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A B S T R A C T   

The study focused on investigating the convective heat transfer of nano-encapsulated phase change suspensions 
in the presence of a non-uniform magnetic field within an annuli space between two square cylinders. The 
principal equations for the fluid flow and phase change heat transfer were formulated as partial differential 
equations and then represented into dimensionless format. The finite element method was used to solve these 
equations and simulate the free convection heat transfer. The effect of various factors, including Hartmann, 
Rayleigh, Eckert and Stefan numbers, geometry aspect ratio, nanoparticles’ concentration, and fusion temper
ature, on the heat transfer rate was examined. A neural network was also introduced and trained to establish the 
connection between the control parameters (inputs) and the heat transfer rate (output). The outcomes were 
presented in the form of the modified Nusselt number, along with isotherms, heat capacity ratio (phase change) 
contours, and streamlines. The results demonstrated that the neural network could accurately predict the heat 
transfer rate and provide a comprehensive map of heat transfer with respect to the control parameters. Nano- 
Encapsulated Phase Change Materials (NEPCMs) can be considered as a new type of nanofluids, in which the 
nanoparticle consists of a core and a shell. The core part is made of a Phase Change Material (PCM) which can 
undergo solid-liquid phase change at a certain fusion temperature, and absorb/release a significant amount of 
energy due to latent heat of the phase change.   

μdynamic viscosity (kg/m) 
ν kinematic viscosity, (m2 • s− 1)

ρ fluid density, (kg • m− 3)

ρsh density of the particle’s shell (kg • m− 3)

ρc0 density of the core (kg • m− 3)

σ electrical conductivity (Ω.m)− 1 

θ dimensionless temperature 
ω rotational (s− 1) 

Subscripts 
f nanofluid; hybrid nanofluids 
s solid phase 

1. Introduction 

The exploration of heat transfer phenomena has garnered substantial 
attention owing to its diverse applications across numerous domains, 
including energy, electronics, and manufacturing. Among the different 
modes of heat transfer, free convection plays a crucial role in many 
natural and industrial processes [1]. In an original paper by Ghalambaz 
et al. [2] has been stated that PCMs and nano-enhanced PCMs have been 
the subject of various engineering applications, particularly for thermal 
management systems and thermal energy storage applications. For 
instance, PCMs have been utilized for thermal management of buildings 
as a part of walls and roofs, windows as transparent building elements, 
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domestic heat pump and air-conditioning systems, and other applica
tions including space instruments, electronic cooling devices, and the 
food industry. Although PCMs are capable of storing/releasing a 
tremendous amount of energy on phase change, they are inherently very 
weak in terms of heat transfer. 

In the recent years, nanofluids have received much attention because 
they are potentially used as a thermophysical heat transfer fluid, cooling 
engine components in the automotive industry, their property to convert 
solar energy into thermal energy, and improving absorption and storage 
capacity in solar panels, building heating systems, solar drying devices, 
and many others. Choi in 1995 [3] at Argonne National Laboratory, 
USA, was the first researcher who gave life to this concept of nanofluids. 
It is well known that mixing nanoparticle in a fluid involve a change in 
the liquid’s thermophysical and optical properties such as thermal 
conductivity. But conventional (classical) viscous fluids do not allow to 
grow so efficiently the intensified fluid flow and heat transfer. In a paper 
by Alsabery et al. [4], a review on single and two-phase nanofluid 
models on the convection heat transfer in enclosures with inner bodies 
has been presented. Also, cconsiderable research efforts have been 
directed toward investigating the impact of various parameters on free 
convection heat transfer. Notably, the influence of enclosure shape [5,6] 
and the use of nanofluids in an open [7,8] or a confined space [4,9] has 
emerged as a significant area of interest. Interesting published papers on 
the present area are those by Mehrizi et al. [10,11], Graeilinezhad et al. 
[12], Hosseini et al. [13], and in the book by Merkin et al. [14]. 

The MHD effects on heat transfer have gained considerable attention 
due to their potential to manipulate fluid flow and heat transfer char
acteristics [15]. Under the influence of a magnetic field, the motion of 
electrically conducting fluids can be altered, leading to modified flow 
patterns and heat transfer rates [16]. In the context of natural convec
tion, the application of MHD offers opportunities to control and improve 
convective heat transfer, making it an intriguing avenue for exploration 
[17]. Various aspects of heat transfer of nanofluids under the influence 
of magnetic fields have been investigated in recent years. For example, 
the triple diffusion of concentrations [18], nanofluids [19], and entropy 
generation [20] under a magnetic field have been explored. The mag
netic field has also been used to control phase change in energy storage 
units [21]. 

Including nanoparticles in the base fluid alters its thermophysical 
properties, enhancing heat transfer characteristics. Nanoparticles 
exhibit high thermal conductivity and specific surface area, significantly 
enhancing convective heat transfer by promoting effective heat dissi
pation. Additionally, PCMs in the suspension allow heat storage through 
the latent heat of phase transition, contributing to the enhancement of 
heat transfer [2,22]. 

In recent years, nano-encapsulated phase change materials 

(NEPCMs) have emerged as promising approach to enhance heat 
transfer performance. NEPCMs offer high latent heat storage and 
improved thermal conductivity, which can significantly enhance the 
heat transfer rate [23,24]. Recent research has demonstrated the 
enhanced heat transfer characteristics of NEPCM slurries in various 
configurations, such as microchannels [23] and enclosures [25,26]. 
Furthermore, the preparation and thermal properties of NEPCMs have 
been extensively studied for their potential in thermal energy storage 
[27,28]. 

The free convection of nano-encapsulated phase change material 
(NEPCM) suspensions in enclosures under the influence of magnetic 
fields has not received sufficient attention in the existing literature, 
despite its significance. Previous studies have primarily concentrated on 
investigating free convection heat transfer in more straightforward ge
ometries and without magnetic effects, including I shape [29], grooved 
[30], L shape [31], prismatic [32], crescent-shaped [33], rectangular 
[34], wavy wall [35,36], heated and cooled cylinders [37], or cavity 
containing fins [38]. As a result, there remains a noticeable gap in the 
research when it comes to exploring the mixed convection behavior of 
NEPCM suspensions within a lid-driven trapezoid cavity. 

Fereidooni [39] studied the natural convection of NEPCMs within an 
L-shaped cavity, considering the influence of a uniform magnetic field. 
By employing the Finite Element Method (FEM) to solve the governing 
equations under specific boundary conditions, the effects of Rayleigh 
number, nanoparticle concentration, Stefan number, Hartmann number, 
and non-dimensional fusion temperature on temperature, velocity, 
streamline, heat capacity ratio, and average Nusselt number contours 
are examined. Findings indicate that raising the Hartmann number from 
0 to 20 decreases the average Nusselt number by up to 17%, while 
higher nanoparticle concentrations enhance the Nusselt number by 
26%. 

NEPCM suspensions are an innovative nanomaterial solution. These 
mixtures comprising a host fluid and NEPCM particles can circulate 
across heated or chilled surfaces. The phase change nanoparticles 
embedded within significantly enhance heat transfer, harnessing their 
latent heat of fusion to modulate heat transfer rates or surface temper
atures. A review of recent studies demonstrates a notable surge in in
terest regarding the heat transfer capabilities of NEPCM suspensions 
over the past two years, underlining their distinctive thermal properties. 
Despite this, many facets of these groundbreaking nanomaterials, such 
as the impact of a non-uniform magnetic field on their convection heat 
transfer, remain uncharted territory. Consequently, this study’s primary 
objective is to delve into the effects of a non-uniform magnetic field on 
the free convection of NEPCM suspensions within the context of the 
space between two square cylinders for the first time. It is shown that the 
fusion temperature of the nano-encapsulated phase change material 

Nomenclature 

Cp specific heat at constant pressure (KJ/kg K)
(ρCp)b heat capacity of the working fluid 
Ec Eckert number 
f volume fraction 
g acceleration due to gravity, (m.s− 2) 
h convective heat transfer coefficient 
H height of the cavity (m) 
(Hx,Hy) components of the magnetic field H 
k thermal conductibility (W/m.K) 
kb thermal conductivity (W/m.K)
Nux local Nusselt number 
Pr Prandtl number 
Re local Reynolds number 
Sn size number 

Ste Stefan number 
T fluid temperature, (K)
Th temperature of the hot left wall (K)
Tc temperature of the cold right wall (K)
(u, v) dimensional velocity component of the fluid along the 

(x, y) − directions, (m • s− 1)

(U,V) dimensionless velocity component of the fluid along (X, 
Y) − directions 

(x,y) dimensional Cartesian coordinates - (m)

(X,Y) dimensionless Cartesian coordinates 

Greek symbols 
β volumetric coefficient of thermal expansion, (K− 1)

γ magnetic strength 
δT temperature interval 
κ thermal conductivity  
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(NEPCM) and the Hartmann number significantly affected the Nusselt 
number. The highest Nusselt number was observed at a fusion temper
ature of 0.4 for all Hartmann numbers when the enclosure aspect ratio 
was 0.6. The fusion temperature and NEPCM concentration also sub
stantially impacted the heat transfer rate. An increase in nanoparticle 
concentration enhanced the influence of fusion temperature on heat 
transfer, with the highest rate observed at a fusion temperature of 0.4. 
Changing the fusion temperature from 0.1 to 0.4 resulted in a 4% 
improvement in heat transfer for a nanoparticle concentration of 0.05, 
emphasizing the importance of fusion temperature in enhancing heat 
transfer performance. Additionally, by adding NEPCM particles, overall 
heat transfer improves significantly, with an approximate 38% increase. 
The results of the paper are original and have not been published by any 
researcher. 

2. Physical model 

The heat transfer occurring within a cavity channel, as illustrated in 
Fig. 1, is modeled in the following manner, where H is the height of the 
cavity and l is distance between two square cylinders. The region be
tween the two cylinders is occupied by a suspension of NEPCM particles 
in water. The heated surface within the system corresponds to a heat- 
generating element, such as electrical components or vapor condensa
tion. In the context of evaporative cooling for electronic components, 

substances like FC-72 [40] are commonly used. These liquids facilitate 
heat dissipation from the electronic components, contributing to effec
tive cooling in the system. On the other hand, the cold walls serve the 
purpose of cooling the system either through heat dissipation to the 
surroundings or by utilizing radiators. 

The nanoparticles possess a core made of PCM, enabling them to 
undergo a phase change while being suspended in the water. Conse
quently, the nanoparticles not only modify the thermophysical proper
ties of the nanofluid (NEPCM-water), such as thermal conductivity and 
dynamic viscosity, but also locally affect the heat capacity. This heat 
capacity is dependent on temperature and is directly influenced by the 
phase transition temperature of the PCM nanoparticle cores, denoted 
as Tf . The temperature-dependent characteristics of the nanoparticles 
contribute to unique cooling and energy storage capabilities. 

In Fig. 1, a phase change phenomenon of a nanoparticle’s core within 
water is illustrated. The core of the nanoparticle can exist in various 
states, including solid, liquid, or undergoing a phase transition, as it 
moves through the water. Specifically, the model considers a configu
ration where the sidewalls of the channel are fixed at a low temperature, 
Tc with (Tc < Tf ), while the sidewall of the inner duct is preserved at a 
high temperature, Tf with (Th > Tf ). The NEPCM water, serving as the 
working fluid, absorbs heat adjacent to the hot wall and melts the 
nanoparticles’ cores. Subsequently, the working fluid, consisting of 
water and NEPCM particles with molten cores, rises due to buoyancy 
effects and reaches the top wall, which is well insulated. The flow 
continues its path until it reaches the right cold wall, where the nano
particles undergo a phase transition, releasing their latent heat to the 
cold wall and solidifying. The cold and dense working fluid, along with 
solidified nanoparticles’ cores, descends and reaches the bottom wall 
before moving towards the left heated wall, thereby continuing the 
cycle. There is a magnetic source term at the center of the channel, as 
depicted in Fig. 1. In order to express the magnetic field strength, it is 
assumed that the magnetic source corresponds to a vertically positioned 
magnetic wire at the center of the coordinate system within the (x − y)
plane. The magnetic field components (Hx,Hy) and the magnetic field 
strength (H) can be represented as [41,42]: 

H∗
x =

γ
2π

(
1

x2 + y2

)

y,H∗
y = −

γ
2π

(
1

x2 + y2

)

x (1)  

where H∗ =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
H∗2

x + H∗2
y

√
and γ denotes the magnetic strength. 

Due to their minuscule dimensions, the encapsulated particles lack 
substantial temperature variations internally, rendering them appro
priate for implementing nanoparticles and phase change in lamp 
models. Table 1 provides a comprehensive overview of the crucial 
characteristics of the core, host fluid, and shell. It is worth mentioning 
that the core of the NEPCM exhibits a fusion temperature of around 
32 ◦C, along with a latent heat of 211 kJ/kg [43]. 

Under the current configuration, both water and particles are 
considered to be incompressible. The working fluid is assumed to be 
Newtonian and exhibits laminar flow. The Bosinesque model is 
employed to account for the buoyancy forces in the system. Considering 
these assumptions, the next section provides the mathematical equa
tions to express the natural convection heat transfer of NEPCM-water 
suspension in the enclosure. 

Fig. 1. Physical model and the simulation domain.  

Table 1 
Properties of the shell material (PU), the host fluid and core material (nonadecane) of NEPCM particles [43–45].   

k ρ Cp  μ σ β 

PU — 786 1317.7  — 10− 6 17.28 × 10− 5 

Host fluid 0.613 997.1 4179  8.9 × 10− 4 0.05 21 × 10− 5 

Nonadecane — 721 2037  — — —  
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2.1. Model equations 

The flow dynamics in this study are modeled by incorporating the 
continuity and momentum equations, following the approach outlined 
in reference [2]. Additionally, the influence of buoyancy forces is taken 
into account by considering a temperature-dependent body force. 
Furthermore, the impact of magnetic fields is included in the momentum 
equation through body force source terms, as elaborated in references 

Table 2 
The utilized equations for computing the properties of NEPCM suspension.  

Property Ref. Formula Eq.  

Mixture density 
[2,47] 

ρb = (1 − f)ρf + fρp (5) 

NEPCM particles density 
[2,47] ρp = (1 + ι)(ρcoρsh)(ρsh + ιρco)

− 1 (6) 

Mixture specific heat capacity 
[48,49] Cp,b = ρ− 1

b (ρf Cp,f (1 − f) + ρpCp,pf) (7) 

Specific heat capacity NEPCM particle core 
[2,47,50] 

Cp,p = Cp,co+
{

π
2

⋅
(

hsf

TMr
− Cp,co

)

sin
(

π
T − Tf + δT/2

δT

)}

ζ

ζ = { 0T < Tf − δT/2 1Tf − δT/2 < T < Tf + δT/2 0T > Tf + δT/2 

(8) 

Mixture thermal expansion 
[2,50] 

βb = (1 − f)βf + fβp (9) 

Mixture thermal conductivity 
[2,51,52] 

kb

kf
= 1 + Nc f (10) 

Mixture dynamic viscosity 
[2,51,52] 

μb
μf

= 1 + Nv f (11) 

Mixture electrical conductivity 
[41] σb

σf
= 1 +

3
(σb

σf
− 1
)

f
(σs

σf
+ 2
)

−

(
σs

σf
− 1
)

f  

(12)  

Fig. 2. A diagram of the applied solution method.  

Table 3 
Details of the mesh elements and the corresponding local Nu for examined 
meshes.  

Sn Free-quads Nu 
*Error % 

0.015  2857  6.807 2.1 
0.01375  3430  6.864 1.3 
0.0125  4096  6.883 1.1 
0.01125  5186  6.929 0.4 
0.01  6400  6.956 -  

* Error %= 100 × |Nu-Nu@Sn=0.01|/Nu@Sn=0.01 

Fig. 3. Variation of the local Nusselt number with Y for various mesh sizes.  
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[41,46]. 
Continuity 

∂ u
∂ x

+
∂ v
∂ y

= 0 (1) 

Momentum in x and y directions: 

ρbu
∂u
∂x

+ ρbv
∂u
∂y

= −
∂p
∂x

+ μb

(
∂2u
∂x2 +

∂2u
∂y2

)

− σbB2
yu+ σbBxByv (2)  

ρbu
∂v
∂x

+ ρbv
∂v
∂y

= −
∂p
∂y

+ μb

(
∂2v
∂x2

+
∂2v
∂y2

)

+ gρbβb(T − Tc)+ σbBxByu − σbB2
xv (3)  

where the significance of Bx = μ0 H∗
x, By = μ0H∗

y, u,v,p, T,g, μb, ρb, σb 

and βb are mentioned in the Nomenclature. The subscript b denotes the 
bulk NEPCM suspension as a uniform mixture. In the governing equa
tions under consideration, a steady-state form has been utilized. This is 
owing to the phase change of nanoparticle cores, a process that tran
spires continuously within a distinct material space, and has been 
modeled via a lumped approach. As the suspension circulates 
throughout the enclosure, it maintains a perpetual state of phase tran
sition. New NEPCM particles are ceaselessly introduced to the flow, 
where they engage with a particular material space within the domain, 
absorbing or releasing their latent heat before being carried off by the 
ongoing suspension stream. While this specific heat transfer phenome
non presents non-uniformity in flow, phase transition, and heat transfer 
across the material space, it maintains a consistent pace over time, thus 
rendering it suitable for steady-state analysis. 

Energy conservation. 
The energy conservation for the suspension includes a heat capacity 

term which depends on local temperature as [2]: 

(ρCp)bu
∂T
∂x

+ (ρCp)bv
∂T
∂y

= kb

(
∂2T
∂x2 +

∂2T
∂y2

)

+ σb
(
uBy − vBx

)
(4) 

The term σb(uBy − vBx) represents the heat generation resulting from 

Fig. 4. The CR contour maps for various mesh sizes.  

Fig. 5. A view of the selected grid adopted for the rest of the computations.  

Table 4 
Comparative analysis of average Nusselt number Nu between the current 
investigation and the work by Matin and Pop [62].  

f Matin and Pop[62] Current simulations Distance 

0.01  5.66  5.63  0.53% 
0.02  5.89  5.84  0.85% 
0.03  6.02  6.1  1.33%  

Fig. 6. Isotherms computed in [16] with Ha= 50, Ra= 105, and a magnetic 
angle of 90◦: the results of the current research are plotted by solid lines, and 
symbols indicate the results of literature. 
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the presence of the magnetic field, as discussed in reference [41]. In this 
context, (ρCp)b refers to the heat capacity of the working fluid 
(NEPCM-water), which is dependent on the local temperature. Further 
elaboration on this term will be provided later. The heat transfer in the 
system is governed by Fourier’s law of heat conduction, with a thermal 

conductivity denoted as kb.. 
The boundary conditions applied in the simulation are as follows: 

The insulated walls, as shown in Fig. 1, have an applied boundary 
condition of ∂T/∂N = 0 (the derivative of temperature with respect to 
the normal vector of the surface) equal to zero, indicating no heat 
transfer through those walls. The temperature at the hot wall is set to 
T = Th, maintaining a constant isothermal condition. The temperature 
at the cold wall is set to T = Tc, maintaining a constant isothermal 
condition. The velocity of the fluid at all surfaces is set to zero (u, v) = 0 
indicating no flow or movement of the fluid across the boundaries. At 
the bottom left corner, a reference pressure with zero-gauge pressure is 
applied. This establishes a reference point for pressure calculations in 
the system. These boundary conditions help define the thermal and fluid 
behavior within the computational domain. 

2.2. The suspension as a bulk model 

The NEPCM suspension is treated as a uniform mixture of NEPCM 
particles and host fluid (water) [2]. The effective thermophysical 
properties were utilized and calculated based on the data presented in 
Table 2. 

The concentration of NEPCM particles is represented by the symbol 
f ,. The core-shell weight ratio, denoted as l, has an approximate value of 
0.447 [43]. The term δT is introduced to ensure continuity in the energy 
balance. Furthermore, hsf corresponds to the latent heat of NEPCM 
particle cores. 

The coefficients Nc and Nv in these equations represent the thermal 
conductivity and dynamic viscosity numbers, respectively. These co
efficients are influenced by various factors such as nanoparticle type, 
size, host fluid type, temperature, and the method of nanofluid prepa

Fig. 7. Comparison between the CR, isotherms, and streamlines of the present study and those of [2] for heat transfer of NEPCM suspensions in a square cavity for Ra 
= 105, θf = 0.3,Pr = 6.2, Ste = 0.3, κ = 0.33,Nv = 12.5,Nc = 23.8,Ec = 0,Ha = 0, f = 0.05and ρp

ρf
= 0.9. 

Fig. 8. Variation of the modified Nusselt number with Ra for various aspect 
ratio (L) values. 
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ration [51,52]. However, in the case of a synthesized nanofluid, these 
coefficients can be assumed to be constant. These equations are appli
cable specifically for low nanoparticle volume fractions, f , specifically, 
when f ≤ 5%. 

2.3. Dimensionless form of equations 

In order to present a universal representation of the NEPCM sus
pension’s behavior, the governing equations and their corresponding 
boundary conditions can be transformed into a dimensionless format. 
This involves introducing specific non-dimensional variables to facili
tate this transformation. 

X =
x
H
, Y =

y
H
, L =

l
H
, U =

uH
αf

, V =
vH
αf

, P =
pH2

ρf α2
f
, θ =

T − Tc
Th − Tc

,

H̃ =
H∗

H0
, H̃x =

H∗
x

H0
, H̃y =

H∗
y

H0
, θf =

Tf − Tc
(Th − Tc)

(13)  

where H0 = H∗(H/2,0) = γ/2πH. After plugging in the dimensionless 
variables into the governing equations, a set of non-dimensional gov
erning equations was derived: 
[

∂U
∂X

+
∂V
∂Y

]

= 0 (14)  

(
ρb

ρf

)[

U
∂U
∂X

+ V
∂U
∂Y

]

= Pr

(
μb

μf

)(
∂2U
∂Y2 +

∂2U
∂X2

)

−
∂P
∂X

−

Ha2Pr
(

σb

σf

)(
H2

yU − HxHyV
)

(15)  

(
ρb

ρf

)[

U
∂V
∂X

+ V
∂V
∂Y

]

= Pr

(
μb

μf

)(
∂2V
∂Y2 +

∂2V
∂X2

)

−
∂P
∂Y

+

Ra × Pr
(

ρb

ρf

)(
βb

βf

)

θ − Ha2Pr
(

σb

σf

)
(
H2

xV − HxHyU
)

(16)  

CR
[

U
∂θ
∂X

+ V
∂θ
∂Y

]

=

(
kb

kf

)(
∂2θ
∂X2 +

∂2θ
∂Y2

)

+Ha2Ec
(

σb

σf

)
(
UHy − VHx

)2

(17) 

The dimensionless parameters appeared in the above-written equa
tions are Ra, Pr, Ha, Ec Ste and κ,defined in the Nomenclature, are given 
by, 

Ra =
ρf gβf (Th − Tc)H3

αf μf
,Pr =

μf

ρf αf
, Ha = μ0H0L

̅̅̅̅̅
σf

μf

√

,

Ec =
(α μ)f(

ρ Cp
)

f (Th − Tc) H2
, Ste =

(
ρ Cp

)

f (Th − Tc) (ρsh + l ρc0)

αf
(
hsf ρc0 ρsh

)

(18)  

κ =
(Cpc0 + l Cpsh)ρc0 ρsh
(
ρ Cp

)

f

(
ρsh + l ρc0

) ,

where 
(

βb

βf

)

= (1 − f )+ f
(βp

βf

)

,

(
ρb

ρf

)

= (1 − f )+ f
(ρp

ρf

)

(19) 

Besides, δ = δT/(Th − Tc) = 0.05 [2], in which δ is the 
non-dimensional phase change interval. 

It is also assumed that the expansion of NEPCM particles is similar to 
that of the host fluid, resulting in approximate ratios of (βb/βf ) ∼ 1 and 
(ρb/ρf ) ∼ 0.74 [53]. Since the electrical conductivity of PU is minimal 
compared to water, its influence can be disregarded, leading to 
(σs/σf ) ∼ 1. Additionally, CR is defined as 

CR =
(ρCp)b

(ρCp)f
= (1 − f )+

f
δ × Ste

ζ+ f κ (20) 

Furthermore, the non-dimensional fusion function (ς) was achieved 
as: 

ζ =
π
2
× sin

(π
δ
(
θ − θf + δ/2

))
×

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0θ <
(
θf − δ/2

)

1
(

θf −
δ
2

)
< θ <

(
θf + δ/2

)

0θ >
(
θf + δ/2

)

(21) 

The non-dimensional boundary conditions, are similar with the ones 
used by Sheremet et al. [54], namely, θ = 1, at the hot and θ = 0at the 
coled walls, (U,V) = 0 at all walls, ∂θ/∂N = 0, insulated boundary 
conditions at the upper and lower walls of the cavity, P = 0, reference 
pressure at the point, were applied. The local (Nul = h H/kf ) and 
average Nu Nusselt numbers at the bottom wall are considered key heat 
transfer parameters, and they can be defined as follows: 

Nul = −

(
kb

kf

)(
∂θ
∂N

)⃒
⃒
⃒
⃒

Hot wall
= − (1+Ncf )

(
∂θ
∂N

)⃒
⃒
⃒
⃒

Hot wall
(22) 

Fig. 9. Variation of the local Nusselt number with x for a range value of Ra and two cases of the aspect ratio (a) L = 0.3 and (b) L = 0.7..  
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Fig. 10. A comparison of isotherms, streamlines, and CR contours for various L and Ra..  
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and 

Nu =
1
L

∫ L

0
NuldL (23)  

where h is the convective heat transfer coefficient. The total heat 
transfer can be significantly influenced by the length of the heated 
surface wall. For instance, an increase in the length of the heated wall 
can result in a temperature distribution characterized by small tem
perature gradients. This, in turn, can lead to a lower Nusselt number Nu 
and, subsequently, a smaller heat transfer coefficient, denoted as Ncf . 
However, despite the associated reduction in heat transfer coefficient, a 
substantial increase in the surface area could still yield a superior heat 
transfer rate compared to a scenario with a high Nusselt number but a 
smaller heated wall length. 

Therefore, to facilitate a fair comparison of the total heat transfer 
rate within the enclosure, it’s beneficial to modify the average Nusselt 
number to reflect the overall heat transfer. This can be achieved by 
incorporating the non-dimensional length of the heated wall. The 
modified Nusselt number Num can be represented as: 

Num = L × Nu (24) 

And it can effectively represent the total heat transfer rate in this 
form. The streamlines in their non-dimensional form are computed using 
the following: 
(

∂2ω
∂X2 +

∂2ω
∂Y2

)

= −

(

−
∂U
∂Y

+
∂V
∂X

)

(25)  

with the rotational flow (ω = 0) on all surfaces [53,55], and U = ∂ω/∂Y 
and V = ∂ω/∂X. 

3. Numeric technique and model validation 

3.1. Finite element numerical method 

To solve the fundamental equations, initial conditions, and boundary 
parameters, the Finite Element Method (FEM) was utilized. This method 
proved effective for dealing with non-linear sink/source terms resulting 
from phase changes of NEPCM particles [56,57]. Using a weak form of 
the main equations and a second-order bifurcation for the heat and 
momentum equations, the Gauss quadrature integration was imple
mented at the element level to produce an algebraic system of residual 
equations. Fig. 2 shows a diagram of solution method. The Newton 
method was then iteratively applied to solve these equations, and a 
damping coefficient of 0.85 was introduced to improve convergence 
[58,59]. In addition, the PARDISO parallel solver was used to facilitate 
parallel computations across multiple processing units [60,61]. A pre
cision of less than 0.0001 was deemed acceptable for the calculations. 

3.2. Element size examination 

The effect of mesh resolution on computational accuracy was 
examined by studying the free convection heat transfer of a NEPCM 
suspension in a specific test case. The non-dimensional parameters used 
in the test case were Ra = 105, θf = 0.25,Pr = 6.2, Ste = 0.3, κ = 0.33,
Nv = 12.5,Nc = 23.8, Ec = 10− 4,Ha = 1, L = 0.6 and f = 0, which can 
be found in the previous studies [2,41,53]. 

A free-quad form mesh was employed to discretize the solution 
domain, with the mesh resolution parameter, size number (Sn), deter
mining the size of the mesh elements. A small value of Sn indicates a fine 
mesh, while an increase of Sn coarsens the mesh. The characteristics of 
the generated meshes, including the number of elements, as well as the 
computed average Nusselt number, are presented in Table 3. The local 
Nusselt number is also depicted in Fig. 3. Additionally, due to the high 
surface-to-volume ratio of the nanoparticles, the phase transition occurs 
within a small region of the solution domain. This is visualized through 
the contours of the heat capacity ratio in Fig. 4, which highlight the 
regions where phase transitions take place. 

Table 3 illustrates a consistent increase in the average Nusselt 
number as the mesh size parameter (Sn) decreases, indicating refine
ment of the mesh. The table also includes the number of elements for 
each case. Notably, a 19% increase in mesh elements from 5186 (for 
Sn = 0.01125) to 6400 (for Sn = 0.01) exhibits only a 0.4% error 
compared to a mesh with Sn = 0.01, which is deemed acceptable for 
most engineering applications and visual representation of the results. 

In Fig. 3, the local Nusselt number Nu is presented for various mesh 
sizes. It is evident that the curves align well in the central regions of the 
hot wall. However, at the edges where the fluid changes direction to
wards the horizontal, a sharp variation in Nu can be observed. This 
discrepancy can be attributed to the sharp edge of the geometry, which 

Fig. 11. Variation of modified Nusselt number for a range of fusion tempera
ture (θf ) and numerous Hartmann numbers when L = 0.6.. 

Fig. 12. Variation of the local Nusselt number with θf For various values of 
Hartmann number Ha.. 
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Fig. 13. A comparison of isotherms, streamlines, and CR contours for Ha = 0 and Ha = 30, θf = 0, 25 and θf = 0.4 when Ra = 5× 105..  
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can be regarded as an anomaly in the geometry. Further refining the 
mesh would exacerbate this jump while reducing the surface area. 
Nevertheless, since these sharp edges are limited to singular points, they 

have minimal impact on the average Nusselt number and heat transfer 
rate. 

Fig. 4 showcases the CR contours for the finest, coarsest, and inter
mediate mesh sizes. It confirms that the phase transition through the CR 
field has been accurately captured without any breaks or abnormalities 
across all meshes. Considering all the graphs and tables, it is evident that 
the mesh with a mesh number of Sn = 0.01 exhibits a uniform structure 
and converges well. Therefore, the finest mesh with Sn = 0.01 was 
selected to ensure maximum computational accuracy. Fig. 5 depicts a 
view of utilized mesh. 

3.3. Validation of the model 

In the pursuit of ensuring the precision of the applied computational 
code, the investigators drew parallels between their outcomes and the 
results of two prior scholarly works. Initially, the mean Nusselt numbers 
derived from the present research were juxtaposed with those docu
mented by Matin and Pop [62]. The focus of Matin and Pop’s research 
was the natural convective flow within an annular space filled with a 
Cu-water nanofluid. Table 4 showcases the mean Nusselt numbers 
computed in this study alongside those reported by Matin and Pop [62] 
for different nanoparticle volume fractions. The comparative analysis 
reveals a commendable concurrence between the findings of Matin and 
Pop and the outcomes of this investigation. 

Sathiyamoorthy and Chamkha [16] examined magnetohydrody
namic flow and natural convection heat transfer in an enclosure under 
various heating conditions. The fluid flow was subject to a uniform 
magnetic field. Here, following formulation of [16], a Hartmann number 
of Ha = 50,Ra = 105, and a magnetic angle of 90◦ was adopted for the 
sake of comparison, and the results for the temperature field are plotted 
in Fig. 6. The dots show the results of [16], while the lines depict the 
current study’s results. 

4. Results and discussions 

In this section, the impact of enclosure aspect ratio (0.3 < L < 0.9), 
Hartmann number (0 < Ha < 30), Rayleigh number (103 < Ra < 5×

105, fusion temperature for NEPCM particles (0.1 < θf < 0.9, and con
centration of NEPCM particles (0 < f < 0.05) is addressed on the con
vection heat transfer and the heat transfer rate. The non-dimensional 
parameters used in this study are consistent with those reported in the 
mesh examination. Any modifications or changes to the non- 
dimensional parameters will be explicitly documented and reported. 

In their research, Ghalambaz et al. [2] addressed the phenomenon of 
free convection in NEPCM suspensions contained within a square cavity. 
The setup involved a hot temperature on the left wall, a cold tempera
ture on the right wall, and insulation on the top and bottom walls. The 

Fig. 14. Variation of the modified Nusselt number as a function of θf when Ra 
= 5× 105.. 

Fig. 15. A schematic view of the utilized NN structure.  

Fig. 16. The training and validation data against Epochs.  

Fig. 17. The predicted test data against the actual test data.  
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researchers used CR contours, isotherms, and streamlines to illustrate 
the field variables. A comparison of the current study’s findings with 
those of Ghalambaz et al. [2] is presented in Fig. 7. The comparison 
reveals a strong correlation between the results of the two in
vestigations, demonstrating the validity of the current study’s outcomes. 

4.1. Aspect ratio and Rayleigh number 

Fig. 8 illustrates the modified Nusselt number (Num) fluctuation 
with changing Rayleigh numbers across diverse aspect ratios (L). It is 
observed that at low Rayleigh numbers, the influence of natural con
vection is not considered substantial, leading to a marginal impact on 
the rate of heat transfer (Num). However, for Ra around 105 and above, 
an incremental increase in Ra correspondingly amplifies the heat 
transfer rate (Num). Increasing the aspect ratio enhances Num, as it ex
pands the heat transfer surface area and concurrently diminishes the 
distance between the warm and cool surfaces, thereby augmenting the 
temperature gradients adjacent to the heated surface and, in turn, the 
rate of heat transfer. When the aspect ratio is elevated, L > 7, the heat 
transfer is not significantly affected by the Rayleigh number as the small 
gap for fluid circulation imposes a resistance to the fluid flow, irre
spective of the Rayleigh number strength. In this scenario, the proximity 
between the warm and cool surfaces precedes determining the temper
ature gradient and controlling the heat transfer mechanism. 

Fig. 9 elucidates the distribution of the local Nusselt number along 
the heated wall for aspect ratios L = 0.3 and L = 0.7. At the wall’s ex
tremities, the local Rayleigh number is notably high; then, it sharply 
decays to a constant value towards the center. To investigate this 
pattern, isotherms, streamlines, and heat capacity ratio (CR) contours 
are plotted in Fig. 10. At the wall edge, the cold fluid moves laterally 
along the bottom duct before abruptly veering toward the heated wall. 
This flow dynamic induces a robust local temperature gradient and 
spikes the local Nusselt number. When the warm fluid departs the heated 
surface, it must transition towards the top horizontal duct; thus, again, a 
significant increase in the local Nusselt number is noted. However, the 
local Nusselt number at the active wall’s end is less than at its beginning, 
which is attributable to the suspension departing the heated surface at 
an elevated temperature. As a result, the temperature differential at the 
hot wall’s top edge is smaller than at its base. Changes in CR delineate 
regions experiencing phase transitions. These regions occur around 
isotherms closely approximating the fusion temperature of NEPCM 
particles, specifically, θf = 0.25. Intriguingly, two sidewalls are at the 
cooler temperature in this configuration, resulting in two-phase change 
regions observable in the CR contours. Additionally, with a smaller 
aspect ratio (L = 0, 3), there are two dominant flow circulations in the 
enclosure. One circulation originates from the hot wall, heading towards 

the left cold wall, and the second from the hot wall towards the adjacent 
cold wall. This occurs as the gap between the heated and cold walls is 
adequately large to accommodate double-flow circulation. Nonetheless, 
as the aspect ratio increases, the gap between the sidewall and hot wall 
shrinks, permitting only one main flow circulation between the heated 
and cold wall. With a rise in Rayleigh number, the strength of the free 
convection flow intensifies, resulting in increased flow velocities and 
steeper temperature gradients. Hence, as Fig. 10 illustrates, the phase 
transition regions for CR contours are considerably narrower for 
Ra= 105 compared to Ra= 103. 

4.2. Fusion temperature and Hartmann number 

Fig. 11 elucidates the effect of phase transition temperature and 
Hartmann number Ha on the modified Nusselt number (Num) when the 
distance between the hot and cold surfaces is relatively broad, set at L =

0.6. Fascinatingly, a peak Nusselt number around a fusion temperature 
of θf = 0.4 is observed across all Hartmann numbers. The Nusselt 
number diminishes with an increase in Hartmann as the magnetic field 
introduces a resistive force counteracting the fluid motion, which sub
sequently dampens the free convection flows and heat transfer. 

The local Nusselt number distributions along the hot wall (as shown 
in Fig. 12) reveal that the magnetic field primarily influences heat 
transfer around the wall’s midpoint. As the Hartmann number escalates, 
the local Nusselt number near the wall’s center decreases. Fig. 13 pre
sents the isotherms, streamlines, and CR contours for two Hartmann 
numbers: Ha= 0 and Ha= 30. The outcomes are also plotted for two 
fusion temperatures: θf= 0.25 and θf= 0.4. Case θf= 0.4 was chosen 
based on the findings from Fig. 11, which depicted a maximum Nu. A 
rise in fusion temperature shifts the right-side phase transition region 
upwards, bringing it closer to the heat flow originating from the heated 
wall. However, alterations in fusion temperature have a negligible 
impact on the phase transition region on the left side. This can be 
attributed to the significant temperature gradient existing between the 
hot and cold surfaces on the left side, resulting in tightly packed iso
therms. The distributions of these isotherms are visualized in the 
isotherm contours and appear dense perpendicular to the hot wall (be
tween the left cold wall and the hot wall). Thus, a change in fusion 
temperature subtly shifts the region towards the corresponding 
isotherm. 

As discernible in the streamlines, the primary circulation of the 
suspension occurs in the left region. Comparing the streamlines for 
Ha= 0 and Ha= 30 shows that the rise in Hartmann number curtails the 
flow circulation in horizontal ducts and along the hot wall. Nonetheless, 
the impact of this change is relatively insignificant. 

Fig. 18. Estimated values of Num for a range of control parameters (a) Contours of Ha − f and (b) Contours of Ha − Ra..  
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4.3. Fusion temperature and NEPCM concentration 

Fig. 14 visually represents the impact of fusion temperature on the 
heat rate across various concentrations of NEPCM particles. A note
worthy augmentation of the heat transfer rate (Num) accompanies the 
increase in nanoparticle concentrations. 

In a scenario where the nanoparticle concentration f= 0, Num re
mains unaffected by the fusion temperature, as no nanoparticles are 
engaged in the phase change process. This case could be regarded as a 
baseline reference for the fluid, devoid of nano-enhancements. As the 
concentration of nanoparticles escalates, the impact of fusion tempera
ture on heat transfer becomes progressively conspicuous. For instance, 
with a suspension incorporating a nanoparticle concentration of 
f= 0.05, the highest heat transfer rate is observed around a fusion 
temperature of θf= 0.4. This observation aligns with the results inferred 
from Fig. 11. Changing the fusion temperature from θf= 0.1 (Num=11.8) 
to θf= 0.4 (Num=12.3) results in 4% heat transfer improvement when 
f= 0.05. It should be noted that such an improvement is only due to the 
change in fusion temperature and does not impact the concentration of 
nanoparticles or the weight of the suspension. Furthermore, the nu
merical value for the host fluid’s Num (φ = 0) stands at approximately 
7.8. However, with the incorporation of NEPCM particles, this value can 
be elevated to around 12.6 at θf= 0.4. As a result, the utilization of 
NEPCM particles leads to a substantial improvement in overall heat 
transfer, increasing it by approximately 38%. 

This effect can be rationalized by considering the enhanced thermal 
properties of NEPCM particles. The addition of nanoparticles can 
augment the base fluid’s effective thermal conductivity and heat ca
pacity, thereby promoting a higher heat transfer rate. Also, during the 
phase change process, nanoparticles could facilitate uniform heat dis
tribution by mitigating the thermal resistance, leading to an increased 
heat transfer rate. The fusion temperature affects the phase change 
process, which is a crucial factor in determining the heat transfer 
characteristics of NEPCMs. Therefore, by manipulating the fusion tem
perature and the concentration of NEPCM particles, one can optimize 
the heat transfer rate for specific cooling applications. 

5. Further analysis using neural networks 

To further investigate the impact of control parameters on the heat 
transfer rate, a neural network was employed. The network consisted of 
three fully connected hidden layers, each comprising 50 neurons with 
sigmoid activation functions (Fig. 15). The neural network was trained 
using a dataset of 378 cases, covering a range of parameters as explained 
in the results section. The input of the neural network included the 
aspect ratio (0.3 < L < 0.9), Hartmann number (0 < Ha < 30), Rayleigh 
number (103 < Ra < 5 ×105), and concentration of NEPCM particles 
(0 < f < 0.05). The neural network output was the modified Nusselt 
number (Num). 

Prior to training, the records were randomly shuffled, and 70% of the 
data was used for training, 15% for testing, and 15% for validation. 
Mean Squared Error (MSE) was chosen as the objective function, and the 
Adam optimizer [63] was employed. The training process consisted of 
1000 episodes with a batch size of 4. The StandardScaler technique was 
applied to normalize the data. The achieved results include an excellent 
loss value of 3.65 × 10− 4 for training and 3.65 × 10− 4 for validation. 

Fig. 16 illustrates the progression of MSE error for the train, test, and 
validation data across different epochs, indicating a consistent reduction 
as the number of epochs increases. Additionally, Fig. 17 compares the 
predicted and actual test data, demonstrating a strong model fit. Now 
that the neural network can accurately predict the effect of the input 
parameters on the heat transfer rate (Num), it is utilized to generate 
contour maps illustrating the impact of control parameters. 

Fig. 18 (a) and 18 (b) showcase the contour plots of Num for Ha 
against f and Ha against Ra, respectively. The rest of the parameters 
were adopted as the default values explained at the beginning of the 

results section. These contours map the heat transfer rate for a fair range 
of control parameters. Several thousands of computationally costly 
simulations were required to produce such a high-resolution map 
without using the NN approach. Fig. 18 (a) shows that an incline in 
NEPCM particle concentration (f) increases the heat rate (Num) mono
tonically; however, an increase in Hartmann number (the magnetic 
strengths) induces a non-linear impact on the Num. Fig. 18 (b) also shows 
that an increase in Rayleigh number (Ra) significantly increases the heat 
rate (Ra), especially at high Rayleigh numbers. Hartmann number pri
marily impacts the heat rate at high Rayleigh numbers. 

6. Conclusions 

The primary focus of this research was to address the thermal 
behavior of NEPCM suspensions in the presence of a non-uniform 
magnetic field. This study extensively examined the free convection 
heat transfer within a cavity channel filled with NEPCM particles 
dispersed in water. The channel was located between two square cyl
inders and subjected to a non-uniform magnetic field source. The finite 
element method was applied to solve the governing equations involving 
the phase change heat transfer. Simulation results were used to inves
tigate the impact of control parameters such as enclosure aspect ratio, 
Rayleigh number, Hartmann number, fusion temperature for NEPCM 
particles, and concentration of NEPCM particles on the heat transfer rate 
(Num). A neural network was also employed to examine further the in
fluence of the control parameters on the heat transfer rate. The neural 
network was trained using data from multiple scenarios, with inputs 
including aspect ratio, Rayleigh number, Hartmann number, fusion 
temperature, and NEPCM particle concentration. The model exhibited 
high performance in predicting the impact of these parameters on the 
heat transfer rate. The key findings can be listed as follows:  

• It was found that the fusion temperature of NEPCM and Hartmann 
number Ha have a significant impact on the Nusselt number, 
particularly when the enclosure aspect ratio L = 0.6, with the peak 
Nusselt number observed at a fusion temperature θf = 0.4 across all 
Hartmann numbers. Notably, an increase in Hartmann number 
decreased the Nusselt number as the magnetic field imposed a 
resistive force, dampening the free convection flows and heat 
transfer.  

• The fusion temperature and NEPCM concentration significantly 
influenced the heat transfer rate. When the nanoparticle concentra
tion f = 0 (classical viscous fluid), heat transfer was unaffected by 
fusion temperature. However, with an increase in nanoparticle 
concentration, the fusion temperature’s impact on heat transfer 
became more prominent, with the highest heat transfer rate observed 
around a fusion temperature θf = 0.4. A 4% improvement in heat 
transfer was observed when the fusion temperature was changed 
from θf = 0.1 to θf = 0.4 for f = 0.5, highlighting the influence of 
fusion temperature on heat transfer performance. Furthermore, 
incorporating NEPCM particles results in a significant enhancement 
of overall heat transfer, yielding an approximate increase of 38%. 

• The neural network effectively predicted the impact of input pa
rameters on the heat transfer rate. It was used to generate contour 
maps to illustrate the effects of control parameters on heat transfer. 
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[60] M. Bollhöfer, O. Schenk, R. Janalik, S. Hamm, K. Gullapalli, State-of-the-art sparse 

direct solvers, Parallel Algorithms Comput. Sci. Eng. (2020) 3–33. 
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