interface
aspect ratio on the overall thermal performance of two layers of fluids;
the upper was air and the lower was composed of a nano-water-based
fluid. The entropy generation was decreased on the other hand with a
high Ra number.

The studies on wavy cavity configuration with two immiscible fluid
layers have several important industrial and engineering applications.
The wavy walls improve heat transfer by giving the fluid more surface
area and better mixing. This shape works especially well for small heat
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Fig. 1. The geometry of the case study.

exchangers because it improves thermal performance while keeping the
size small, which is important for cooling electronics and HVAC systems.
In solar thermal collectors, the two-layer system with nanofluids can
improve heat absorption and transfer efficiency. The enhanced mixing
due to wavy walls is beneficial in chemical processing equipment, spe-
cifically in reactors where two immiscible fluids are involved. The
magnetic field control offers an additional parameter for regulating heat
transfer in industrial cooling systems where electromagnetic fluids are
used. The configuration is also applicable in microfluidic devices,
particularly in lab-on-chip applications where controlled heat transfer
between immiscible fluids is required. Furthermore, the two-layer sys-
tem can be effectively applied in energy storage systems where phase
change materials or heat transfer fluids are utilized for thermal energy
storage.

A close study of the literature mentioned earlier shows that re-
searchers haven’t paid much attention to the problem of having more
than one layer of fluid inside an enclosure, especially when it comes to
the effects of magnetic fields and wall waviness working together. The
present study aims to answer several key research questions: How do
wavy walls affect heat transfer in two-layer immiscible fluid systems?
What is the impact of an inclined magnetic field on the flow patterns and
thermal behavior of such systems? What is the impact of adding nano-
particles on the heat transfer characteristics across the fluid interface?

The novelty of this work lies in its comprehensive investigation of
these combined effects, which has not been previously explored. We
present the first in-depth study of the thermophysical properties and
flow patterns in a two-layer system of immiscible fluids inside a corru-
gated chamber when an inclined magnetic field is present. The results of
this study have significant implications for various practical applica-
tions, particularly in desalination chambers where enhanced heat
transfer and controlled fluid mixing are crucial for system efficiency.

2. Problem formulation

The considered case of study composes of two immiscible layers of
two fluids rested in a cavity as shown in Fig. 1. The upper layer where air
is located occupies 0.2 of total depth of the cavity while the lower layer
contains a nanofluid that fills the remaining section of the cavity. An
interface line isolated them from each other. Heat flux is applied to a
partial section of the bottom wall of the cavity, while the rest is insulated
as the upper wall. The two vertical wavy walls are kept at the lower
temperature of the system T.. These walls are corrugated with wy,
number of waves that their amplitude is extended up to w, unit of length.
The entire system is subjected to an inclined magnetic force that is
directed from the outside. The wavy vertical walls follow a sinusoidal
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profile described by the equation: x = A-sin(zﬂwn%') where A is the

wave amplitude (w,) varying from 0.01 L to 0.15 L, and wy, is the number
of waves (0 to 6). The heated section on the bottom wall extends from x
= 0.25L to x = 0.75L. The total cavity width L is taken as the charac-
teristic length for non-dimensionalization of the governing equations.

The mathematical model for this study is developed based on several
key assumptions. The flow is considered steady-state, laminar, and
incompressible, with constant fluid properties except for density in
buoyancy terms (Boussinesq approximation). A no-slip condition is
assumed at all solid boundaries. Both fluids are treated as Newtonian,
with uniformly distributed nanoparticles in the lower layer and
temperature-independent thermophysical properties. Heat transfer
considerations include negligible viscous dissipation, no radiation ef-
fects, stable fluid interface, and thermal equilibrium between nano-
particles and base fluid. For electromagnetic effects, the induced
magnetic field is considered negligible compared to the applied field,
while electric field effects and Hall effect are neglected. These assump-
tions are consistent with similar studies in the literature and are valid
within the parameter ranges investigated in this work. [50-52].

For air domain continuity equation:

du ov

x O ¢9)

momentum conservation equations:

ou du_ 1ldp Pu °u] Fy

Y e e @
v v 1 dp Pv V] 8B, F,
Yy T {axﬁ&yz] . T ®

where Fy and Fy are the Lorentz force components. They are defined by
[53]:

Fy = 04 B} (vsin (y)cos (y) — usin® (y)) @

F, = 6, B (usin (y)cos (y) — vcos® (7)) (5)
where 64, By, Vg, Pg and y are electrical conductivity of air, magnetic
field density, kinematic viscosity of air, density of air, and magnetic field
inclination angle, respectively. energy equation:

u?l + T it + o’ ©)
ox  dy  “|ox2 ' ay?
where oy is thermal diffusivity of air.
For nanofluid domain
Continuity equation:
ou oy
4270 7
PR By @
momentum conservation equations [54]:
ou  du 1 dp Pu u] F
—4Vv—= —— = —+—|+—= 8
Yy T Tpy e [0x2+0y2} e ®
LR . v 0*v]  &(PH)y F,
— V= Uy — T-T.)+-~ 9
o e ] T TN O

where Fy and Fy are the Lorentz force components. The are defined by
[53]:
Fy = o4 Bj(vsin (y)cos (y) —usin® (7)) (10)

F, = oo B} (usin(y)cos(y) — veos®(y)) an
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where 654, Un; and ppyare electrical conductivity of nanofluid, kinematic
viscosity of nanofluid, and density of nanofluid, respectively. energy
equation [54]:

oT oT PT *T
nf|: :| (12)

U=+ Vo = Oy |5y + oy
ox ay ox?  gy?
The balance between shear stress, temperature continuity, and heat
flux determines the thermal and viscous conditions at the interface of the
fluid layers. The boundary conditions at the interface line can be defined
as:

Ug = Upf, Vag=Vyr =00<x<L, y=081L 13)
0T, 0Ty kq 0T,  kys 0Ty
Ty = Ty, ka— =ky —>— == 0<x<L y=08L
Ty Ty Tk ke dy

14

Introducing the following parameter in order to get the non-
dimensional form of abovementioned governing equations:

X y uL pL? T —T.
x=Xy-Y -t oy VL p P, .
L’ L af’ as pea?’ AT of
_ ke oy Razw, Ha:BoL\/E, ar= 4L
(pCp)nf (o7 asls M kf

where Pr, Ra, and Ha are Prandtl number, Rayleigh number, and Hart-
mann number, respectively. The non-dimensional equations can be
written as [49,54]:

For the air layer:

ou v
&JFE/:O (15)
U _oU P, (U U

*(‘ﬁ*"ay) “ax <ﬁ*ﬁ>

+%PrHa (Vsin(y)cos(y) — Usin®(y)) (16)

f

Pa (o YOV _ P pap (FV IV | (oh),
. <U6X+V6Y> aY+/4fP % ave) ), PrRa¢

+ % Z—fPrHa2 (Usin(y)cos(y) — Vcos?(y)) a7

‘f Fa
PCo)y (.00 00\ k (0*0 %0
oGy, (Uax”ay) 7(@*@) a8
For the nanofluid layer:
ou v
x ar=° 19)
2 2

@(Uaij+vai])_ oP 'u"f (M M)
p \Cax T aY) T X Ty \ax T ove

+ PrHaZU—"f (Vsin(y)cos(y) — Usin®(y)) (20)

f
g OV OV 0Py [PV VN | (Ph)y
(Uax+vay = o T Mo o) T, R
+ PrH?%Y . " (Usin(y)cos(y) — Vcos?(y)) @n
f
(PCo) (00 00\ ke (PO %0
- — )| =" (—=+—= 22

(G, (U0X+V6Y> kf<ax2+aY2> 22)

Generally, the calculation of Nusselt number is based on the heat flux
at the wall [49].
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Table 1
Thermal-physical properties of water, air, and TiO, nanoparticles. [55,56].
p (kg. Cp(J. kg L. k(W.m B (1/K) p(kg. m L
m %) K K sh
Pure 997.1 4179 0.613 21 x 1.003 x
water 10°° 1073
TiO, 4250 686.2 8.95 0.9 x -
107°
Air 1.25 1005 0.0257 3.43 x 3.178 x
1073 10°°
h(x).L q ke x AT
Nu(x) = h(x) = = 23
() =" R =g tgmd =7 23)

By using the dimensionless parameters, and rearranging the local
Nusselt number, yields [49]

a
-Nu(x)—(”c)L— LxK xAT AT 1
N K K x(T-T)xL T-T. 0X)

(24)

1
Nitgy — % / Nu(X)dx (25)

The enclosure’s upper and lower regions were characterized by
distinct physical properties corresponding to air and nanofluid, respec-
tively. While air properties remained constant (as detailed in Table 1
[55,56]), the nanofluid’s properties varied as functions of the solid
volume fraction (¢). The key nanofluid properties are defined by the
following relationships [2]:

Pog = (1= )pe + bp, (26)
where ¢ is the nanofluid solid volume fraction. Also, ayy is the thermal
diffusivity of the nanofluid and is given by:

knf
(PCp) ¢

Qnf = (27)

where (pGp)yy is the specific heat capacity of the nanofluid and it is
determined by [57]:

(PCp)us = (1 — ) (pCp); + ¢(pCp), (28)

In addition, (pp)ys is the thermal expansion coefficient of the nano-
fluid and is expressed as:

(PB)ns = (L =) (pB)¢ + d(pB), (29)

Moreover, iy is the effective dynamic viscosity of the nanofluid
which is given by [2] as:

Ji
30
Mg (1 7¢)2_5 ( )

n
RV = Uk/ A dX dY + 1
k=1

= Q

(£ ()

0X 0Y

& XX

1 ()A 0/\1( a/\ ()Ak Uq aA ()Ak
[ZUk dXdY+ZVk LTk axdy +22 PrZUk/[aX X
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the thermal conductivity of nanofluid k¢ is given by [56]:

(kp + 2ks) — 24 (ke — ky)
(ky + 2ke) + (ke — k)

kns = k¢ 31

3. Numerical methodology

The well-known Finite Element using Galerkin method (FEGM) is
utilized to solve the governing equations of continuity, momentum, and
energy. Using the benefit of the law of mass conservation, the afore-
mentioned Eq. (15) can be used as a constraint to solve the two-
components equations of momentum., Eqs. (16) and (17) [58,59]. In
this way, Eqs. (16-18) can be solved by introducing penalty parameters
n and v to satisfy the continuity equation:

U oV Pa
pP= =ya 2
”<6X+6Y> where n = ypf (32)
Now using the above equation, the dimensionless momentum
equations for upper air layer can be re-written as:
ou _oU 9 (aU av> yapr(azu U )

U Var = "ax \ax Tar x o

+ ?PrHa2 (Vsin(y)cos(y) — Usin®(y)) (33)
f
oU 0U 9 (0U VN v, [PV &PV L
U tVar =" 67((ax+aY> _Pr(a?Jra_Y?) p, TR
t2a /J)—’[PrHa2 (Usin(y)cos(y) — Veos®(y)) 34

Uf Pa

Th Galerkin method (FEGM) involves dividing the problem domain
Q into smaller sub-domains and elements Q° of the current domain of
study. By using of numerical approximation representation Z(x,y) of
any of aforementioned governing equations E(x, y) and utilizing basis
functions to approximate the solutions within each of these elements for
each unknown parameter g.

Ei(x, y) = ZA‘xy (35)

where n: unknown parameters; Al(x,y): shape function.

The main attention in the current study was directed towards stream
function and isotherm at different orientations and operating conditions,
thus the velocity components and temperature can be formulated over
the subdomain Q%

U Axy)Us, VA Y Alx,y) Vi and 0 ~ > Ac(x,y)6k (36)

k=1 i=1 i=1

thus the numerical residual can be described briefly over the internal
domain Q for the upper air layer [58,60-62]:

A O
tor aY]dXdY} G7)

,%;eraZ |:sin(y)cos(y) / ( zn: VkAk> A; dX dY — sin2(y) / ( Z": UL Ak> A dx dy}

k=1
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- . OA - oA
@ _ S 22K AL
R? = ;Vk/ (;UkAk> x+ (;VkAk> Sy | A dx dY + 7
= = -
z 0/\ 0/\1( a/\ a/\k Vg a/\i a/\k 6Ai 6Ak
Y Y Pr i e e B
ZU" I +ka oy gy XA+ ka/[ax X oy 6Y} (38)
Q
dx dy — Za PrRa/ ( Z gkAk> A; dX dY — ? p—fPrHaz sin(}/)COS(}’)/ ( Z UkAk> A; dX dY — COsz(y)/ ( Z VkAk> A; dX dY
k=1 f Pa o \k=1 o \k=1
2. Interpolation Functions: Second-order Lagrange polynomials were
And used for velocity components and temperature, while linear func-
. tions were employed for pressure. This choice ensures numerical
Rl(3) _ 6k / Z UiAx aAk stability and accuracy in capturing both flow and thermal fields.
=1 3. Weak Formulation: The governing equations were converted to their
weak form using the Galerkin method. Appropriate weight functions
n aA . .. . . .
i e kI A, dX dY 39) were applied 'to minimize reﬁlduals across the domgln. '
= Yy 4. System Solution: The resulting system of algebraic equations was

solved iteratively using the Newton-Raphson method. Convergence

- 9k / {aA aAk A, aAk}dX dy was achieved when relative residuals fell below 10°° for all
af =1 0x 6X oY oY variables.

The same procedure can be easily repeated for the lower nanofluid
layer.

The Finite Element Method (FEM) was employed to solve the gov-
erning equations. The computational domain was discretized using Salari et al.[54] Present code
quadrilateral elements, with finer mesh near the walls and interface to
capture steep gradients. The solution procedure followed these key
steps:

1. Domain Discretization: The cavity was divided into non-uniform
quadrilateral elements, with mesh refinement in critical regions.
Element size was determined through grid independence testing,
showing variations <0.3 % between successive refinements.

Isotherms

Streamlines

Fig. 3. Comparison of the results between the current study and study of Salari

Fig. 2. The discretization of the entire geometry. et al. [54]..
Table 2
The grid independence test of different schemes of discretization.
Grid Gl G2 Deviation G3 Deviation G4 (selected Deviation G5 Deviation
grid)
N© of 4063 6061 9128 20,739 28,087
elements
Ra N2 Nuay Nugy Nu,y Nugy Nugy
1000 4.5038 4.4949 0.20 % 4.4851 0.22 % 4.4811 0.09 % 4.4799 0.03 %
10,000 4.5481 4.5390 0.20 % 4.5303 0.19 % 4.5267 0.08 % 4.5254 0.03 %
100,000 6.6525 6.6624 0.15% 6.6584 0.06 % 6.6585 0.00 % 6.6612 0.04 %
1,000,000 12.982 12.976 0.05 % 12.948 0.22 % 12.924 0.19% 12.924 0.00 %
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Fig. 5. Comparison in term of local Nusselt number of the current study and studies of [18,54].

3.1. Grid independence test

The grid used during the current study is a mixture of quads and
triangular elements, as shown in Fig. 2. The quads elements cover the
areas near the walls due to the formation of the boundary layer, while
the rest of the domain will be triangular elements. Different schemes of
discretization are performed to get the optimal one in terms of time and
accuracy. Table 2 lists all the data related to the testing procedure, and
the average Nusselt number is chosen as the main parameter that is
checked persistently. Fourth Grid G4 shows promising accuracy and
saved time, and therefore it has been chosen to do all numerical analysis
of different cases in the current study.

3.2. Verification of results

The reliability and accuracy of the numerical code used have been
tested by comparing its results with those of other papers. The first
validation is performed with the work of Salari et al. [54] comparing the
isothermal lines and streamlines as shown in Fig. 3. The second one has
been introduced with the work of Hasanuzzaman et al. [18] at different
parameters, as shown in Fig. 4. Another validation in terms of the
Nusselt number has been done for the abovementioned studies [18,54],
as shown in Fig. 5. The local Nusselt number comparison demonstrates a
maximum deviation of 1.9 % with Salari et al. [54] and 2.2 % with
Hasanuzzaman et al. [18], confirming the high accuracy of our nu-
merical code.

4. Results and discussion

The parameter ranges in this study were carefully selected to ensure
both physical significance and practical applicability. The Rayleigh
number range (Ra = 10° — 10%) was chosen to capture the transition
from conduction-dominated to convection-dominated heat transfer,
covering most practical thermal management applications. The Hart-
mann number range (Ha = 0 — 50) spans from pure hydrodynamic flow
to strong magnetic effects, reflecting achievable magnetic field strengths
in industrial applications. The wave amplitude (w, = 0.01 — 0.15) and
wave number (w, = 0 — 6) ranges were selected based on manufactur-
ability constraints and practical heat exchanger designs, providing a
spectrum from nearly flat walls to pronounced waviness. The magnetic
field inclination angle range (y = 0° — 90°) encompasses all practical
field orientations, enabling comprehensive understanding of directional
effects on flow and heat transfer. These ranges ensure that our results are

both physically meaningful and directly applicable to real engineering
systems, particularly in thermal management and heat exchanger
applications.

Fig. 6 shows the effects of the Rayleigh number (Ra) on the isotherms
and streamlines in the two-fluid layer. At low value of Ra = 105, the
isotherms are nearly parallel to the horizontal walls, indicating that
conduction is the dominant heat transfer mechanism. There’s a slight
distortion near the wavy walls, indicating weak convection effects.
Isotherms significantly distort as Ra increases, particularly in the lower
fluid layer. The center of the cavity shows vertical isotherms, indicating
strong convection currents. The upper fluid layer (likely air) shows less
distortion, suggesting weaker convection. At Ra = 10° isotherm
distortion in the lower fluid layer is extreme, with almost vertical lines in
the center. This indicates extreme convection currents in the nanofluid
layer. The upper layer still shows some horizontal stratification, but with
increased distortion. At Ra between 10° to 10%, two weak circulation
cells are visible in the lower fluid layer. The upper layer’s circulation is
very weak, almost negligible. At Ra between 10* to 10, very intense
circulation cells in the lower fluid layer, with compact core regions. The
upper layer exhibits stronger circulation patterns, though still weaker
than the lower layer.

Fig. 7 depicts the effects of varying the wave amplitude (w,) on the
isotherms and streamlines in the two-fluid layer. The isotherms are
nearly parallel to the horizontal walls, especially in the upper layer at w,
= 0.01. There’s slight distortion in the lower layer, indicating weak
convection. As w, increases to 0.15, extreme distortion of isotherms,
especially in the lower fluid layer. The wavy wall geometry has a sig-
nificant impact on the temperature distribution, with pronounced hot
and cold regions corresponding to the wall undulations. At low values of
Wg, the streamlines are mostly symmetrical and aligned with the nearly
straight walls. As w, increases, very pronounced circulation cells in both
layers are strongly influenced by the wavy geometry. The lower layer
shows more compact and intense circulation patterns. The upper layer
circulation extends further into the cavity. The lower fluid layer (likely
the nanofluid) shows more sensitivity to changes in w, compared to the
upper layer (likely air). Increasing w, leads to the formation of local hot
and cold spots near the wavy walls, potentially enhancing heat transfer.
As w, increases, the circulation patterns become more complex and
intense, indicating increased convective heat transfer.

Fig. 8 illustrates the effects of varying the number of waves (wp,) on
the isotherms and streamlines in the two-fluid layer. At w, = 1: The
isotherms show a single large undulation corresponding to the single
wave on each wall. There’s significant distortion in the lower fluid layer,
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Fig. 6. The countors of 0 and ¥ (left legend for air and right legend for nanofluid) for various Ra (w, = 3, w, =0.1, Ha = 10, ¢ = 0.02, y = 90°).
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w, Isotherms Streamlines
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Fig. 7. The countors of 0 and ¥ for various w, (Ra = 10*, w, = 3, Ha = 10, ¢ = 0.02, y = 90°).
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w, Isotherms Streamlines
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Fig. 8. The countors of 0 and ¥ for various w, (Ra = 10*, wy =0.1, Ha = 10, ¢ = 0.02, y = 90°).
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Fig. 9. Velocity profile at two different positions for various (a) Ra, (b) w,, (¢) w, (Ra = 104, we = 0.1, w, = 3, Ha = 10, ¢ = 0.02, y = 90°).
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Fig. 10. Local Nusselt number varation for various (a) Ra, (b) wy, (c) wy.

indicating convection. The upper layer shows less distortion, suggesting
weaker convection. This behavior is primarily due to the higher thermal
conductivity and density of the lower fluid layer, resulting in stronger
buoyancy-driven flows. As w, increased to 4, the isotherms in the lower
layer became highly distorted and complex. The upper layer shows
increased distortion compared to lower w, values. This enhanced
distortion occurs because multiple waves create additional vortex gen-
eration points, leading to stronger secondary flows and improved fluid
mixing. The lower layer now shows four distinct circulation regions,
closely following the wave pattern. These circulation regions form due
to the interaction between wall curvature and buoyancy forces, creating
local pressure gradients that drive secondary flows. The upper layer
circulation becomes more intricate, with multiple smaller vortices. This
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multiplication of vortices enhances the interfacial mixing between the
two fluid layers, contributing to improved overall heat transfer effi-
ciency through increased surface area for thermal exchange.

Fig. 9 presents the velocity profiles at two different vertical positions
(Y = 0.4 and Y = 0.9) for various Rayleigh numbers (Ra) ranging from
10 to 10°. This comparison allows us to analyze the effect of Ra on the
fluid flow characteristics in both the lower and upper regions of the
cavity. Y = 0.4 likely represents a position in the lower fluid layer
(nanofluid), Y = 0.9 likely represents a position in the upper fluid layer
(air). The distinct behavior at these positions reflects the fundamental
differences in fluid properties and their response to buoyancy forces. As
Ra increases from 10° to 106, the flow transitions from conduction-
dominated to convection-dominated, particularly in the lower layer (Y
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Fig. 11. Variation of the average Nusselt number with (a) w,, (b) w,, and Ra .(Ha = 10, ¢ = 0.02, y = 90°).

= 0.4). This transition occurs due to the increasing dominance of
buoyancy forces over viscous forces, characterized by the ratio gBATL3/
va. At Ra = 102, velocities are near-zero, indicating minimal convection.
As Ra rises, velocities increase dramatically, reaching peaks of about 90
units at Ra=10° in the lower layer, compared to only 0.14 units in the
upper layer (Y = 0.9). This difference is due to the lower layer’s likely
higher density and thermal conductivity, making it more responsive to
buoyancy forces. The magnitude difference of approximately 640 times
between layers demonstrates the strong influence of fluid properties on
convection strength. The sinusoidal velocity profiles at higher Ra values
indicate the formation of strong convection cells. These cells are driven
by the coupling between thermal and momentum boundary layers,
where the wall waviness induces periodic flow separation and reat-
tachment. The upper layer shows similar but much weaker trends,
suggesting less sensitivity to Ra changes. As w, increases from 0.01 to
0.15, the maximum velocity in the lower layer (Y = 0.4) decreases from
about 2.3 to 1.2 units, while in the upper layer (Y = 0.9), it drops from
0.0023 to 0.0008 units. This decrease is likely due to increased flow
resistance from the more pronounced wavy walls. The lower layer shows
significantly higher velocities, indicating stronger convection currents.
The wavy walls (higher wy) tend to disrupt these layers boundary,
potentially enhancing heat transfer. For lower wy, values, the central
region (x = 0.4 to 0.6) shows more uniform velocities, while higher wn
creates more variability across the entire cavity width.

Fig. 10 demonstrates the local Nusselt number (Nu) variation along
the heated bottom surface for different Rayleigh numbers (Ra), wave
amplitudes (w,), and wave numbers (wy,). Increasing Ra from 10° to 10°
significantly enhances heat transfer, with peak Nu values rising from
about 7 to 28. This is due to stronger buoyancy-driven convection at
higher Ra, intensifying fluid circulation and thermal transport. This
enhancement occurs through the development of thinner thermal
boundary layers and stronger temperature gradients near the heated
surface, where the ratio of convective to conductive heat transfer in-
creases by approximately 300 %. Larger wq (from 0.01 to 0.15)
moderately increases Nu, with maximum values rising from about 5.5 to
7.5 at Ra = 10*. Increased wall waveness promotes mixing and disrupts
thermal boundary layers, enhancing heat transfer. The wavy geometry
creates periodic flow separation and reattachment points, generating
secondary flows that enhance local mixing. This mechanism is particu-
larly effective near the cavity edges where the interaction between wall
curvature and buoyancy forces is strongest. Higher w;, (0 to 6) slightly
improves heat transfer, particularly near the cavity edges. The effect is
less pronounced than w,, with Nu increasing from about 6 to 7 at the
edges for Ra = 10*. This moderate enhancement is attributed to the
formation of multiple smaller recirculation zones that increase local
mixing but also create competing effects between adjacent waves,
potentially limiting the overall heat transfer improvement.
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Fig. 11a demonstrates the combined effects of wave amplitude (w,)
and Rayleigh number (Ra) on the average Nusselt number (Nug,). As Ra
increases from 10° to 10% Nug, significantly increases, indicating
enhanced heat transfer. This is due to stronger buoyancy-driven con-
vection at higher Ra values. This enhancement occurs through two
primary mechanisms: first, the increased temperature gradient creates
stronger density differences, leading to more vigorous fluid motion;
second, the resulting stronger convection cells reduce the thermal
boundary layer thickness, improving heat transfer efficiency. For
instance, at w, = 0.01, Nug, rises from 4.1006 to 12.442 as Ra increases
from 10° to 10°. This represents a 203 % improvement in heat transfer,
demonstrating the dominance of convective transport over conductive
transport at higher Ra values. At lower Ra (10° and 10%), increasing wq
from 0.01 to 0.15 moderately enhances Nug,. For Ra = 10%, Nugy in-
creases from 4.1006 to 4.9984. This enhancement occurs because at low
Ra, the wall waviness effectively disrupts the thick thermal boundary
layer, creating secondary flows that improve mixing without signifi-
cantly increasing flow resistance. At higher Ra (10° and 10°), increasing
wq slightly decreases Nug,. For Ra = 106, Nuyg, decreases from 12.442 to
12.369. This slight decrease can be attributed to the competing effects
between enhanced mixing from wall waviness and increased flow
resistance, where at high Ra, the additional friction losses from larger
wave amplitudes slightly outweigh the benefits of improved mixing.

Fig. 11b illustrates the combined effects of wave number (w,,) and
Rayleigh number (Ra) on the average Nusselt number (Nug,). As Ra
increases from 10° to 106, Nuy, significantly increases across all wy,
values, indicating enhanced heat transfer due to stronger buoyancy-
driven convection. This enhancement is characterized by the transi-
tion from a conduction-dominated regime to a convection-dominated
regime, where the thermal boundary layer thickness decreases propor-

tionally to Ra™ ‘1_1. For example, at w, = 0, Nug, rises from 4.0848 to
12.426 as Ra increases from 10° to 10°. For lower Ra (10° and 104),
increasing wy,, generally leads to a moderate increase in Nug,. At Ra =
103, Nug, increases from 4.0848 (w, = 0) to 4.5897 (w, = 6). This
improvement occurs because multiple waves create a series of sequential
mixing zones, where each wave crest acts as a local flow perturbation
point, enhancing fluid mixing in the conduction-dominated regime. For
higher Ra (1 0° and 109), the effect of w,, on Nuyg, is less consistent and
shows a slight decreasing trend for very high Ra. At Ra = 10°, Nug,
decreases from 12.426 (w, = 0) to 12.267 (w, = 6). This behavior can be
attributed to the interference between adjacent wave-induced vortices,
where at high Ra, the closely spaced waves create competing flow
structures that partially cancel each other’s mixing effects. The impact of
wy, on heat transfer is more pronounced at lower Ra values, suggesting
that optimizing wall waviness is more critical in regimes where con-
duction plays a significant role. This highlights the importance of geo-
metric optimization in different flow regimes, where wall waviness can
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Fig. 12. The countors of 0 and ¥ for various Ha (w, = 3, w, =0.1, Ra = 104, ¢ = 0.02, y = 90°).
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Fig. 13. The countors of 0 and ¥ for various y (w, = 3, w, =0.1, Ra = 10%, ¢ = 0.02, Ha = 10).

effectively compensate for weaker natural convection at lower Ra.

Fig. 12 displays the impact of increasing Hartmann number (Ha) on
both temperature distribution (isotherms) and fluid flow patterns
(streamlines) in a wavy cavity with two immiscible fluids under an
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applied magnetic field. The temperature contours become more hori-
zontal and evenly spaced, especially in the upper fluid layer. This in-
dicates a shift from convection-dominated to conduction-dominated
heat transfer as the magnetic field strengthens. The thermal
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Fig. 14. Velocity profile at two different positions for various (a) Ha, (b) vy, (Ra = 10*, wy = 0.1, w, = 3, Ha = 10, ¢ = 0.02, y = 90°).

stratification in the upper layer becomes more pronounced at higher Ha
values. The flow pattern transitions from two large, symmetric con-
vection cells at Ha = 0 to smaller, compressed cells concentrated near
the cavity walls at Ha = 50. The core flow weakens significantly, as
evidenced by the reduced density of streamlines in the center. This is due
to the magnetic field’s dampening effect on fluid motion, particularly in
the electrically conducting lower layer.

Fig. 13 explains the effect of varying the magnetic field inclination
angle (y) on temperature distribution (isotherms) and fluid flow patterns
(streamlines) in a wavy cavity with two immiscible fluids. As y increases
from 0° to 90°: The temperature contours remain relatively consistent
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across all angles, with slight variations in the upper fluid layer. This
suggests that the inclination angle has a minor impact on overall heat
transfer. The flow pattern shows more significant changes. Aty = 0°, two
symmetrical convection cells are present. As y increases, the right cell
becomes dominant, growing in size and intensity (indicated by denser
streamlines), while the left cell weakens and shrinks.

Fig. 14 portrays the velocity profiles at two vertical positions (Y =
0.4 and Y = 0.9) for varying Hartmann numbers (Ha) and magnetic field
inclination angles (y). As Ha increases from 0 to 50, the velocity
magnitude decreases significantly, especially at Y = 0.4. At Y = 0.4, the
peak velocity drops from about 1.8 (Ha = 0) to 0.2 (Ha = 50). The
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Fig. 16. Velocity profile at two different positions for various nano concentration (¢), (Ra = 10%, w, = 0.1, w, = 3, Ha = 10, y = 90°).

velocity profile flattens with increasing Ha, indicating suppression of
fluid motion. The effect is less pronounced at Y = 0.9, suggesting
stronger magnetic damping in the lower fluid layer. Changing y from
0° to 90° alters the velocity profile shape and magnitude. At Y = 0.4, the
peak velocity increases from about 1.2 (y = 0°) to 1.5 (y = 90°). The
profile becomes more asymmetric at intermediate angles (30° — 60°). At
Y = 0.9, the effect is more pronounced, with significant changes in
profile shape and magnitude. These results demonstrate that increasing
the magnetic field strength (Ha) suppresses fluid motion, particularly in
the lower, more electrically conductive layer. The magnetic field
orientation (y) influences flow asymmetry and intensity, with vertical
orientation (90°) generally allowing for stronger fluid motion. The sig-
nificant velocity difference between Y = 0.4 and Y = 0.9 highlights the
distinct flow behaviors in the two fluid layers, likely due to differences in
electrical conductivity and proximity to the heated bottom surface.
Fig. (15a) demonstrates the combined effects of Hartmann number
(Ha) and Rayleigh number (Ra) on the average Nusselt number (Nug,)
for fixed wave amplitude, magnetic field angle, wave number, and
nanoparticle volume fraction. At lower Ra (103 and 104), increasing Ha
has minimal effect on Nug,. For Ra = 10%, Nug, only decreases slightly
from 4.5326 (Ha = 0) to 4.5311 (Ha = 50). This minimal impact occurs
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because at low Ra, heat transfer is primarily conductive, and the Lorentz
force has little influence on the already weak fluid motion. At higher Ra
(10° and 10°%), increasing Ha significantly reduces Nugy. For Ra = 10°,
Nug, decreases from 12.613 (Ha = 0) to 9.4118 (Ha = 50). This sub-
stantial reduction (approximately 25.4 %) results from the magnetic
field’s induced Lorentz force, which acts perpendicular to both the fluid
motion and the magnetic field direction. The force creates additional
flow resistance that suppresses convective currents and thickens the
thermal boundary layer. The suppressive effect of Ha on heat transfer
becomes more pronounced at higher Ra values. This suggests that the
magnetic field’s damping effect on fluid motion is more significant when
convection is stronger. This behavior can be explained by the quadratic
relationship between the Lorentz force and fluid velocity, where stron-
ger convective flows at higher Ra experience proportionally greater
magnetic damping, leading to a more pronounced reduction in heat
transfer efficiency.

Fig. 15b illustrates the combined effects of magnetic field inclination
angle (y) and Rayleigh number (Ra) on the average Nusselt number
(Nugy). At lower Ra (10° and 104, changing y has minimal effect on
Nug,. For Ra = 10°%, Nug, only increases slightly from 4.5321 (y=0°) to
4.5323 (y=90°). This minimal sensitivity at low Ra occurs because the
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conduction-dominated heat transfer is largely independent of fluid
motion, making the magnetic field orientation less influential. At higher
Ra (10° and 106), increasing y moderately enhances Nug,. For Ra = 106,
Nug, increases from 12.118 (y = 0°) to 12.417 (y = 90°). This
enhancement occurs because the vertical magnetic field orientation (y =
90°) allows for stronger vertical convection currents while still main-
taining some flow control. The Lorentz force components vary with sin
(y), resulting in optimal alignment with the primary buoyancy-driven
flow at y = 90° The positive effect of increasing y on heat transfer be-
comes more pronounced at higher Ra values, suggesting that the mag-
netic field orientation plays a more significant role when convection is
stronger. This is due to the increased interaction between the magnetic
field and the stronger fluid velocities at higher Ra, where the
orientation-dependent Lorentz force can more effectively modulate the
flow patterns. A vertical magnetic field (y = 90°) consistently yields the
highest Nug,, especially at higher Ra values, indicating it’s the most
favorable orientation for heat transfer enhancement. This orientation
minimizes the suppression of vertical convective flows while maintain-
ing sufficient horizontal flow control to enhance mixing.

Fig. 16 shows the velocity profiles at two vertical positions (Y = 0.4
and Y = 0.9) for varying nanoparticle concentrations (¢) in a wavy
cavity with an applied magnetic field. As ¢ increases from 0 to 0.1, the
velocity magnitude generally decreases at both Y positions. At Y = 0.4,
the peak velocity drops from about 1.9 (¢ = 0) to 0.9 (¢ = 0.1), a
reduction of approximately 53 %. The effect is similar but less pro-
nounced at Y = 0.9, with peak velocities decreasing from about 0.0014
to 0.0008. The overall profile shape remains similar across all ¢ values,
maintaining a symmetrical pattern with positive velocities in the center
and negative velocities near the walls. The profiles become slightly
flatter with increasing ¢, especially at Y = 0.4. Velocities at Y = 0.4 are
about 1000 times larger than at Y = 0.9, indicating stronger fluid motion
in the lower layer. The decrease in velocity with increasing nanoparticle
concentration is likely due to the increased viscosity of the nanofluid.
Higher viscosity leads to greater resistance to fluid motion, resulting in
lower velocities. The effect is more pronounced in the lower layer (Y =
0.4) where the nanofluid is present, compared to the upper layer (Y =
0.9) which likely contains the base fluid.

Fig. 17 shows the effect of nanoparticle concentration (¢) on heat
transfer performance, represented by local and average Nusselt
numbers, for various Rayleigh numbers (Ra). Nu values are highest near
the hot surface edges (X = 0 and X = 0.5) and lowest at the center (see
Fig 17a). Increasing ¢ from O to 0.1 generally increases Nu across the
cavity width. The effect is most pronounced near the edges, with Nu
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rising from about 7 to 9 at x = 0 for Ra = 10, Nug, increases with ¢ for
all Ra values, indicating enhanced overall heat transfer. The effect is
more significant at higher Ra: At Ra = 10%, Nug, increases marginally
from about 4.3 to 4.6 as ¢ rises from 0 to 0.1. At Ra = 10°, Nug, increases
substantially from about 12 to 13.8 over the same ¢ range. Higher Ra
values result in larger Nuy, for all ¢ concentrations. The slope of Nug, vs.
@ becomes steeper as Ra increases, showing a stronger nanoparticle ef-
fect at higher Ra. The enhancement in heat transfer with increasing
nanoparticle concentration can be attributed to: (a) Increased thermal
conductivity of the nanofluid, (b) Enhanced thermal dispersion due to
nanoparticle motion, (c) Potential changes in fluid properties affecting
convection. The more pronounced effect at higher Ra suggests that
nanoparticles are particularly effective in enhancing heat transfer when
convection is stronger. The U-shaped local Nu profile indicates that heat
transfer is most intense near the cavity walls, where thermal gradients
are steepest. These results demonstrate that adding nanoparticles can
significantly improve heat transfer performance, especially in high-Ra
systems, with up to 15 % increase in Nugobserved for Ra = 10° as @
increases from 0 to 0.1.

The present cavity configuration offers several significant advan-
tages for heat transfer applications. The wavy wall geometry enhances
mixing and increases heat transfer surface area, while the inclined
magnetic field provides non-intrusive flow control. The dual-layer
immiscible fluid system, combining nanofluid and air layers, offers
flexible thermal management through the combination of different fluid
properties. Additionally, the adjustable wave parameters allow geo-
metric optimization for specific applications.

However, the configuration also presents certain limitations that
should be considered. These include manufacturing complexity of the
wavy walls, potential increased flow resistance at higher Rayleigh
numbers, and the need for external magnetic field equipment. The two-
fluid system also requires careful management of interface stability and
may need more frequent maintenance to preserve optimal performance
characteristics.

The present study has direct applications in thermal desalination
systems, where the two-layer configuration mirrors the practical setup
of membrane distillation units. In these systems, the heated lower layer
(saline water with nanoparticles) and cooled upper layer (freshwater)
create the necessary temperature gradient for distillation. The wavy
walls enhance mixing and heat transfer, while the magnetic field pro-
vides non-intrusive flow control - crucial features for optimizing desa-
lination efficiency. Our studied parameters (Ra = 103-106, Ha=0-50)
align with typical operating conditions in small to medium-scale
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desalination units. For example, commercial membrane distillation
systems operate with temperature differences creating Rayleigh
numbers in the range of 10* — 10°, making our findings directly appli-
cable to their design optimization.

5. Conclusions

In this study, MHD free convection of two immiscible fluids in waved
cavity was carried out. The numerical results for different values of
selected parameters are discussed based on its technological signifi-
cance. The major findings based on the obtained results are summarized
as follows:

1. Heat transfer enhancement is strongly dependent on Rayleigh
number, with Nug, increasing by 203 % (from 4.1006 to 12.442) as
Ra rises from 10° to 10°. Wall waviness effects are more pronounced
at lower Ra, showing a 21.8 % increase in Nug,with maximum wave
amplitude.

2. Wall waviness effects are more pronounced at lower Ra. Increasing
wave amplitude (w,) from 0.01 to 0.15 enhances Nug, by 21.8 %
(from 4.1006 to 4.9984) at Ra = 10°. Similarly, increasing wave
number (wy) from O to 6 improves Nug, by 12.4 % (from 4.0848 to
4.5897) at Ra = 10°.

3. Magnetic field strength significantly affects heat transfer at higher
Ra, with Nug, decreasing by 25.4 % at Ra=10° as Ha increases from
0 to 50. The vertical magnetic field orientation (y = 90°) provides
optimal heat transfer conditions.

4. Magnetic field inclination angle (y) moderately enhances heat
transfer at higher Ra, with a 2.5 % increase in Nug, (from 12.118 to
12.417) as y changes from 0° to 90° at Ra = 10°.

5. Nanoparticle concentration (@) enhances overall heat transfer,
especially at higher Ra. For Ra = 10%, Nug,increases by 15 % (from
about 12 to 13.8) as ¢ rises from O to 0.1.

6. Velocity profiles show that increasing Ha from 0 to 50 reduces peak
velocity by about 89 % (from 1.8 to 0.2) at Y = 0.4, indicating strong
magnetic damping of fluid motion.

7. Nanoparticle addition suppresses fluid motion, with peak velocity at
Y = 0.4 decreasing by 53 % (from 1.9 to 0.9) as ¢ increases from 0 to
0.1.

8. Local Nusselt number distributions show enhanced heat transfer near
cavity edges, with values increasing from about 7 to 9 at the edges as
¢ increases from 0 to 0.1 for Ra = 10%,

Based on our findings, we suggest several key areas for future
research. Lab tests could verify our numerical predictions and reveal
practical challenges in maintaining fluid interfaces and component
durability. New approaches to enhance heat transfer could include
investigating hybrid nanoparticles, alternative wall geometries, and
time-dependent effects. The system could be adapted for specific ap-
plications such as solar thermal systems, electronic cooling units, and
desalination plants. Advanced control strategies might explore pulsed
magnetic fields, adaptive wall geometries, and automated system opti-
mization. These research directions could advance our understanding of
immiscible fluid systems and lead to improved practical applications in
thermal management.
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