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A B S T R A C T   

In cavities differentially heated at the sides and subjected to mechanical vibration, the natural convection 
incoming from buoyancy effects is not the only factor affecting the flow dynamic and heat transfer. The current 
work aims to address vibrational convection in a square chamber filled with a Nano-Encapsulated Phase Change 
Material (NEPCM) suspension. The non-dimensional equations of fluid and heat flows in the cavity are developed 
and solved numerically. The gravity term in the momentum equation is modified to include the effect of vi
bration. It is shown that the vibrational Rayleigh number has the most effect on the convective heat transfer, 
followed by the conductivity of the NEPCM suspension. Increasing the vibrational Rayleigh number from 103 to 
107 leads to up to 3 times rise in the time-averaged Nusselt number. The NEPCM concentration has a moderate 
influence, as around 12% increase in the time-averaged Nusselt number is found when a 5% volume fraction of 
particles is employed. An increase in the Stefan number from 0.2 to 0.8 is associated with a 6.1% reduction in the 
time-averaged Nusselt number. Additionally, the peak heat transfer is achieved at the melting point of 0.5, with a 
6.5% increase compared to the melting temperature of 0.1.   

1. Introduction 

In recent years, effective energy management has emerged as a sig
nificant challenge in various applications, ranging from residential and 
industrial cooling systems to energy storage in different systems, and 
waste heat recovery [1–4]. As a result, intensive research efforts have 
been directed toward discovering and developing novel, and efficient 
solutions for energy management [5–7]. Phase Change Materials (PCMs) 
offer a versatile solution for thermal energy storage and management, 
finding applications in diverse fields where temperature control and 
energy efficiency are crucial [8]. One promising avenue that has gained 
significant traction in heat transfer is the utilization of nano- 
encapsulated phase change materials (NEPCMs) [9,10]. 

NEPCMs are microscopic capsules housing a PCM. These materials 
can absorb or release a substantial amount of latent heat during phase 
changes, typically transitioning from solid to liquid or vice versa. When 
these PCMs are reduced to nanoscale dimensions and encapsulated, they 
provide an increased surface-to-volume ratio, resulting in improved heat 
transfer efficiency [11]. The thermophysical properties of NEPCMs and 
the potential of tailoring these properties to match specific application 
needs have made them a compelling area of study in thermal energy 
management [10,12,13]. 

Various recent studies have focused on the utilization of NEPCMs for 
enhancing heat transfer. Hashemi-Tilehnoee et al. [14] utilized the finite 
volume method to investigate the heat transfer and free convective flow 
of NEPCM-water suspension in a hot porous cavity. The research 
emphasized the roles of the magnetic field, Darcy number, and laminar 
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Rayleigh number on the flow and heat transfer characteristics. It was 
observed that the heat transfer capability of the cavity containing the 
NEPCM-water suspension was superior, particularly at lower Rayleigh 
numbers. Concurrently, [15,16] explored the role of double-diffusive 
convection in the heat transfer of NEPCM suspensions within cavities 
of different shapes. Both studies employed the incompressible smoothed 
particle hydrodynamics ISPH method. They noted that the fusion tem
perature of the NEPCM played a significant role in determining the 
phase change zone and its intensity within the cavities. In [16], it was 
further demonstrated that parameters, such as the buoyancy ratio and 
Darcy parameters, were pivotal in controlling the distribution of solid 
particles within the nanofluid phase. Hussain et al. [17] built on these 
observations by analyzing the natural convection of NEPCM within a 
porous grooved cavity. In this study, the effect of parameters such as 
porosity, Darcy parameter, and Rayleigh number on the nanofluid flow 
and convective heat transfer were scrutinized. Their conclusion high
lighted that alterations in these parameters had profound impacts on the 
streamlines and heat capacity patterns within the grooved cavity. 

Meanwhile, [18,19] extended the applications of NEPCM to more 
complex geometries and boundary conditions. They discovered that 
changes in the shape, size, and rotation of internal objects had consid
erable impacts on heat and mass transport inside the cavities. However, 
Raizah and Aly [18] observed that thermal performance could be 
enhanced by including solid particles into the phase change material. 

Unique applications of NEPCM, such as bioconvection [20] and fuel 
cells [21], have been explored. Hussain et al. [20] focused on the bio
convection of oxytactic microorganisms in an omega-shaped porous 
enclosure suspended by NEPCM, while [21] examined the use of NEPCM 
in cooling polymer electrolyte membrane fuel cells. Both studies 
emphasized NEPCM’s ability to control heat transfer and storage. In 
[22], the effect of radiation on the heat transfer and fluid flow of NEPCM 
in prismatic enclosures was studied. The findings revealed that the 

radiation parameter influences the melting/solidification processes, and 
the use of NEPCM particles significantly improved heat transfer. Besides, 
Alazzam et al. [23] analyzed the natural convection characteristics of 
NEPCM-water mixture in a cubic enclosure under an external magnetic 
field, emphasizing how the magnetic field and various other parameters 
influenced heat transfer. 

Vibration is a mechanical phenomenon characterized by oscillations 
or back-and-forth movements of an object or a medium. It is a result of a 
periodic disturbance or a force applied to a system, causing it to move 
repetitively around a central equilibrium position [24,25]. Highlighting 
the critical influence of vibrations on heat transfer in enclosures, some 
studies have demonstrated the complex interplay between these two 
variables and the varying parameters that come into play. The concept 
of vibrations enhancing the heat transfer rates within a rectangular 
enclosure is exhibited by the experimental study carried out [26]. 
Applying forced vibration conditions demonstrated that high heat 
transfer could be achieved at frequencies near the system’s natural 
frequency under constant heat flux. However, it is crucial to carefully 
select the heat flux and frequency ratio to maximize heat transfer pa
rameters while minimizing power consumption. In a similar vein, a 
significant increase in convective heat transfer coefficients was found 
when the enclosure was subjected to vibrations, especially near the 
natural resonant frequency of the fluid column within the enclosure 
[27]. This aligns with the findings indicating that resonance occurs 
when the oscillation frequency matches the basic mode of internal 
gravity oscillations, thereby intensifying convective activities [28]. 

Adding another layer to this understanding, studies have explored 
the impact of additional variables on the vibrational heat transfer pro
cess. The combined effects of mechanical variation and an applied 
magnetic field have been explored, demonstrating the effectiveness of 
the magnetic field in stabilizing the system and thereby reducing flow 
moments [29]. Similar results were observed in another study where an 

Nomenclature 

Latin symbols 
b Amplitude of vibration (m) 
Cr Heat capacity ratio 
Cp Sensible heat capacity (Jkg− 1K− 1) 
f Rectangular function 
g Gravity acceleration (ms− 2) 
H Size of the square cavity (m) 
k Thermal conductivity (Wm− 1K− 1) 
L*

sf Latent heat of the NEPCM core (kJkg− 1) 
Nc Thermal conductivity number 
Nv Dynamic viscosity number 
Nu Nusselt number 
p Pressure (Pa) 
Pr Prandtl number 
Rag Gravity Rayleigh number 
RaΩ Vibration Rayleigh number 
Ste Stefan number 
T Temperature (K) 
t* Time (s) 
u→ Velocity vector ms− 1 

u, v Components of velocity vector along x and y axes (m) 
x, y Cartesian coordinates (m) 

Greek symbols 
β Thermal expansion coefficient (K− 1) 
∇ Gradient vector (m− 1) 
ε Ratio of the heat capacity of NEPCM particles to 

the base liquid 
Ω Angular frequency of the vibration (s− 1) 
μ Dynamic viscosity (Nsm− 2) 
ν Kinematic viscosity (m2s− 1) 
ρ Density (kgm− 3) 
ζ Weight ratio of nanoparticles core to shell 
ξ Ordinary frequency of the vibration (s− 1) 
ϕ Volume fraction of the nanoparticles 

Subscripts 
bl Base liquid 
c Cold wall/ Core of nano-sized particles 
initial Initial condition 
h Hot wall 
s Shell of nano-sized particles 
steady Steady state 
Mr Melting temperature window 
m Melting point/ mean value 
na Nano-sized particles 
nl Nanoliquid 
r properties ratio of the nanoliquid to the base liquid 
t,a Time-averaged value 

Superscript 
* Dimensional properties and parameters 

Abbreviations 
FEM Finite element method 
NEPCM Nano-encapsulated phase change material 
PDE Partial differential equation  
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externally imposed magnetic field had a stabilizing impact on thermo- 
vibrational convective instability in an anisotropic porous module 
permeated by a second-grade fluid [30]. Furthermore, the study pro
vided insights into the effects of anisotropies on the permeability and 
thermal diffusivity of the porous module along the transverse direction. 

Complementing this, the introduction of mechanical vibrations and 
magnetic fields in an enclosure resulted in a uniform oscillation gener
ation and a decrease in the amplitude of the Nusselt number oscillation 
with increasing magnetic field strength [31]. Moreover, numerical 
simulations showed the potential for significant improvements in heat 
transfer mechanisms by applying mechanical vibrations driven by an 
eccentrically connected electric motor to an air-filled square cavity [32]. 

Vibration has also been found to influence the onset of thermo- 
solutal convection in a confined porous cavity saturated by a binary 
mixture [33]. Similarly, another study discovered that vertical vibra
tions could decrease the flow intensity and fluid penetration into a 
porous section of an enclosure, impacting both heat and mass transfer 
rates [34]. Furthermore, a hybrid nanofluid in a square cavity subjected 
to gravitational and vibrational forces exhibited an amplified rate of 
heat transfer for all studied frequencies, suggesting that the composition 
of the medium within the enclosure could play a role [35]. 

In the expansive domain of thermal sciences, the intricate nexus 
between vibrations and heat transfer has been a focal point of numerous 
scholarly inquiries. A substantial body of literature substantiates the 
constructive impact of vibrations on heat transfer within confined en
vironments. This intricate thermal interplay, however, is contingent 
upon a myriad of factors, encompassing the frequency and amplitude of 
vibrations, intrinsic physical characteristics of the enclosure, and the 
working fluid composition. NEPCM particles present a cutting-edge 
paradigm within this milieu, harnessing the latent heat of nano
particles to intricately augment heat transfer processes. Consequently, 
this research embarks on a systematic exploration of the convective heat 
transfer dynamics inherent in NEPCM suspensions within a vibrated 
cavity. The purpose of this research is to contribute novel insights to the 
field of convective heat transfer within enclosures, specifically focusing 
on the interaction between NEPCMs and mechanical vibrations. In 
pursuit of our objective, we employ a numerical approach to solve the 
non-dimensionalized fundamental equations of the flow and heat 
transfer within a vibrated cavity hosting NEPCM particles. To gauge the 
robustness of our findings, we scrutinize the influence of computing 
mesh size on the results. Additionally, we validate our results by 
comparing them with findings documented in the existing literature. 
Moving beyond validation, we systematically explore the impact of 
various parameters on the flow dynamics and heat transfer rate. 

2. Physical model 

The objective of this work is to examine the convection flow occur
ring within a two-dimensional square capsule filled with an aqueous 
liquid containing particles of NEPCM. Fig. 1 illustrates the visual rep
resentation of the capsule configuration under investigation. The cavity 
experiences a vertical and sinusoidal vibration, indicating periodic 
variations in the buoyancy force along the vertical direction. The sinu
soidal vibrations within the cavity are defined by their amplitude, rep
resented as b*, and frequency, denoted as Ω*. Consequently, the 
instantaneous acceleration is composed of a constant term, g*, and a 
time-varying component, b*Ω*2sin(Ω*t*). The size of the square capsule 
is H*. The cold wall of the enclosure is maintained at a constant tem
perature, denoted as T*

c , while the hot wall is set to a temperature of T*
h. 

The lower and upper horizontal surfaces are treated as adiabatic in the 
analysis, meaning that there is no heat transfer occurring through these 
walls. The dispersion of particles within the host liquid is uniform, 
ensuring a homogeneous distribution. Additionally, thermal and dy
namic balances are achieved between the particles and the host liquid. 
The assumptions made for the analysis include the fluid being 

Newtonian, and the flow is characterized as laminar. The amplitude of 
the vibration velocity, denoted as b*Ω*, is assumed to be relatively small, 
and the flow is considered incompressible. The validity of the Boussinesq 
approximation is assumed, and the effect of radiation is disregarded for 
the analysis. 

3. Conservation equations, boundary conditions, and properties 
of nanoliquid 

Describing the dynamics and thermal aspects, the equations shaping 
the flow and temperature fields are outlined below [36]: 

Mass conservation: 

∇*. u→* = 0 (1) 

Momentum conservation: 

ρ*
nl

∂ u→*

∂t*
+ ρ*

nl u→*.∇* u→* = − ∇*p* + μ*
nl∇

*2 u→* +
(
g* + b*Ω*2sin(Ω*t*)

)

ρ*
nlβ

*
nl

(
T*

nl − T*
c

)
j→

(2) 

Here, Ω*, as the angular frequency, is 2πξ*, where ξ* is the ordinary 
frequency. ρ*

nl is the density of nanoliquid, u→* is the velocity vector, t* is 
time, p* is the pressure, μ*

nl is the dynamic viscosity, g* is the gravity 
acceleration, b* is the vibration amplitude, β*

nl is the volume-thermal 
expansion coefficient, and T*

nl is temperature. 
Energy conservation: 

ρ*
nlC

*
p,nl

∂T*
nl

∂t*
+ ρ*

nlC
*
p,nl u→*.∇*T*

nl = k*
nl∇

*2 T*
nl (3)  

where C*
p,nl and k*

nl are the heat capacity and thermal conductivity of the 
nanoliquid. Concerning the physical aspects of the problem, the 
boundary conditions are formulated in the following manner: 

for
{

x* = 0
0 ≤ y* ≤ H* ⇒ u→* = 0, T* = Τ*

h (4-a)  

for
{

x* = H*

0 ≤ y* ≤ H* ⇒ u→* = 0, T* = Τ*
h (4-b) 

Fig. 1. Schematic representation of the physical domain.  
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for

⎧
⎨

⎩

y* = 0
y* = H*

0 ≤ x* ≤ H*
⇒ u→* = 0,

∂T*

∂y* = 0 (4-c) 

Additionally, the initial condition is: 

for

⎧
⎨

⎩

0 < x < H*

0 < y < H*

t* = 0
⇒ u→* = u→*

steady, T* = T*
steady (4-d) 

The thermophysical characteristics of the NEPCM nanoliquid, as 
outlined in eqs. (5)–(9), are presented below: 

The nanoliquid density is: 

ρ*
nl = ρ*

naϕ+ ρ*
bl(1 − ϕ) (5-a)  

ρ*
na = (1+ ζ)

(
ρ*

s + ιρ*
c

)− 1ρ*
cρ*

s (5-b) 

ρ*
na is the density of the nano-sized particles, ρ*

bl is the density of the 
host liquid, and ϕ is the volume fraction of the particles. ρ*

c and ρ*
s are the 

density of the nano-sized particles core and shell, respectively. The 
weight ratio of nanoparticles core to shell, denoted as ζ in the afore
mentioned relation, is approximately 0.447. The effective specific heat 
capacity, expressed as a function of the specific heat capacities of the 
particles and the host liquid, is as follows: 

C*
p,nl =

[
ρ*

nl

]− 1
[
ρ*

blC
*
p,bl(1 − ϕ)+ ρ*

naC*
p,na,eff ϕ

]
(6) 

In instances where the core of particles remains unaffected by the 
phase transition phenomenon, the effective specific heat capacity of 
particles, i.e., C*

p,na,eff , is equivalent to the sensible heat capacity of the 
particle, i.e., C*

p,na, determinable through the relation presented here
after [23]: 

C*
p,na =

[
ρ*

cρ*
s C*

p,c + ζρ*
cρ*

s C*
p,s

][
ρ*

s ρ*
na + ζρ*

cρ*
na

]− 1 (7)  

where C*
p,c and C*

p,s are the sensible heat capacity of the core and shell of 
the nanoparticles, respectively. During the phase transition, the heat 
capacity of the nanoparticles becomes: 

C*
p,na,eff = C*

p,na +

{
π
2

⋅
(L*

sf

T*
Mr

− C*
p,na

)

⋅sin
(

π
T* − T*

m + T*
Mr

/
2

T*
Mr

)}

І (8-a)  

⎧
⎪⎪⎨

⎪⎪⎩

for T* <
(
− T*

Mr

/
2
)
+ T*

m⇒I = 0
for −

(
T*

Mr

/
2
)
+ T*

m < T* <
(
T*

Mr

/
2
)
+ T*

m⇒I = 1
for T* >

(
T*

Mr

/
2
)
+ T*

m⇒I = 0
(8-b) 

L*
sf and T*

m of the above-written equations are the latent heat and 
melting temperature of the nanoparticles core. T*

Mr is the melting tem
perature window. The coefficient of thermal-volume expansion for the 
nanoliquid is: 

β*
nl = (1 − ϕ)β*

bl +ϕβ*
na (9)  

in which, β*
bl and β*

na are, respectively, the thermal-volume expansion 
coefficients of the host liquid and NEPCM particles. 

4. Non-dimensionalized form of the conservation equations 

The parameters used for dimensionlessizing the equations and 
boundary conditions are: 

u→=
H*

(
k*

bl

/
ρ*

blC*
p,bl

) u→*, p =
H*2

ρ*
bl

(
k*

bl

/
ρ*

blC*
p,bl

)2p*, T =
T* − T*

c

T*
h − T*

c
,∇ =

∇*

H*

(ξ,Ω) =
H*2

(
k*

bl

/
ρ*

blC*
p,bl

) (ξ*,Ω*), (x, y) =
(x*, y*)

H* , τ =
t*
(

k*
bl

/
ρ*

blC*
p,bl

)

H*2

(10)  

where u→ is the non-dimensionalized velocity vector, p non- 
dimensionalized pressure, T non-dimensionalized temperature, ∇ non- 
dimensionalized gradient vector, Ω non-dimensionalized angular fre
quency, τ non-dimensionalized time, and x (or y) non-dimensionalized 
coordinate. Applying the non-dimensionalization parameters afore
mentioned yields the non-dimensionalized forms of the equations: 

0 = ∇. u→ (11)  

− ∇p+Prμr∇
2 u→+RagPrρrβrT j→+RaΩPrρrβrTsin(Ωτ) j→

= ρr
∂ u→

∂τ + ρr u→.∇ u→ (12) 

The ratios appeared in the above equation, indicated by the subscript 
r, are as follows: 

ρr =
ρ*

nl

ρ*
bl
, μr =

μ*
nl

μ*
bl
, βr =

β*
nl

β*
bl

(13) 

In addition, the non-dimensional numbers corresponding to Prandtl 
(Pr), gravitational Rayleigh (Rag), and vibrational Rayleigh (RaΩ) are 
presented in Eq. (14). 

Pr =
μ*

bl

ρ*
blα*

bl
,Rag =

g*ρ*
blβ

*
bl

(
T*

h − T*
c

)
H*3

μ*
blα*

bl
,RaΩ =

b*Ω*2ρ*
blβ

*
bl

(
T*

h − T*
c

)
H*3

μ*
blα*

bl

(14) 

Additionally, the gravitational (non-vibrational), i.e., Grg, and 
vibrational Grashof, i.e., GrΩ, numbers are defined as: 

Grg =
Rag

Pr
=

g*β*
bl

(
T*

h − T*
c

)
H*3

ν*2

bl

,GrΩ =
b*Ω*2β*

bl

(
T*

h − T*
c

)
H*3

ν*2

bl

(15)  

where ν*
bl is the kinematic viscosity of the base liquid. The enhancement 

ratio is calculated by comparing the Grashof number under vibrational 
conditions to the Grashof number without vibration. The formula for the 
enhancement ratio (ER) is expressed as: 

ER =
GrΩ

Grg
=

b*Ω*2

g* (16) 

This ratio helps assess the impact of mechanical vibration on the 
convective heat transfer in a system. A higher enhancement ratio in
dicates that vibrational effects play a more significant role in heat 
transfer compared to non-vibrational conditions. 

kr∇
2T = Cr

∂T
∂τ +Cr u→.∇T (17) 

kr is the ratio of the thermal conductivity of the nanoliquid to the 
base liquid. Cr of the above equations is: 

Cr =
ρ*

nlC*
p,nl

ρ*
blC*

p,bl
= 1 − ϕ

(
1 − ε − T − 1

Mr Ste− 1f
)

(18-a)  

ε =
[
ρ*

s ρ*
blC

*
p,bl + ζρ*

cρ*
blC

*
p,bl

]− 1[
ρ*

cρ*
s C*

p,c + ζρ*
cρ*

s C*
p,s

]
(18-b)  

TMr = T*
Mr

[
T*

h − T*
c

]− 1
, Ste =

ρ*
blC*

p,bl

(
T*

h − T*
c

)(
ρ*

s + ζρ*
c

)

L*
sf ρ*

cρ*
s

(18-c) 
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It is worth emphasizing that Cr, designated as the heat capacity ratio, 
represents the ratio of the combined heat capacity (including latent and 
sensible heat capacities) of the nanoliquid to the sensible heat capacity 
of the base liquid. ε is the ratio of the heat capacity of the NEPCM 
particles to the base liquid. TMr is the non-dimensional melting tem
perature window, and Ste is the Stefan number. The non- 
dimensionalized function of f in Cr is: 

f =
π
2

sin
(

π
TMr

(T − Tm + TMr/2)
)

σ (19-a)  

⎧
⎨

⎩

for T < ( − TMr/2) + Tm⇒σ = 0
for − (TMr/2) + Tm < T < (TMr/2) + Tm⇒σ = 1

for T > (TMr/2) + Tm⇒σ = 0
(19-b) 

In extensive benchmark studies conducted by Buongiorno [37] and 
Venerus et al. [38], the impact of dispersing nano-sized particles on the 
viscosity and thermal conductivity of nanoliquids was examined. 
Numerous researchers from various regions worldwide have examined 
the properties mentioned above in nanofluids using diverse experi
mental setups and a range of measurement devices. The results indicate 
that it is feasible to express the thermal conductivity and viscosity of 
liquids incorporating nanoparticles through linear correlations. Building 
upon these findings, Ghalambaz et al. [39] used the derived linear 
correlations to investigate the characteristics of mass and heat transfer 
in nanoliquids: 

kr =
k*

nl

k*
bl
= ϕ×Nc+ 1 (20-a)  

μr =
μ*

nl

μ*
bl
= ϕ×Nv+ 1 (20-b) 

In this context, Nc and Nv represent the numbers of the thermal 
conductivity and viscosity. The values of Nc and Nv are influenced by 
various factors, such as particle shape, the material of the nanoparticles, 
working temperature, and properties of the host liquid [39]. As evident 
from Eqs. (20), an elevation in the values of Nv and Nc leads to a more 
pronounced increase in the viscosity and thermal conductivity, respec
tively. By employing curve fitting on the collected empirical findings 
pertaining to the thermo-physical characteristics of suspensions, it is 
possible to determine Nc and Nv. The evaluation and reporting of a range 
of Nc and Nv values can be found in [39]. It is worth mentioning that 
these correlations are applicable specifically to diluted suspensions of 
nano-sized particles. For higher volume fractions of nano-sized particles, 
it is recommended to employ more advanced relations or rely on actual 
experimental data. In this study, the buoyancy ratio, represented as ϕ×
(
β*

na/β*
bl
)
, is assumed to be negligible due to the small concentration of 

nano-sized particles, and the significantly lower thermal expansion of 
the NEPCM particles in comparison to the fluid phase. 

The normalized boundary conditions are presented as the following: 

for
{

x = 0
0 ≤ y ≤ 1 ⇒ u→= 0,T = 1 (21-a)  

for
{

x = 1
0 ≤ y ≤ 1 ⇒ u→= 0,T = 0 (21-b)  

for

⎧
⎨

⎩

y = 0
y = 1
0 ≤ x ≤ 1

⇒ u→= 0,
∂T
∂y

= 0 (21-c) 

Finally, the dimensionless initial condition is: 

for

⎧
⎨

⎩

0 < x < 1
0 < y < 1
t = 0

⇒ u→= u→steady,T = Tsteady (21-d) 

The local Nusselt number at the hot surface is determined by 

employing the provided relation below: 

Nul = −
k*

nl

k*
bl

(
∂T
∂x

)

|hot wall (22) 

Through the integration of the aforementioned equation along the 
hot surface, the time-dependent mean Nusselt number is derived: 

Num =

∫1

0

Nul dy (23) 

Ultimately, the time-averaged Nusselt number is: 

Nut,a =

∫τmax

0

Num dτ

τmax
(24)  

5. Numerical approach, grid test, and validation 

Analytical methods are impractical for solving the partial differential 
equations (PDEs) in the vast array of geometries that they encompass. 
Alternatively, a development of the PDEs approximation can be ach
ieved, typically through various forms of discretizations. These dis
cretization techniques create numerical model equations that serve as 
approximations for the PDEs. Employing numerical methods, these 
model equations can be solved, providing an estimate of the actual so
lution to the underlying PDEs. In this work, such approximations are 
calculated using the finite element method (FEM) [40]. In particular, we 
applied the Galerkin FEM to proficiently solve the governing Eqs. [41]. 
This approach involves initially partitioning the desired domain into 
smaller segments, followed by the formulation of a piecewise poly
nomial approximation for the solution within each of these segmented 
domains. Applying the Galerkin approach results in a system of alge
braic equations solvable using conventional numerical methods [42]. To 
address the residual equations, we employ the PARallel DIrect SOlver, 
incorporating a Newtonian damping factor of 0.8 [43,44]. Iterations 
continue until the residual error criterion of 10− 5 is met. 

Fig. 2. The variations of Num on the hot wall versus the non-dimensional time 
for different cases of grids at Rag = 105, RaΩ = 107, Ω = 2πξ = 100, and Pr =

0.71. 
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The efficiency and accuracy of numerical computations directly 
depend on the size of the grids used. Consequently, it becomes imper
ative to perform a grid independence assessment in the current nu
merical analysis. This ensures the computational efficiency of 
simulations and aids in the selection of an optimal grid quantity. The 
numerical domain is meshed using control elements that are uniformly 
structured and quadrilateral. The grid independence test involves four 
distinct grid sizes. As shown in Fig. 2, with an increase in the grid 
number from 150 × 150 to 175 × 175, the variations in Num are not 
visible. Consequently, a grid size consisting of 150 × 150 elements is 
opted for exploring the enclosure’s performance under vibration. 

To instill a high level of confidence in the outcomes of the ongoing 
work, validation studies are conducted, referencing the published pa
pers in the literature [45,46]. The first work delves into the dynamics of 
a square cavity under vibration. Fig. 3 compares the isotherms and 
streamlines presented in [45] and those derived in the current work. The 
validation demonstrates an excellent alignment between the streamlines 
and isothermal contours, displaying a highly favorable matching 
behavior. Furthermore, the present work assesses the average Nusselt 
numbers on the hot wall at various time points by referencing the 
findings reported by Fu and Shieh [45]. The results, along with their 
corresponding errors tabulated in Table 1, demonstrate the high accu
racy of results in the current study. Furthermore, to validate the algo
rithm for phase change and heat transfer of NEPCM-fluid mixture, we 
compare the average Nusselt number obtained in the current study with 
that presented in [46] for various parameters. Table 2 illustrates this 
assessment. As observed, the outcomes anticipated in this study closely 
align with the findings outlined in [46]. 

6. Simulation results 

In this study, we evaluate the impacts of the gravitational Rayleigh 
number (Rag = 102 − 105), vibrational Rayleigh number (RaΩ = 103 −

107), vibration frequency (ξ = 4 − 20), Stefan number (Ste = 0.2 −

0.8), melting temperature (Tm = 0.1 − 0.9), volume fraction of the 
NEPCM particles (ϕ = 0.0 − 0.05), thermal conductivity number (Nc =

0.0 − 6), and dynamic viscosity number (Nv = 0.0 − 6) on the flow 
patterns and heat transfer rate. Here, the Prandtl number, i.e., Pr, is held 
constant at 6.2. Moreover, it is worth noting that the default values of 
the parameters are Rag = 105, RaΩ = 105, ξ = 16, Ste = 0.2, Tm = 0.25, 
ϕ = 0.05, and Nc = Nv = 3. 

6.1. Exploring the influence of vibrational Rayleigh number on governing 
fields: Streamlines, isotherms, and Cr contours 

Figs. 4 and 5 illustrate, respectively, the streamlines and isothermal 
contours within the cavity throughout a full oscillation cycle for 
different values of the vibrational Rayleigh number, RaΩ. Initially, it is 
observed that the patterns undergo disruption throughout the cycle, 
with the disturbance becoming more pronounced at higher values of 
RaΩ. For instance, for the lowest value of RaΩ = 103, almost no change 
is found in the flow and thermal patterns. In this case, the enhancement 
ratio of Grashof number, i.e., ER, is 0.01. Here, the configuration is 
equivalent to the simple case of an enclosure with differential heating at 
its sides. The flow is composed of a single clockwise recirculation zone, 
corresponding to the convective flow. The heated fluid on the left as
cends, driven by the buoyancy impacts, and is replaced by the inflowing 
colder nanoliquid from the right side. The isotherms are vertical and 
condensed near the active walls, indicating the dominance of conductive 
heat transfer in those zones. In contrast, they adopt a horizontal orien
tation in the middle, indicative of heat transport primarily through 
convection. When RaΩ is increased above 103, it starts to have an effect 
on the streamlines. Comparing the cases of RaΩ = 105 to RaΩ = 107, 
which the ER increases from 1.0 to 100, for Ωτ = 2nπ + π/2, elevating 
RaΩ amplifies the intensity of the clockwise flow. Specifically, at this 
designated time, RaΩ aligns with Rag, reinforcing the convective flow in 
the same direction. At Ωτ = 2nπ + 3π/2, the vibration effect opposes 
gravity, resulting in a reduction in the intensity of clockwise flow cir
culation as RaΩ increases. This trend continues until it eventually be
comes counterclockwise at RaΩ = 107 or ER = 100. In fact, as can be 
deduced from eq. (12), when sin(Ωτ) is negative, the time-varying 
component of buoyancy force leads to the opposite impact of natural 

Fig. 3. Comparison between the isotherms and streamlines published in [45] 
and those derived in the current work for Rag = 104, RaΩ = 1.41× 105, Ω =

2πξ = 100, Pr = 0.71. 

Table 1 
Average Nusselt number presented in [45] and those derived in the present work at different times for Rag = 104, RaΩ = 1.41× 105, Ω = 2πξ = 100, and Pr = 0.71.  

τ 0.0120 0.0257 0.0361 0.0425 0.0500 0.0580 0.0899 0.1277 

Fu and Shieh [45] 7.75 7.94 5.41 4.31 5.8 5.01 4.68 3.18 
Present work 7.723 7.909 5.402 4.301 5.798 4.989 4.676 3.172 
Error (%) 0.3484 0.3904 0.1479 0.2088 0.0345 0.4192 0.0855 0.2516  

Table 2 
Average Nusselt number presented in [46] and those derived in the present work 
at different values of parameters for Rag = 105, TMr = 0.05, and Pr = 6.2.  

Ste Tm ε ρ*
na/ρ*

bl Nc Nv Literature [46] Present work 

0.313 0.3 0.4 0.9 3.0 3.0 5.1932 5.1917 
0.313 0.3 0.4 0.9 3.0 6.0 5.0030 5.0012 
0.313 0.3 0.4 0.9 6.0 3.0 5.6533 5.6521 
0.313 0.3 0.4 0.9 6.0 6.0 5.4477 5.4443 
0.313 0.3 0.4 0.7 3.0 3.0 5.1933 5.1920 
0.313 0.3 0.3 0.9 3.0 3.0 5.1864 5.1843 
0.313 0.2 0.4 0.9 3.0 3.0 5.1022 5.1007 
0.313 0.1 0.4 0.9 3.0 3.0 4.9550 4.9533 
0.2 0.3 0.4 0.9 3.0 3.0 5.3541 5.3512  
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convection, such that the colder fluid ascends while the hotter one de
scends. For RaΩ = 107, this component overcomes the gravity-induced 
convection, resulting in an adverse aspect of circulation. This can be 
further confirmed by looking at isotherms. It is seen that for all values of 
RaΩ, when Ωτ = 2nπ + π/2, the colder isotherms, corresponding to 
temperatures like 0.05 and 0.15, occupy the bottom and right regions of 
the cavity, which is typical for free convective flows. On the other hand, 

when Ωτ = 2nπ + 3π/2, the cold isotherms keep occupying the same 
regions for low RaΩ but exhibit a completely different behavior for 
higher RaΩ. For instance, for 107, cold isotherms extend upwards while 
hot ones move downwards, indicating that vibration-dominated con
vection acts opposite to free buoyancy-driven convection. The cases 
corresponding to Ωτ = 2nπ, Ωτ = 2nπ + π, and Ωτ = 2nπ + 2π are in
termediate cases in which the time-varying term in buoyancy force is 

Fig. 4. Streamlines during one full cycle of oscillation for different values of vibrational Rayleigh number.  

Fig. 5. Isotherms during one full cycle of oscillation for different values of vibrational Rayleigh number.  
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Fig. 6. Cr contours during one full cycle of oscillation for different values of vibrational Rayleigh number.  

Fig. 7. Variations of Num over time for various values of (a) Rag , (Rag = 102: Nut,a = 3.4509, Rag = 103: Nut,a = 3.4520, Rag = 104: Nut,a = 3.4548, Rag = 105: 
Nut,a = 4.9203) and (b) RaΩ, (RaΩ = 103: Nut,a = 5.2906, RaΩ = 104: Nut,a = 5.2905, RaΩ = 105: Nut,a = 4.9203, RaΩ = 106: Nut,a = 7.5420, RaΩ = 107: Nut,a =

15.735). 
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momentarily zero, and its value changes its sign from positive to nega
tive and vice versa. For this reason, the behavior of fluid at these instants 
depends on its previous state. The two cases of Ωτ = 2nπ and Ωτ = 2nπ +

2π present the same patterns, as the fluid completes a full oscillation 
cycle and start a new one. 

Fig. 6 depicts contours of the specific heat ratio, i.e., Cr, during an 
oscillation cycle for various values of RaΩ. It should be noted that the red 
zones in the cavity correspond to the area where the core of the NEPCM 
particles undergoes phase change. As can be seen, the melting zones 
follow the isotherm corresponding to the melting temperature of the 
PCM, which is Tm = 0.25. For low RaΩ, NEPCM particles undergoes 
melting in the bottom region of the enclosure. But when RaΩ is increased 
above 105, the location of the melting shifts from downwards to up
wards when the convective flow is enhanced by the vibration, as dis
cussed previously about the isotherms in Fig. 5. 

6.2. Influence of the vibration frequency and vibrational Rayleigh number 
on heat transfer rate (time-dependent mean Nusselt number and time- 
averaged Nusselt number) 

The variations in the average Nusselt number, i.e., Num, over time for 
various gravitational and vibrational Rayleigh numbers, Rag and RaΩ, 
are plotted in Fig. 7. The variation of Num oscillates in all the cases, 
following the fluid’s vibration. It is clear that Rag has a slight effect on 
the variation of Num while the vibration dominates the flow and thermal 
behaviors. On the other hand, RaΩ has a substantial effect on Num, whose 
amplitude increases for higher RaΩ. Indeed, since heat transfer is pre
dominantly governed by vibration-induced convection, it is intensified 
when the vibration effect is stronger, i.e., for high values of RaΩ or ER. In 
addition, more mixing between the hot and cold regions of the fluid 
occurs for high RaΩ, as the location of the cold and hot fluid keeps 

Fig. 8. Variations of Num on the heated surface over time for various values of frequency during (a) full computational time, and (b) 0.0 ≤ τ ≤ 0.2. ξ = 4 (Nut,a =

4.8003), ξ = 8 (Nut,a = 4.8471), ξ = 12 (Nut,a = 4.8848), ξ = 16 (Nut,a = 4.9203), and ξ = 20 (Nut,a = 4.9504). 

Fig. 9. Streamlines, isotherms, and Cr contours at ϕ = 0.0 and ϕ = 0.05.  
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shifting with the oscillation, as previously discussed, leading to an 
enhanced heat transfer. Namely, a 300% increase in the time-averaged 
heat transfer is obtained when RaΩ is raised from 103 to 107 (or ER in
crease from 0.01 to 100). 

Fig. 8(a) and (b) show the temporal evolution of Num for various 
values of the ordinary frequency of oscillation, i.e., ξ. A focus on the time 
interval 0.0 ≤ τ ≤ 0.2 is shown in Fig. 8(b). The frequency only affects 

the number of oscillations per time unit, with a very slight impact on the 
intensity of heat transfer. The amplitude of Num remains almost the same 
for all considered values of ξ. Only a 3% change in the time-averaged 
Nusselt number is observed when ξ is raised from 4 to 20. This is 
because the vibration-induced convection, expressed by RaΩ, is related 
to the amplitude of the oscillation rather than its frequency. 

6.3. Impact of volume fraction of NEPCM particles on the governing fields 
and heat transfer rate 

A comparison of the streamlines, isotherms, and Cr contours for cases 
involving a pure fluid and a nanofluid with a concentration of 0.05 of the 
NEPCM particles is presented in Fig. 9. As can be seen, the nanoparticles 
have a negligible effect on the flow patterns, given that the small particle 
concentration used is insufficient to disturb the flow circulation. Addi
tionally, the impact of nanoparticles on the flow patterns is localized at 
the bottom, in the vicinity of the isotherm corresponding to the 
dimensionless temperature 0.25, which represents the melting temper
ature of the NEPCM particles core. In that location, the melting of the 
PCM absorbs part of the heat and delays the development of the thermal 
gradient away from the heated wall. This is evident in the isotherm 0.25, 
which extends toward the heated wall in the presence of the nano-sized 
particles. This observation can be further illustrated in Fig. 10, as there is 
a subtle rise in the amplitude of Num with the increase in ϕ. Namely, a 
12% increase in the time-averaged Nusselt number is reached when 
nanoparticles with a concentration of 5% are dispersed in the fluid 
instead of a pure fluid. 

Fig. 10. Variations of Num over time for various values of ϕ; ϕ = 0.0 (Nut,a =

4.3872), ϕ = 0.01 (Nut,a = 4.5028), ϕ = 0.03 (Nut,a = 4.7197), and ϕ = 0.05 
(Nut,a = 4.9203). 

Fig. 11. Variations of Num over time for various values of (a) Nc; (Nc = 0.0: Nut,a = 4.4697, Nc = 1.5: Nut,a = 4.6981, Nc = 3.0: Nut,a = 4.9203, Nc = 4.5: Nut,a =

5.1385, Nc = 6.0: Nut,a = 5.3512), and (b) Nv; (Nv = 0.0: Nut,a = 5.1224, Nv = 1.5: Nut,a = 5.0181, Nv = 3.0: Nut,a = 4.9203, Nv = 4.5: Nut,a = 4.8307, Nv = 6.0: 
Nut,a = 4.7463). 

Table 3 
Time-averaged Nusselt number for different values of Stefan number.  

Ste 0.2 0.4 0.6 0.8 

Nut,a 4.9203 4.7258 4.6551 4.6183  
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6.4. Impact of Nc, Nv, and Ste on the heat transfer rate 

The effect of thermal conductivity and viscosity numbers on the time 
variation of Num is shown in Figs. 11(a) and (b), respectively. Higher 
values of Nc lead to a rise in Num, while the opposite is found in the case 
of Nv. In fact, raising Nc indicates a higher thermal conductivity of the 
nanoliquid, which enhances the heat transmission through the fluid. 
Conversely, increasing Nv expresses a rise in the viscosity of the fluid, 
resulting to hindered flow circulation and diminished the convective 
heat transfer in the enclosure. Overall, a 26% increase and a 7.3% 
reduction in the time-average heat transfer are observed when Nc and 
Nv, respectively, are raised from 0 to 6. 

The time-averaged Nusselt numbers for different values of Ste are 
presented in Table 3. A 6.1% rise in the time-averaged Nusselt number is 
obtained when Ste is reduced from 0.8 to 0.2. This relationship arises 
from the inverse correlation between the Stefan number and the latent 
heat of the nano-sized particles. A decrease in the Stefan number cor
responds to an increase in the involvement of the core of nano-sized 
particles in the overall process of heat transfer. 

6.5. Impact of the melting temperature of nanoparticles core on the 
governing fields and heat transfer rate 

Flow patterns, contours of temperature, and Cr are illustrated in 
Fig. 12 for different values of the melting temperature of the NEPCM 
particles core, i.e., Tm. Naturally, the main impact of Tm is on the Cr 
contours, as PCM melts when the temperature in vicinity of the PCM is 
equal to Tm. For this reason, changing Tm from 0.1 to 0.9 changes the 
PCM melting zone from being localized at the bottom right of the cavity 
to its upper left corner. When Tm is 0.5, the melting of the PCM extends 
from the bottom left through the middle of the cavity to the upper right 
side, influenced by the temperature distribution between the heated and 
cooled walls. The influence of PCM melting on temperature contours is 
particularly concentrated on the isotherms with temperatures close to 
Tm. The phase change occurs at a constant temperature, altering the 
extent of the isotherms in its vicinity. 

The variations of time-averaged Nusselt number for different values 
of Tm are tabulated in Table 4. As seen, the maximum time-averaged 
Nusselt number occurs for Tm = 0.5, while the minimum is for Tm =

0.1 and 0.9. In fact, in the latter cases, the melting of the PCM is confined 
to the vicinity of the active walls, as previously indicated. This limitation 
restricts the contribution of the PCM to the heat transfer, contrasting 
with the case Tm = 0.5, where the phase transition covers the middle of 
the chamber. In any case, the impact of the fusion temperature on the 
thermal behavior of the suspension remains limited, with only a 6.5% 
increase in the time-averaged heat transfer observed when Tm is raised 
from 0.1 to 0.5. 

Fig. 12. Streamlines, isotherms, and Cr ratio at different values of melting temperature (Tm).  

Table 4 
Time-averaged Nusselt number for different values of melting temperature.  

Tm 0.1 0.25 0.5 0.75 0.9 

Nut,a 4.6356 4.9203 4.9540 4.9299 4.6383  
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7. Summary and conclusion 

The integrated effects of buoyancy and vibration on the thermal 
response and flow dynamic of an aqueous solution containing nano- 
encapsulated phase change material (NEPCM) particles were analyzed 
through numerical simulation. The aqueous solution was confined 
within a square enclosure with differential heating at its side walls. The 
gravity term in the momentum equation was modified to include the 
effect of sinusoidal vibration. The objective was to assess the influence of 
several parameters, namely the vibrational Rayleigh number RaΩ, 
gravitational Rayleigh number Rag, ordinary frequency ζ, particle con
centration ϕ, conductivity and viscosity numbers Nc and Nv, Stefan 
number Ste, and melting temperature Tm on the streamlines, isotherms, 
and melting fields. Additionally, the impact of these parameters was 
investigated on the time variations of the mean Nusselt number, i.e., 
Num, and the time-averaged heat transfer, i.e., Nut,a. The summary of the 
findings is presented as follows: 

- The simulations reveal that RaΩ is the parameter with the most in
fluence on the vibration-induced convection. Increasing RaΩ (or ER) 
from 103 (or 0.01) to 107 (or 100) triples the time-averaged Nusselt 
number in the cavity. However, the time-averaged Nusselt number 
increases by 42% as Rag varies from 102 to 105.  

- The time-averaged Nusselt number experiences only 3.1% increase 
as the angular frequency, i.e., Ω, rises from 8π to 40π. 

- Raising the conductivity of the nanoliquid through Nc and its vis
cosity via Nv leads to an improvement and hindrance of convective 
heat transfer. The effect of Nc is more pronounced, as increasing it 
from 0 to 6 can lead to up to 26% rise in the time-averaged heat 
transfer. Conversely, elevating the viscosity number, i.e., Nv, from 
0 to 6 is associated with a 7.3% reduction in the time-averaged 
Nusselt number.  

- The nanoparticle concentration has a positive impact on heat 
transfer rate, undergoing an augmentation of 12% when a nanoliquid 
with a 5% volume fraction is used instead of a pure liquid.  

- The melting temperature and Stefan number has a relatively limited 
effect on heat transfer. When varying the melting temperature from 
0.1 to 0.9, the maximum rate of heat transfer is observed at the 
melting temperature of 0.5, showing an approximate 6.5% difference 
compared to the melting temperatures of 0.1 and 0.9. Furthermore, 
increasing the Stefan number from 0.2 to 0.8 leads to an approximate 
6.1% reduction in the time-averaged Nusselt number. 

These results can improve our understanding of the various aspects 
affecting vibrational convection and the methods that can be employed 
to enhance thermal performance. This improvement can be achieved 
either by varying the mechanical vibration characteristics or through 
the use of enhanced liquid suspensions with the NEPCM particles. 
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