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A B S T R A C T   

Suspensions containing the Nano-encapsulated Phase Change Material (NEPCM) are an innovative type of fluid 
that combines the advantages of nanofluids with the heat storage capabilities of phase change materials. The 
focus of this study is to analyze how external vibrations influence the natural convection of an NEPCM sus
pension inside an enclosure saturated with a porous medium. The enclosure is subjected to periodic vibrations in 
the vertical direction, and the energy equations of the porous medium are subjected to the application of the local 
thermal non-equilibrium condition. It is found that among the studied parameters, the Rayleigh number, the 
interfacial coefficient, and the porosity have the highest impact. Increasing the vibration Rayleigh from 1e6 to 
1e7 increases by >3.5 times the Nusselt number in the fluid. Reducing the interfacial heat transfer coefficient 
from 5000 to 100 decreases the Nusselt amplitude in the solid by 4 times and raises the Nusselt amplitude in the 
fluid by 7 times. Augmenting the porosity from 0.6 to 0.95 decreases the Nusselt number by 15% in the solid. 
Altering the properties of the nanoparticles, i.e., their fraction and fusion temperature, also affects heat transfer 
but to a lesser extent.   

1. Introduction 

The field of thermal fluid dynamics has seen significant advances in 
recent years, propelling industries ranging from energy storage to 
climate control systems. At the intersection of these innovations lies the 
concept of thermal vibrational convection within porous enclosures, 
which is essential for optimizing thermal energy transfer. 

Heat transfer within enclosures filled by porous media is an 
increasingly significant subject of inquiry, especially in applications 
such as thermal storage, electronics cooling, and advanced energy sys
tems [1,2]. The porous medium provides high thermal efficiency while 

offering various advantages like enhanced thermal conductivity and 
easier control over heat and mass transport. Several studies investigated 
the dynamic of convection heat transfer in enclosures filled with a 
porous medium and saturated by heat transfer fluids, such as water or 
nanofluids [3,4]. The concept of local thermal non-equilibrium (LTNE) 
and its relevance to heat transfer in porous medium has undergone 
thorough analysis [5,6]. The expansion of the LTNE condition is 
confirmed to correlate with an increase in the Darcy parameter, 
providing a greater degree of control over heat and mass transfer pro
cesses [7]. An intriguing study involves a porous square enclosure filled 
with a Newtonian fluid [8]. This study presented novel insights into the 
impact of the LTNE phenomena on heat transfer and entropy generation 
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in thermal-free convection within a non-Darcy porous medium. 
Phase change materials (PCMs) possess a notable heat of phase 

change, allowing them to store and release substantial thermal energy 
during transitions between solid and liquid states, and vice versa. When 
encapsulated at the nanoscale, these PCMs can be uniformly distributed 
within a fluid, creating a suspension of nano-encapsulated phase change 
material (NEPCM) [9,10]. The growing emphasis on energy-efficient 
heat transfer systems has spurred interest in NEPCMs, which are often 
suspended in host fluids like water. These materials are characterized by 
their ability to absorb and release heat, making them excellent candi
dates for various engineering applications, especially in confined spaces 
like enclosures or cavities [11,12]. While traditional fluid systems 
leverage only sensible heat for energy transfer, NEPCMs add an addi
tional layer of efficiency through latent heat storage in their nano
particles [13]. The heat transfer characteristics of NEPCMs in enclosures 
are influenced by a range of operational and geometric factors, 
encompassing the Rayleigh number, the concentration of the nano
particles, the melting temperature of the particle core, and the inclina
tion angle of the medium [14]. 

Introducing such NEPCM suspensions into porous media, charac
terized by an intricate network of solid obstacles, elevates the 
complexity and potential applications of thermal vibrational convection 
phenomena, with the porosity and Darcy number also coming into play 
[15,16]. Some studies indicate that these factors can exert a significant 
impact on the rate of heat transfer. For instance, under specific condi
tions, a modest 5% volume concentration of NEPCMs could result in a 
notable 20.1% improvement in the heat transfer rate [15]. On the other 
hand, porous media like nickel foam could significantly improve the 
cooling efficiency compared to NEPCMs alone [16]. 

The impact of vibrations on heat transfer in confined spaces such as 
enclosures or cavities has drawn significant research attention, influ
encing the flow structures, mass, and heat transfer rates in various ge
ometries under different boundary conditions. The mechanical vibration 
phenomenon holds relevance to various real-life applications, particu
larly in fields involving fluid dynamics and structural mechanics. Some 
potential applications include industrial processes [17], electronic de
vices [18], aerospace and automotive engineering [19,20], and energy 
systems [21]. For instance, A study of vertical vibrations applied to 
horizontal cylinders indicated that when the amplitude-diameter ratio 

exceeded 0.5, the vibrational heat-transfer coefficient increased linearly 
regardless of vibration frequency [22]. Besides Mishra et al. [23] con
ducted a comparative study using a well-validated computational fluid 
dynamics model to study the impacts of vibration on heat transfer. They 
found that as the frequency levels increased, the significance of vibra
tions decreased, but alterations in amplitude became more influential. 
Under conditions of vibrational flow, a significant enhancement of about 
540% compared to that in a steady-state flow scenario was observed. 

In horizontally-enclosed concentric and eccentric annular cylinders, 
the impact of vertical mechanical vibrations on heat transfer rates is 
pronounced, particularly when combined with changes in the Rayleigh 
number [24]. The data showed that a rise in the Rayleigh number cor
responded to a nearly proportional increase in the average Nusselt 
number. High-frequency horizontal vibrations applied to a shallow 
cavity with thermally insulating walls demonstrated a stabilizing effect 
on buoyant convection [25]. Conversely, in a cubic enclosure subjected 
to vertical vibrations, the influence varied with the Rayleigh number 
[26]. While high Rayleigh numbers saw gravitational thermal convec
tion prevail, making vibrations less effective, lower numbers experi
enced a significant boost in heat transfer rates due to vibrations. 
Computational studies on a square enclosure revealed irregular varia
tions in the average Nusselt number with the angular frequency of vi
bration, indicating the unpredictable nature of vibrational thermal 
convection [27]. Additionally, experiments on horizontal cylinders 
containing fluids such as H2O, engine oil and kerosene showed that vi
brations led to a linear increase in the local heat transfer coefficient, 
with the Nusselt number increasing consistently from the bottom to the 
top of the cylinder [28]. 

Research on partially porous cavities subjected to vertical vibration 
demonstrated that such vibration decreased flow intensity and pene
tration into the porous section [29]. This phenomenon, in turn, resulted 
in lower heat and mass transfer rates, which could be beneficial in ap
plications where limited permeability and temperature gradients are 
required. Studies on vertical fin arrays corroborated the idea that vi
brations could substantially enhance heat transfer rates beyond a certain 
threshold value of amplitude and frequency [30]. 

Previous studies have explored various aspects of free convection 
heat transfer of NEPCM suspensions under normal conditions without 
significant vibrational effects. However, mechanical vibrations can 

Nomenclature 

Latin symbols 
b* Amplitude of sinusoidal vibration (m) 
c*

p Sensible heat capacity (Jkg− 1K− 1) 
Da Darcy number 
g* Gravity acceleration (ms− 2) 
H* Size of square (m) 
h* Interfacial heat transfer coefficient (Wm− 2K− 1) 
k* Thermal conductivity (Wm− 1K− 1) 
Nc Thermal conductivity number 
Nu Nusselt number 
Nv Dynamic viscosity number 
p* Pressure (Pa) 
Pr Prandtl number 
Rag Gravity Rayleigh number 
RaΩ Vibration Rayleigh number 
Ste Stefan number 
T* Temperature (K) 
t* Time (s) 
v→* Velocity vector (ms− 1) 
x*,y* Cartesian coordinates (m) 

Greek symbols 
β* Thermal expansion coefficient (K− 1) 
ε Porosity 
ρ* Density (kgm− 3) 
κ* Permeability (m− 2) 
μ* Dynamic viscosity (kgm− 1s− 1) 
ξ* Wave frequency (s− 1) 
ϕ Volume fraction of NEPCM 
ω Proportion of weights between core and shell 

Subscripts 
a Time average 
bf Base fluid 
c Cold/ core 
h Hot 
l Local value 
m Melting point/ mean value 
max Maximum value 
mf Metal foam 
np Nanoparticle 
s Shell 
se Suspension 
t Total  
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significantly alter the flow patterns of free convection and heat transfer 
within enclosures. These vibrations can arise from intentional or unin
tentional movement of device components. Despite their importance, 
the interaction between mechanical vibrations and the heat transfer 
properties of these advanced nanomaterials within enclosures remains 
unexplored. The novelty of the present study can be summarized as 
follows:  

• Examination of the thermo-vibrational behavior of a fluid within a 
porous medium.  

• Exploration of the influence of vibrational convection on the heat 
and flow patterns of a NEPCM suspension.  

• Analysis of the effects of thermo-vibrational convection on the heat 
transfer rate inside a porous enclosure containing the NEPCM 
suspension. 

2. Physics of the issue and modeling approach 

2.1. Physics of the issue 

An enclosed square cavity with a dimension of H* is considered, 
where the medium filling the cavity is porous. The pores within the 
porous foam are filled with a blend of aqueous solution and nano-sized 
particles of NEPCM. The particles consist of nonadecane and poly
urethane as their respective core and shell ingredients. Table 1 provides 
an overview of the characteristics associated with the components 
comprising both the solid matrix and the suspension. Fig. 1 provides a 
visual depiction of the schematic representation of the capsule config
uration being studied. The cavity is subjected to a vertical gravitational 
modulation in a sinusoidal pattern, indicating periodic fluctuations in 

the gravitational force along the vertical direction. A local thermal non- 
equilibrium (LTNE) temperature difference between the porous matrix 
and the fluid inside the pores was considered [31,32]. The sinusoidal 
vibrations occurring within the cavity are characterized by their 
amplitude, indicated by b*, and frequency, denoted by Ω*. Hence, the 
instantaneous gravitational acceleration, g*

v(t*), can be expressed as the 
sum of a fixed term g*, and a time-dependent component, 
b*Ω*2sin(Ω*t*). It is noteworthy that Ω* = 2πξ*. The walls on the left and 
right, referred to as the active walls, maintain the temperatures of T*

h and 
T*

c , respectively. The boundaries aligned with the horizon are regarded 
as adiabatic, implying that no heat transfer takes place across these 
walls. The analysis is based on several key assumptions: 

1- The suspension is assumed to follow Newton’s law of viscosity, 
making it a Newtonian suspension. 

2- The motion is assumed to be in two dimensions, occurring within a 
single plane for simplicity. 

3- Laminar flow is presumed in this study, characterized by smooth 
and predictable motion without turbulence. 

4- The amplitude of the vibration velocity is assumed to be relatively 
small to maintain linearity in the system. 

5- The fluid is considered incompressible, ensuring that the fluid 
density remains constant throughout the analysis. 

6- With the exclusion of density in the source of the momentum 
equation, the suspension’s characteristics are presumed to remain con
stant throughout the analysis. 

7- The validity of the Boussinesq approximation is assumed and 
confirmed for the analysis. This approximation is widely accepted for 
scenarios where the fluid density variations are relatively small 
compared to the mean density and can be neglected, except in the 
buoyancy term of the governing equations. By making this assumption, 
the analysis becomes more feasible and computationally efficient while 
still capturing the essential physics of the problem accurately. 

9- The porous system utilizes aluminum foam as the solid matrix 
material. The local thermal non-equilibrium (LTNE) condition holds 
between the suspension and metal foam. 

10- Given that the driving force of fluid flow is solely buoyancy 
forces, fluid velocities are quite small, rendering drag forces negligible. 
As a result, the fluid flow was modeled using the Darcy flow model. 

These assumptions form the foundation for the analysis, allowing us 
to focus on specific aspects of the problem while maintaining a 
reasonable level of accuracy and tractability. 

Under the assumptions mentioned earlier, the governing equations 
for the problem can be written in dimensional form as follows 
[14,36,37]: 

Continuity equation (Balance of Mass): 

∇*. v→* = 0 (1) 

Navier-Stokes equation (Balance of Linear Momentum): 

ρ*
se
ε

∂ v→*

∂t* +
ρ*

se
ε2 v
→*.∇* v→* = − ∇*p* +

μ*
se
ε ∇*2 v→* −

μ*
se

κ* v
→*

+
(
g* + b*Ω*2sin(Ω*t*)

)
ρ*

seβ
*
se
(
T*

se − T*
c
)
j
→

(2) 

Here, Ω* is considered as 2πξ* where ξ* is the wave frequency. ρ*
se is 

the fluid density, t* is time, v→* is the velocity vector, ∇* is the gradient 

Table 1 
The thermophysical specifications of the used substances, as referenced in [33–35].  

Material μ (kg/m.s) β
(
K− 1) Cp (J/Kg.K) k (W/m.K) ρ

(
kg/m3)

Host fluid 8.9 × 10− 4 21 × 10− 5 4179 0.613 997.1 
Polyurethane NA* 17.28 × 10− 5 1317.7 0.025 786 
Nonadecane 3.49 × 10− 3 8 × 10− 4 2037 0.260 721 
Solid matrix NA NA 897 205 2700  

* Not applicable 

Fig. 1. Schematic configuration.  
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Fig. 2. Variations of Nuse,m, Numf ,m, and Qt for the mesh with different numbers of elements.  

Fig. 3. Comparison between the isotherms and streamlines presented in [36] 
(with permission from Elsevier) and those predicted in the present study for 
Rag = 104, RaΩ = 1.41× 105, Ω = 100, and Pr = 0.71.
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Fig. 4. Comparison between the mean Nusselt numbers of suspension and 
metal foam presented in [39] and those predicted in the present study for 
different values of h parameter when Rag × Da = 103, RaΩ = Ω = ϕ = 0.0, and 
kmf/kbf = 10 
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operator, p* is the pressure, μ*
se is the dynamic viscosity of the fluid, g* is 

the gravity acceleration, b* is the amplitude of oscillation, β*
se is the 

thermal expansion coefficient of the suspension, ε is the porosity of the 
medium, κ* is the permeability. 

Energy equation (Balance of Energy) [38]: 

ερ*
sec

*
p,se

∂T*
se

∂t* + ρ*
sec

*
p,se v

→*.∇*T*
se = εk*

se∇
*2 T*

se + h*
(

T*
mf − T*

se

)
(3)  

where T*
se is the temperature of the suspension, T*

mf is the temperature of 
the solid matrix, c*

p,se is the specific heat capacity at constant pressure, k*
se 

is the thermal conductivity of the suspension, and h* is the coefficient of 
convective heat transfer between the suspension and the solid matrix 
[38]. 

(1 − ε)ρ*
mf c

*
p,mf

∂T*
mf

∂t
= (1 − ε)k*

mf∇
*2 T*

mf − h*
(

T*
mf − T*

se

)
(4) 

ρ*
mf is the density of the solid matrix, c*

p,mf is the sensible heat capacity 
of the solid matrix, and k*

mf is the thermal conductivity of the solid 
matrix. These equations, along with appropriate boundary conditions, 
constitute the set of governing equations for the problem at hand, taking 
into account the specified assumptions and physical properties of the 
fluid. Regarding the physical characteristics of the situation, the 
boundary conditions can be articulated in the following manner: 

0 ≤ y* ≤ H*, x* = 0, x* = H* : v→* = 0,T*
se = T*

mf = Τ*
h (5-a)  

0 ≤ x* ≤ H*, y* = 0,H* : v→* = 0,
∂T*

se
∂y* =

∂T*
mf

∂y* = 0 (5-b) 

Furthermore, the initial state or condition is: 

0 ≤ x* ≤ H*, 0 ≤ y* ≤ H* : v→* = 0,T*
se = T*

mf = 0 (5-c)  

2.2. Thermal and physical characteristics of the suspension 

The density of the mixture is [38]: 

ρ*
se = ϕρ*

np − ϕρ*
bf + ρ*

bf (6)  

in which, ρ*
bf is the density of the base fluid, ϕ the volume fraction of the 

nano-sized particles of NEPCM dispersed in the host liquid, and ρ*
np the 

density of the nano-sized particles of NEPCM is calculated as the 
following [38]: 

ρ*
np =

(1 + ω− 1)ρ*
s ρ*

c(
ω− 1ρ*

s + ρ*
c
) (7) 

ρ*
s is the shell density of the nano-sized particles of NEPCM, and ρ*

c is 
the core density of the nano-sized particles of NEPCM. ω is the propor
tion of weights between the core and shell components and stands at 
roughly 0.447. c*

p,se as the specific heat capacity of the mixture is [38]: 

c*
p,se = ϕ

(ρ*
np

ρ*
se

)

c*
p,np,eff − ϕ

(ρ*
bf

ρ*
se

)

c*
p,bf +

(ρ*
bf

ρ*
se

)

c*
p,bf (8) 

The effective heat capacity of the nano-sized particles, denoted by 
c*

p,np,eff , is as follows [38]: 

c*
p,np,eff =

{
π
2
×

( L*
sf

Δ*T*
− c*

p,na

)

× sin
(

π
(

1
2
+

T* − T*
m

Δ*T*

))}

ϒ * + c*
p,na (9-a)  

Υ* =

⎧
⎪⎪⎨

⎪⎪⎩

0 T* < − (Δ*T*Δ*T*22 ) + T*
m

0 T* > 0.5 × Δ*T* + T*
m

1 − 0.5 × Δ*T* + T*
m < T* < 0.5 × Δ*T* + T*

m

(9-b) 

The coefficient of thermal-volume expansion of the mixture is 
defined as follows [38]: 

β*
se = β*

bf +ϕ
(

β*
np − β*

bf

)
(10) 

Thermal conductivity of the mixture is defined as the following [38]: 

k*
se = k*

bf (1+Nc×ϕ) (11) 

The dynamic viscosity of the mixture is [38]: 

μ*
se = μ*

bf (1+Nv×ϕ) (12) 

Nc is the thermal conductivity number, and Nv is the dynamic vis
cosity number. 

2.3. Deriving dimensionless formulation for governing equations 

The transformation of the governing equations from dimensional 
coordinates to dimensionless ones involves the use of the following set of 
dimensionless variables: 

v→* =
ρ*

bf c*
p,bfH*

k*
bf

v→*, p =
ρ*

bf c*2
p,bf H*2

k*2
bf

p*,Tse =
T*

se − T*
c

T*
h − T*

c
,Tmf =

T*
mf − T*

c

T*
h − T*

c

,∇ =
∇*

L* , ξ =
ρ*

bf c*
p,bf H*2

k*
bf

ξ*, (x, y) =
(x*, y*)

H* , t =
k*

bf

ρ*
bf c*

p,bf H*2 t*

(13) 

Utilizing the normalization parameters stated above, the equations 
are transformed into their normalized counterparts: 

∇. v→= 0 (14)  

Fig. 5. (a) The isotherms obtained from the experimental-based work [40] 
(with permission from Elsevier), and (b) the isotherms simulated by the current 
work under the conditions where the dimensionless heat source length is 0.8, 
Rag = 1.836× 105, and Pr = 0.71, 

Table 2 
Comparison between the average Nusselt numbers reported in [41,42] and those 
obtained in the present work; Ste = 0.313, Rag = 105.  

Tm Ref. [41] Ref. [42] Present work 

0.1 4.9550 4.9551 4.9554 
0.2 5.1022 5.1022 5.1023 
0.3 5.1932 5.1932 5.1931  
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Fig. 7. Tse, Tmf , ψ, and Cr for the second cycle at (a) t = 0.0641, (b) t = 0.0719, (c) t = 0.0797, (d) t = 0.0875, (e) t = 0.0953, (f) t = 0.1031, (g) t = 0.1109, (h) t =

0.1188, and (i) t = 0.1266. 
Tse, Tmf , ψ, and Cr for the second cycle at (a) t = 0.0641, (b) t = 0.0719, (c) t = 0.0797, (d) t = 0.0875, (e) t = 0.0953, (f) t = 0.1031, (g) t = 0.1109, (h) t =

0.1188, and (i) t = 0.1266. 
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Fig. 7. (continued). 

Fig. 8. Tse, Tmf , ψ, and Cr for (a) RaΩ = 104, and (b) RaΩ = 107 at t = 0.0572 (Ωt = 540⁰)
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(

1 − ϕ + ϕ

(
ρ*

np

ρ*
bf

))(
1
ε

∂ v→

∂t
+

1
ε2 v
→
.∇ v→

)

= − ∇p +
Pr
ε (1 + Nv × ϕ)∇2 v→

+RagPr

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(1 − ϕ)2
+ (1 − ϕ)ϕ

(
ρ*

np

ρ*
bf

)

+(1 − ϕ)ϕ

(
β*

np

β*
bf

)

+ ϕ2

(
ρ*

np

ρ*
bf

)(
β*

np

β*
bf

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

T j
→

−
Pr
Da

(1 + Nv × ϕ) v→

+RaΩPr

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(1 − ϕ)2
+ (1 − ϕ)ϕ

(
ρ*

np

ρ*
bf

)

+(1 − ϕ)ϕ

(
β*

np

β*
bf

)

+ ϕ2

(
ρ*

np

ρ*
bf

)(
β*

np

β*
bf

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

Tsin(Ωt) j
→

(15)  

where Ω = 2πξ. Moreover, Pr is Prandtl number, Rag gravity Rayleigh 
number, RaΩ vibration Rayleigh number, and Da Darcy number: 

Pr =
μ*

bf

ρ*
bf α*

bf
,Rag =

g*ρ*
bf β

*
bf
(
T*

h − T*
c
)
H*3

α*
bf μ*

bf
,RaΩ

=
b*Ω*2ρ*

bf β
*
bf
(
T*

h − T*
c
)
H*3

α*
bf μ*

bf
,Da =

κ*

H*2 (16)  

Crε
(

∂Tse

∂t
+ v→.∇Tse

)

= ε(1+Nc×ϕ)∇2Tse + h
(
Tmf − Tse

)
(17)  

in which 

Cr =
ρ*

sec*
p,se

ρ*
bf c*

p,bf
= 1 − ϕ+ϕλ+ϕ

f
ΔTSte

(18-a)  

where 

λ =

(
ρ*

cρ*
s c*

p,c + ρ*
cρ*

s ωc*
p,s

)

(
ρ*

bf ρ*
s c*

p,bf + ρ*
bf ρ*

cωc*
p,bf

),ΔT =
ΔT*

(
T*

h − T*
c
), Ste

=
ρ*

bf c*
p,bf
(
T*

h − T*
c
)(

ρ*
s + ωρ*

c
)

L*
sf ρ*

cρ*
s

(18-b)  

f =
π
2
sin
( π

ΔT
(T − Tm +ΔT/2)

)
ϒ (18-c)  

ϒ =

⎧
⎨

⎩

0T < − 0.5ΔT + Tm
0T > 0.5ΔT + Tm

1 − 0.5ΔT + Tm < T < 0.5ΔT + Tm

(18-d)  

(1 − ε)
(ρmf

ρbf

)(
cp,mf

cp,bf

)
∂Tmf

∂t
= (1 − ε)

(
kmf

kbf

)

∇2Tmf − h
(
Tmf − Tse

)
(19)  

where 

h =
H*2

k*
bf

h* (20) 

The boundary conditions that govern the physics of the problem are 
expressed in a mathematical and dimensionless format as follows: 

x = 0,0 ≤ y ≤ 1 : v→= 0,Tse = Tmf = 1 (21-a) 
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Fig. 9. Nuse,m, Numf ,m, and Qt over the time for ϕ = 0.0 and ϕ = 0.04  
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x = 1,0 ≤ y ≤ 1 : v→= 0,Tse = Tmf = 0 (21-b)  

y = 0, 1, 0 ≤ x ≤ 1 : v→= 0,
∂Tse

∂y
=

∂Tmf

∂y
= 0 (21-c) 

Furthermore, the initial condition is: 

v→= 0,Tse = Tmf = 0 for t = 0,0 ≤ y ≤ 1,0 ≤ x ≤ 1 (21-d)  

2.4. Heat transfer rate 

The relations provided below are employed to calculate the local 
Nusselt numbers at the heated boundary: 

Nuse,l = − (1+Nc×ϕ)
(

∂Tse

∂x

)

|x=0 (22)  

Numf ,l = −

(
kmf

kbf

)(
∂Ts

∂x

)

|x=0 (23) 

The mean Nusselt number is determined through the integration of 
the aforementioned equations: 

Nuse,m = − (1+Nc×ϕ)
∫1

0

(
∂Tse

∂x

)

|x=0 dy (24)  

Numf ,m = −

(
kmf

kbf

)∫1

0

(
∂Tmf

∂x

)

|x=0 dy (25) 

The assessment of total heat transfer is also conducted in the 

following manner: 

Qt = ε×
(
Nuse,m − Numf ,m

)
+Numf ,m (26) 

The formulation of time-averaged heat transfer rates can subse
quently be expressed: 

Nuse,a = −
(1 + Nc × ϕ)

tmax

∫tmax

0

∫1

0

(
∂Tse

∂x

)

|x=0 dydt (27)  

Numf ,a =
− 1
tmax

(
kmf

kbf

) ∫τmax

0

∫1

0

(
∂Tmf

∂x

)

|x=0 dydt (28)  

Qt,a =
1

tmax

∫tmax

0

[
ε×
(
Nuse,m − Numf ,m

)
+Numf ,m

]
dt (29) 

At last, the equation for the stream function is introduced as follows: 

∂2ψ
∂x2 +

∂2ψ
∂y2 =

∂u
∂y

−
∂v
∂x

(30)  

where u and v symbolize the respective components of the velocity 
vector along the x and y axes. 

3. Computational methodology, mesh analysis, and verification 

The analysis delves into the implementation of the Galerkin finite 
element (GFE) approach for solving the dimensionless fundamental 
equations, considering the prescribed boundary conditions of the 

t

N
u s
e,
m

t

N
u m

f,m

t

Q
t
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physical domain [37]. The mass balance equation, acting as a constraint, 
is employed to determine the pressure variable. For solving Eqs. (14), 
(15), (17), and (19), the GFE approach is employed, wherein the pres
sure variable is removed using a sufficiently large expression, denoted as 
Γ. The fulfillment of the incompressibility conditions as described by Eq. 
(14), yields: 

p = − Γ∇. v→ (31) 

The continuity equation naturally holds for considerable values of Γ. 
Replacing the pressure term with this penalty function yields the sub
sequent equation.  

A set of functions (basis set, {ηk}
n
k=1) can be used to represent the 

velocity components and temperatures of the suspension and metal 
foam [37]. 

u =
∑n

k=1

ukηk(x, y), v =
∑n

k=1

vkηk(x, y),T =
∑n

k=1

Tkηk(x, y) (33) 

The GFE approach produces nonlinear residual equations at the 
nodes within the interior domain as follows:  
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Fig. 11. Nuse,m, Numf ,m, and Qt over the time for ξ = 5 (Ω = 31.4), ξ = 10 (Ω = 62.8), and ξ = 15 (Ω = 94.2)  

(

1 − ϕ + ϕ

(
ρ*

np

ρ*
bf

))(
1
ε

∂ v→

∂t
+

1
ε2 v
→
.∇ v→

)

= ∇(Γ∇. v→) +
Pr
ε (1 + Nv × ϕ)∇2 v→

+RagPr

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(1 − ϕ)2
+ (1 − ϕ)ϕ

(
ρ*

np

ρ*
bf

)

+(1 − ϕ)ϕ

(
β*

np

β*
bf

)

+ ϕ2

(
ρ*

np

ρ*
bf

)(
β*

np

β*
bf

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

T j
→

−
Pr
Da

(1 + Nv × ϕ) v→

+RaΩPr

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(1 − ϕ)2
+ (1 − ϕ)ϕ

(
ρ*

np

ρ*
bf

)

+(1 − ϕ)ϕ

(
β*

np

β*
bf

)

+ ϕ2

(
ρ*

np

ρ*
bf

)(
β*

np

β*
bf

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

Tsin(Ωt) j
→

(32)   
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R(4)
j ≈ A8

∑n

k=1
Tmf ,k

∫ ∂ηk

∂t
ηjdxdy + A9

∑n

k=1
Tmf ,k

∫ (∂ηj

∂x
∂ηk

∂x
+

∂ηj

∂y
∂ηk

∂y

)

dxdy

− h
∫ (∑n

k=1

(
Tmf ,k − Tse,k

)
ηk

)

ηjdxdy

(37)  

where  

The numerical computations involved integrating using biquadratic 
functions and a three-point Gaussian quadrature method. Next, the 
Newton–Raphson method was utilized to determine the coefficients of 
expansions. The process iteratively solved residual equations until the 
residual error decreased to 1e-6. 

Prior to commencing the numerical solution of Eqs. (14), (15), (17), 
and (19) with the specified boundary conditions, a preliminary 
computation is conducted using diverse non-uniform grids comprising 
square elements: case 1: 75 × 75, case 2: 100 × 100, case3: 125 × 125, 
case 4: 150 × 150, and case 5: 175 × 175. The objective is to achieve 
solutions that are independent of the grid used. These experiments 

demonstrate that the mean Nusselt numbers of the mixture, solid matrix, 
and the overall heat transfer for 125 × 125 elements exhibit only a 
marginal disparity compared to the outcomes obtained for higher 
element counts (Fig. 2). Ultimately, 125 × 125 elements are chosen as a 
compromise between computational precision and efficiency. 

We conducted a thorough accuracy assessment of our numerical 
model by cross-referencing it with the published numerical solution by 
Fu and Shieh [36]. This comparison specifically focused on the thermal 

vibrational convection of air within a square chamber. Fig. 3 shows this 
evaluation, considering the isothermal and streamlines. The validation 
shows a remarkable alignment between the streamlines and isothermal 
contours, illustrating a highly favorable correlation between the results 
of Fu and Shieh [36] and those predicted by the current work. For the 
second validation, we compare the Nusselt numbers of the metal foam 
and mixture phases within a porous enclosure reported in [39] with 
those obtained in the current investigation. As Fig. 4 depicts, the eval
uation is conducted for various values of interfacial heat transfer coef
ficient, h. As evident, a favorable agreement is apparent, affirming the 
capability of the developed GFE code to accurately simulate the process 
of convection heat transfer in a porous medium. 

R(1)
j ≈ A1

∑n

k=1

uk

∫ ∂ηk

∂t
ηjdxdy + A2

∑n

k=1

uk

∫ ((∑n

k=1

ukηk

)
∂ηk

∂x
+

(
∑n

k=1

vkηk

)
∂ηk

∂y

)

ηjdxdy

+Γ

(
∑n

k=1

uk

∫ ∂ηj

∂x
∂ηk

∂x
dxdy +

∑n

k=1

vk

∫ ∂ηj

∂x
∂ηk

∂y
dxdy

)

+ A3

∑n

k=1

uk

∫ (∂ηj

∂x
∂ηk

∂x
+

∂ηj

∂y
∂ηk

∂y

)

dxdy

− A4

∑n

k=1

∫

(ukηk)ηjdxdy

(34)  

R(2)
j ≈ A1

∑n

k=1
vk

∫ ∂ηk

∂t
ηjdxdy + A2

∑n

k=1
vk

∫ ((∑n

k=1
ukηk

)
∂ηk

∂x
+

(
∑n

k=1
vkηk

)
∂ηk

∂y

)

ηjdxdy

+Γ

(
∑n

k=1
uk

∫ ∂ηj

∂y
∂ηk

∂x
dxdy +

∑n

k=1
vk

∫ ∂ηj

∂y
∂ηk

∂y
dxdy

)

+ A3

∑n

k=1
vk

∫ (∂ηj

∂x
∂ηk

∂x
+

∂ηj

∂y
∂ηk

∂y

)

dxdy

− A4

∑n

k=1

∫

(vkηk)ηjdxdy + A5

∫ (∑n

k=1
Tkηk

)

ηjdxdy

(35)  

R(3)
j ≈

∑n

k=1
A6Tse,k

∫ ∂ηk

∂t
ηjdxdy +

∑n

k=1
A6Tse,k

∫ ((∑n

k=1
ukηk

)
∂ηk

∂x
+

(
∑n

k=1
vkηk

)
∂ηk

∂y

)

ηjdxdy

+A7

∑n

k=1

Tse,k

∫ (∂ηj

∂x
∂ηk

∂x
+

∂ηj

∂y
∂ηk

∂y

)

dxdy + h
∫ (∑n

k=1

(
Tmf ,k − Tse,k

)
ηk

)

ηjdxdy

(36)   

A1 =
1
ε

(

1 − ϕ + ϕ

(
ρ*

np

ρ*
bf

))

,A2 =
1
ε2

(

1 − ϕ + ϕ

(
ρ*

np

ρ*
bf

))

,A3 =
Pr
ε (1 + Nv × ϕ)

A4 =
Pr
Da

(1 + Nv × ϕ),A5 = Pr
(
Rag + RaΩsin(Ωt)

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

(1 − ϕ)2
+ (1 − ϕ)ϕ

(
ρ*

np

ρ*
bf

)

+(1 − ϕ)ϕ

(
β*

np

β*
bf

)

+ ϕ2

(
ρ*

np

ρ*
bf

)(
β*

np

β*
bf

)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

A6 = Crε,A7 = ε(1 + Nc × ϕ),A8 = (1 − ε)
(ρmf

ρbf

)(
cp,mf

cp,bf

)

,A9 = (1 − ε)
(

kmf

kbf

)

(38)   

N.B. Khedher et al.                                                                                                                                                                                                                             



International Communications in Heat and Mass Transfer 157 (2024) 107719

12

Fig. 5 visually compares the temperature fields between the experi
mental work conducted by Calcagni et al. [40] and the current study. In 
this experiment, the lateral walls are maintained cold while the bottom 
wall is partially heated. As illustrated, there is a strong agreement be
tween the experimental and numerical results. Furthermore, to validate 
the model used in simulating the suspension flow containing NEPCM 
particles, we compare the average Nusselt numbers of the suspension 
flow within an enclosure under free convection, as reported in [41,42], 
with those predicted by our current study across various melting points 
of the core of the NEPCM particles. The outcomes of this assessment are 
summarized in Table 2. The precise values acquired through the current 
code affirm the accuracy of our modeling and simulation efforts. 

4. Results and discussion 

In the present investigation, an array of dimensionless parameters 
takes center stage, each playing a crucial role in unraveling the dy
namics of heat transfer. These include the gravity Rayleigh number, Rag, 
the vibration Rayleigh number, RaΩ, the frequency of vibration denoted 
by ξ (Ω = 2πξ), the Prandtl number, Pr, the Stefan number, Ste, the 
concentration of nano-sized particles of NEPCM, ϕ, the melting tem
perature, Tm, the thermal conductivity number, Nc, the dynamic vis
cosity number, Nv, the interfacial heat transfer coefficient, h, porosity, ε, 
and the Darcy number, Da. These parameters collectively weave the 
fabric of our exploration, offering insights into the complex interplay of 
forces and properties shaping the phenomena under scrutiny. Following 
the findings reported by Barlak et al. [33], the thermal conductivity of 
the mixture compared to the host liquid is 1.24 times at ϕ = 0.04. 
Additionally, the ratio of dynamic viscosities is 1.5 for the same con
centration. The values of both constant and variable parameters are 

presented in Appendix A. 
Fig. 7 illustrates the isothermal contours for the solid matrix (Tmf ) 

and the mixture (Tse), the streamlines (ψ), and the fields of heat capacity 
ratio (Cr) in the cavity at several instants. First, it can be seen that the 
isotherms of Tmf are almost vertical in all cases. This indicates minimal 
influence of vibrational impacts on heat transfer through the solid ma
trix. As for the fluid, its hydrodynamic and thermal behaviors are greatly 
affected by vibration. In cases (a) and (i), corresponding to the begin
ning and end of a vibration period, respectively, Ωt equals 360 and 720. 
At these points, sin(Ωt) equals 0.0, indicating the absence of vibrational 
effects. This represents the simple case of a free convection in a cavity 
differentially heated on its sides. The fluid near the hot wall gets heated, 
and its density decreases. This hot fluid goes up and gets replaced by a 
colder fluid due to the buoyancy effects, which results in the free con
vection clockwise recirculation zone observed in the cavity. The 
isothermal contours also exhibit characteristics typical of free convec
tion. Hot isotherms (Tse > 0.5) expand at the top and contract at the 
bottom, while the opposite trend is observed for colder isotherms. In the 
presence of vibrational effects, cases (b) to (d) represent the first half 
period. In these cases, sin(Ωt) > 0.0, so that the cavity is moving 
downwards. The buoyancy effects are therefore reduced compared to 
the vibrational ones. This alters the flow patterns, causing the recircu
lation zone to shift in a counterclockwise direction. Additionally, the 
flow intensity significantly escalates at the onset of motion and then 
gradually tapers off until the cavity momentarily halts in case (e), where 
free convection once again governs the flow behavior. In cases (b) to (d), 
the isothermal lines track the variations in the flow patterns. The in
fluence of cavity motion supersedes that of free convection, leading to an 
extension of the cold isothermal zone near the top, while hot isothermal 
lines expand at the bottom. In case (d), the isotherms appear almost 
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Fig. 12. Nuse,m, Numf ,m, and Qt over time for different values of Ste  
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horizontal in the middle of the enclosure due to mixing caused by the 
intensified flow. This effect diminishes when the cavity vibration ceases 
in case (e). The cases (f) to (h) correspond to the second half of the 
period where the cavity goes up and the buoyancy effects are enhanced. 
The flow intensity increases substantially at the beginning of the motion 
and the recirculation zones remain in the clockwise direction. The flow 
intensity is then reduced gradually until the cavity stops again in (i) 

before a new vibration cycle starts. The isotherms are also affected, such 
that the extent of the hot isotherms is large near the top of the cavity, 
while the opposite occurs for the colder ones. Moreover, the isotherms 
exhibit a more horizontal orientation at the center of the cavity, 
attributed to mixing induced by intensified convective effects. 

As for the Cr contours, it is important to check where the phase 
change takes place. Indeed, the purple strips in the Cr plots correspond 
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Fig. 13. Nuse,m, Numf ,m, and Qt over time for different values of ε  
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Fig. 14. Nuse,m, and Numf ,m over time for different values of RaΩ;(RaΩ = 103 : Qt,a = 67.74,RaΩ = 104 : Qt,a = 67.74, RaΩ = 105 : Qt,a = 67.75,RaΩ = 106 : Qt,a =

68.16 and RaΩ = 107 : Qt,a = 74.67). 
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to regions within the cavity where the core of the NEPCM undergoes a 
transition from solid to liquid or vice versa. Outside these purple strips, 
where phase change of the PCM does not occur, the value of Cr remains 
constant at 4 across all cases. The purple ribbon-shaped zones align with 
the isotherms near the melting temperature, i.e., Tmf = 0.5. In cases (a) 
and (i), in the central region of the cavity, the phase change zone extends 
diagonally from the upper right to the lower left. When the vibration 
starts and the cavity moves down, flow mixing occurs and the ribbon- 
shaped zone covers the central part of the enclosure, from the top left 
to the bottom right. When the chamber moves upwards, a similar shape 
is observed, but in a different direction, as the ribbon shape extends from 
the top right to the bottom left. Overall, the external vibration leads to a 
continuous change in the zone where phase change of the PCM takes 
place. 

Fig. 8 shows the influence of the vibrational Rayleigh number, i.e., 
RaΩ, on the isotherms, the flow patterns, and the Cr contours. The value 
of the gravitational Rayleigh number is 105, which may not be suffi
ciently high for the natural convection to dominate. In case (a), when 
RaΩ = 104, the vibrational effects are weak. The heat transfer through 
the mixture is primarily governed by the conduction mechanism, as can 
be seen by the vertical shape of the Tse isotherms. The Cr contour also 
shows that phase change is confined to a specific vertical region at the 
center of the cavity. On the other hand, when RaΩ is raised to 107, the 
impact of vibration becomes important. The flow intensity is substan
tially increased, and the isotherms are no longer vertical due to the 
enhanced mixing. Consequently, the phase change zone becomes larger 
and covers a greater part of the cavity from its upper left corner to its 
lower right one. 

The time variations of the Nusselt number for the mixture, i.e., 

Nuse,m, the Nusselt number for the metal foam, i.e., Numf ,m, and the 
overall heat transfer, i.e., Qt, are plotted in Fig. 9 for different values of 
the particle concentration, i.e., ϕ. Following the cavity vibration, the 
two Nusselt numbers also follow a periodic variation around a mean 
value, which corresponds to the case without vibration. A 12.5% in
crease in the amplitude of Nuse,m is observed when ϕ is raised from 0 to 
0.04. This indicates that the dispersion of nano-sized particles in the host 
liquid plays a role in heat transfer, either through the absorption or 
release of heat during the phase change. The impact of ϕ on Numf ,m is 
very limited and can be ascribed to the interfacial heat transfer between 
the liquid and the solid matrix, which in turn can increase when the heat 
transfer in the mixture is enhanced. In summary, the impact of ϕ on the 
overall heat exchange is present but limited. 

The impact of interfacial heat transfer coefficient, i.e., h, on the time 
variations of Nuse,m, Numf ,m, and Qt is illustrated in Fig. 10. It is clear that 
higher values of h lead to a decrease in the amplitude of Nuse,m and to a 
rise in the amplitude of Numf ,m. In particular, the amplitude of Nuse,m is 
almost 7 times higher when h is reduced from 5000 to 50, while the 
amplitude of Numf ,m is 4 times lower for the same reduction in h. Indeed, 
increasing h enhances the interfacial heat exchange between the mixture 
and the metal foam. More particularly, heat transfers from the solid 
matrix to the fluid, lowering the temperature of the former and raising 
the temperature of the latter. Consequently, the temperature gradient in 
the metal foam is intensified while that of the suspension is weakened. 
As the thermal conductivity of the metal foam is more than that of the 
suspension, the overall heat transfer, i.e., Qt, increases with h. In addi
tion, it is noticed that when h is augmented from 5000 to 10,000, the 
change in the Numf ,a values becomes very small, as for values higher than 
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Fig. 15. Nuse,m, Numf ,m, and Qt over the time for different values of Tm.
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5000, the thermal behavior in the chamber approaches the thermal 
equilibrium between the solid and liquid phases. 

Fig. 11 depicts the time variations of Nusselt numbers and Qt for 
various vibration frequencies indicated by ξ. Elevating ξ results in a 
heightened frequency of variation in the two Nusselt numbers but does 
not affect their amplitude. Indeed, the flow and thermal patterns change 
due to the external vibration (refer to Figs. 7 and 8). These patterns 
evolve throughout one oscillation cycle, returning to their initial state 
upon completion of a full period. Changing the vibration frequency, i.e., 
the number of vibrations per second, does not affect the variation of 
patterns during one oscillation as a function of the time step, but it has 
an impact on the total duration of a cycle that the flow and thermal 
patterns go back to the initial state and starts varying again. Conse
quently, the vibrational term affecting buoyancy effects remains 
consistent in amplitude but varies in frequency. This variability is also 
reflected in Nuse,m and Numf ,m. 

The influence of Stefan number, i.e., Ste, on time variations of Nuse,m, 
Numf ,m, and Qt is shown in Fig. 12. The amplitude of both Nusselt 
numbers and Qt increase for lower Ste, reaching their maximum values 
for Ste = 0.2. During the decrease of Ste from 1 to 0.2, a respective in
crease of 14% in Nuse,m and 2% in Qt is observed. Indeed, Ste is an in
dicator of the phase change contribution of NEPCM to the overall heat 
transfer. A reduction in Ste signifies an increased latent heat within the 
core of the nano-capsules. For lower Ste numbers, the contribution of 
phase change heat exchange is heightened, leading to an overall 
enhancement of heat exchange within the cavity. 

In Fig. 13, time variations of Nusselt numbers and Qt are plotted for 
various values of the medium porosity, i.e., ε. As observed, Nuse,m 

slightly decreases with ε. A 10% reduction in the average of Nuse,m is 
observed when ε is raised from 0.6 to 0.95. On the other hand, raising ε 
leads to a substantial increase in Numf ,m. A 15% rise in Numf ,m is obtained 
when ε is augmented from 0.6 to 0.95. Indeed, increasing ε leads to 
expanded void space and a corresponding reduction in the solid matrix 
volume. This reduction thickens the thermal boundary layer and raises 
the variations of temperature in the solid matrix. As the effect of ε on 
Numf ,m is more important, Qt also decreases for higher values of ε. 

Fig. 14 illustrates the influence of RaΩ on the variations of Nuse,m, 
Numf ,m, and Qt. Increasing RaΩ enhances the vibration-induced flow 
intensity and heat transfer, resulting in higher values for both Nusselt 
numbers and Qt. Indeed, RaΩ is related to both the convective effects and 
the amplitude of vibration, such that increasing one of these parameters 
strongly influences the intensity of the fluid circulation and convection, 
resulting in a rise of Nu. Namely, augmenting RaΩ from 106 to 107 leads 
to 370%, 5%, and 10% rise in the averages of Nuse,m and Numf ,m, and Qt , 
respectively. It is noticed that RaΩ affects mostly Nuse,m, as the fluid is 
mainly affected by the cavity vibration. 

The impact of the melting temperature of the particle core, i.e., Tm, 
on the heat transfer in the cavity is shown in Fig. 15. It is clear that Tm 
has a minimal influence on the heat exchange inside the chamber. A 
mere 0.1% variation between the maximum and minimum averages of 
Qt is found when Tm varies between 0.1 and 0.9. Indeed, altering the 
phase change temperature of the particle core shifts the locations where 
melting and solidification take place within the enclosure, aligning with 
the fluid isotherms, as observed earlier. As the isothermal contours 
continuously change shape, the core of nano-sized particles undergoes a 
phase change consistently, regardless of the fusion temperature. 

5. Summary and conclusion 

The hydrodynamic and thermal behaviors of a mixture comprising 
nano-sized particles of NEPCM in a differentially heated porous chamber 
under the effect of external vibrations were analyzed computationally. 
The heat transfer within the porous medium was modeled using the local 
thermal non-equilibrium approach. The vibrations are applied in the 
vertical direction, so they can either enhance or inhibit the gravity ef

fects, depending on the direction of motion. Therefore, the buoyancy- 
driven natural convection of the NEPCM suspension undergoes both 
effects during the vibration. The assessment addressed the influence of 
various parameters tied to nanoparticle properties, porous medium 
characteristics, and vibration properties on heat transfer within both the 
suspension and metal foam. It was found that the parameters that have 
the strongest impact are the vibration Rayleigh number RaΩ, the inter
facial heat transfer coefficient h between the suspension and metal foam, 
and the porosity of the medium. The main findings of the present 
analysis can be summed up as follows: 

• Raising RaΩ intensifies the vibration-induced fluid motion and en
hances mixing and heat transfer, due to high impacts of external 
vibrations and thermal convection on fluid circulation. Namely, 
increasing RaΩ from 1e6 to 1e7 leads to a 350% rise in the Nusselt 
number of the suspension Nuse,a.  

• A reduction in h indicates that the thermal non-equilibrium is more 
active, and less heat is transferred from the metal foam to the sus
pension. Namely, the amplitude of Nuse,a can be up to 7 times higher 
for h = 100 compared to h = 5000.  

• Augmenting the porosity ε diminishes the volume of the solid matrix 
in the cavity and leads to a reduction in the thermal gradient in the 
matrix, which is reflected by a decrease in the Nusselt number in the 
metal foam. For example, increasing ε from 0.6 to 0.95 leads to a 
15% reduction in the amplitude of Numf ,a.  

• As for the particles, increasing their fraction and altering the phase 
change temperature results in variations in heat transfer within the 
porous chamber. Nonetheless, the impact of these parameters re
mains limited compared to the other parameters. It was found that 
raising the nanoparticles concentration from 0 to 4% increases the 
amplitude of Numf ,a by 12.5%.  

• Reducing Stefan number Ste. enhances the contribution of the 
NEPCM phase change to the total heat transfer. A 14% increase in 
Numf ,a was found when Ste. was changed from 1 to 0.2. 

These results indicate that the combination of external vibration and 
NEPCM dispersion can both contribute to changes in flow and heat 
transfer behavior. These aspects can also be further controlled when the 
medium in which flow takes place is porous. In the future, considering 
other geometrical configurations or boundary heating and cooling 
configurations, as well as the directionality of vibration can be the topic 
of future research studies. Moreover, designing experiments that can 
reproduce such behaviors can be beneficial for validation and future 
implementation. 
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Appendix A. Appendix 

The fixed parameters are Pr = 6.2, Rag = 105, Da = 10− 4. Furthermore, the numerical simulations have been carried out for the specified set of 
variables: RaΩ = 103 − 107, ξ = 5 − 15, Ste = 0.2 − 1, Tm = 0.05 − 0.95, ε = 0.6 − 0.95, h = 102 − 104, the volume concentration of NEPCM 
particles ϕ = 0.0 and 4%. The default values of parameters in the study are RaΩ = 107, Ω(2πξ) = 100, Ste = 0.2, Tm = 0.5, ε = 0.8, h = 100, and ϕ =

0.04. High-porosity metal foam is typically fabricated through electro-deposition and investment casting, exhibiting significant porosity (ranging 
from 80% to 99%) [43]. Conversely, low-porosity metal foam is produced via infiltration casting, boasting reduced porosity (typically between 60% 
and 80%), yet showcasing high effective thermal conductivity and a substantial specific area [44]. Moreover, A permeability on the order of 10− 6 m2 

[45] and an enclosure size on the order of 10− 2 m can result in Da = 10− 4. 
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