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a b s t r a c t

In this paper, the effect of a liquid layer, water, underneath an electrostatic nano actuator on the pull-in
instability of actuator is investigated. A continuum model is employed to obtain the non-linear
constitutive equation of the nano actuator and the applied forces. The governing differential equation
of the actuator is forth order and highly non-linear. Hence, the modified Adomian decomposition method
(MADM) is utilized to obtain an analytical solution for bucking and pull-in instability of the actuator. The
results of analytical solution were compared with results of a numerical method, and they were found in
good agreement. It is found that the voltage, Casimir and liquid layer parameters are the most significant
parameters which affect the pull-in instability of the actuator. Interestingly, the outcomes show that
there is a distinct liquid layer parameter in which the variation of the Casimir parameter does not have a
significant influence on the values of maximum deflection, internal stress and bending moment of the
nano actuators at the onset of pull-in instability. We introduced this value of liquid layer parameters as
Balance Liquid Layer (BLL) value because of its unique effect on the maximum deflection, internal stress
and bending moment of the nano actuators. The BLL value is of interest for design of NEMS actuators.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Micro and Nano devices have found wide applications as
sensors and actuators. The analysis of actuation and sensing
methods for these devices has been a topic of interest over the
past several years. The properties such as piezoresistive, piezo-
electric, electrostatic, thermal, electromagnetic, and optical
have been used for actuation and sensing of micro and nano
switches [1].

Micro and Nano fabrication processes are planar technologies,
and therefore, many micro and nano devices consist of elastic
beams and plates suspended over a rigid substrate. In small scale
technology, the suspended beams or plates serve as the active
component of accelerometers [2], pressure sensors [3], electrical
or optical switches [4], electrostatic actuators [5] and some of the
digital light processing chips [6]. The nano electro mechanical
switches can be constructed using nanotubes including single wall
carbon nanotubes (SWCNTs) and multi wall carbon nanotubes
(MWCNTs) [7].

A typical switch is constructed with two conducting electro-
des, one is the substrate, which is fixed, and the other one is the
suspended electrode over the substrate. Applying external force
(commonly voltage or intermolecular force) would deflect the
suspended electrode downward into the substrate. Theoretical
and experimental studies demonstrate that there is an inherent
instability, known as the pull-in instability, in both Micro
Electro-Mechanical Systems (MEMS) and Nano Electro-
Mechanical Systems (NEMS) switches. The pull-in instability
occurs at a certain deflection (or applied voltage) when the
movable electrode becomes unstable and pulls-in onto the
substrate. Indeed, at the onset of pull-in instability, the
elastic restoring force can no longer balance the external force.
Further increasing the external force would induce a dramatic
displacement jump which causes structure collapse or failure. A
set of certain deflection and applied voltage, which induce the
instability, is known as pull-in parameters of the switch.

Some aspects of parallel plate actuators have been studied by
previous researchers. Chen et al. [8] extensively have analyzed the
pull-in voltage of various geometric shapes of electrodes for
parallel rigid plate actuators. Gorthi et al. [9] have studied the
pull-in voltage behavior of electrostatic actuators using a beam
model along with a dielectric layer. They identified three possible
static configuration of the nanobeams namely, floating, pinned
and flat configuration. They classified all possible transitions based
on a dielectric layer parameter. Yazdanpanahi et al. [10] have
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studied the influence of capillary force on the deflection and pull-
in instability of electrostatic micro actuator beams in the presence
of a dielectric layer. They [10] reported a specific value of dielectric
parameter in which the variation of the dimensionless capillary
parameter does not affect the value of maximum deflection of the
micro actuator at the onset of pull-in instability. They introduced
this value of dielectric parameter as Balance Dielectric Layer (BDL)
because of its unique properties. Rollier et al. [11] studied the
stability conditions of parallel-plate electrostatic actuators, which
are embedded in liquids. They reported that the pull-in instability
can be shifted beyond one-third of the gap, and it can even be
suppressed by changing the dielectric layer parameter. Abdel
Rahman et al. [12], utilizing a non-linear model, have studied
the effect of axial load on the instability of electrically actuated
microbeams. They reported that increasing the axial force
increases the pull-in electrostatic force and affects deflection of
the microbeam.

The inter-molecular forces have a significant influence on the
instability of the nanobeams in the nanoscale separations [13–
15]. When the separation between the nanobeam and substrate
is large enough (typically greater than 20 nm), retardation
appears. In the presence of retardation effects, the intermolecu-
lar interaction between the two electrodes (i.e. nanobeam and
substrate) can be described by the Casimir force [13,16,17].
Considering the ideal case, the Casimir force is proportional to
the inverse fourth power of the separation [18,19]. The Casimir
force, which is usually neglected in design of micromechanical
switches, plays an important role in actuation of nanoscale
switches [20,21]. Lin and Zhao [22] have studied the influence
of Casimir and voltage forces on the static and dynamic behavior
of nano actuators. Ramezani et al. [23,24] have utilized analytical
and numerical methods to simulate pull-in instability of canti-
lever type nanobeam switches in the presence of intermolecular
forces. The static pull-in instability of nanocantilever beams
immersed in a liquid electrolyte is theoretically investigated by
Noghrehabadi et al. [25]. They found that the size effect greatly
influences the beam deflection and is more noticeable for small
thicknesses. The findings reveal that the increase of ion concen-
tration increases the pull-in voltage but decreases the pull-in
deflection.

Recently, analytical solutions have been employed to solve non-
linear governing equation of micro or nano actuators to obtain a
solution for pull-in instability of these actuators [26–29]. Adomian
decomposition method is an analytical method which proposed by
Adomian for a wide class of dynamical systems without lineariza-
tion or weak non-linearity assumptions [30]. Wazwaz [31]
proposed a modification to the Adomian decomposition method
in order to accelerate the rapid convergence of the series solution.
The effectiveness of Modified Adomian Decomposition Method

(MADM) has been demonstrated in many recent researches
[32–38].

Water or water solutions are commonly used for the rinsing
and drying process in the nanofabrication [39,40]. In the synthesis
process or in use, a layer of water may form underneath the beam
[40]. In many other applications including biological processes,
wetting, corrosion [41] a layer of liquid may also form underneath
of the electrode. The liquid layer acts as a dielectric and affects the
pull-in parameters (i.e. pull-in voltage and pull-in deflection) of
the nano actuator. To the best of the author's knowledge, the effect
of presence of a liquid film on the deflection and pull-in instability
of nano beam actuators has not been analyzed yet.

The objective of the present paper is to study the effect of a
liquid layer on the pull-in instability of nano actuators in the
presence of the Casimir force. The nano actuator is modeled as a
doubly clamped beam, which is subjected to the electrical and
Casimir forces. Here, in a general case, a liquid layer is considered
to obtain a generalized non-dimensional form of the governing
equations. However, for the calculations, a special attention is
taken to the practical case of water as the liquid. The distributed
parameter model of nanoswitch in its non-dimensional form
depends on the non-dimensional dielectric parameter, electrical
parameter, fringing field parameter and Casimir parameter. The
influence of non-dimensional parameters on the pull-in instability
of nanoswitches is analytically investigated.

2. Theoretical model

A nano size clamped-clamped actuator is modeled as an
electrode beam with a layer of liquid underneath. Fig. 1 depicts
the schematic view of the nano actuator. In this figure, H is the gap
distance between the substrate and the suspended electrode. L, t
and w are the length, thickness and width of the suspended
electrode, respectively. The fabricated models of these nano
actuator switches can be seen in the work of Hayamizu et al.
[42]. The deflection of the beam, subjected to the external forces,
can be evaluated using the energy method. The stored energy of
the beam is the sum of elastic energy (Ub), stretching energy (US)
and the work of external forces (WE). The energy terms of the
system are calculated as follows:

The beam bending elastic energy Ub [43,44]:

Ub ¼
E′I
2

Z L

0

d2Y

dX2

 !2

dX ð1Þ

where Y is the deflection of the nanobeam, X is the position along
the beam measured from the one end, I is the moment of inertia of
the beam with rectangular cross section (A). The effective beam

Fig. 1. Schematic representation of distributed model of fixed-fixed beam with a liquid layer.
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material (E′) for narrow beams (wo5t) becomes E and for wide
beams (w45t) is the plate modulus E/ (1�ν2), where ν is the
Poisson ratio.

The beam stretching energy US is [43,45]:

Us ¼
1
2
E′A
2L

Z L

0

dY
dX

� �2

dX

 !2

ð2Þ

where A is the cross-section area of the beam (A¼wt).
The work done by external force fex per unit length is [43,46]

WE ¼
Z L

0
YðxÞf exdX ð3Þ

Thus, the total energy is written as

Π ¼Ub�Us�WE ð4Þ
Using the principle of virtual work (PVW: δΠ¼0), the governing

equation is written as [25,43]

E′Id
4Y

dX4�
E′A
2L

Z L

0

dY
dX

� �2

dX

" #
d2Y

dX2 ¼ f ex; ð5:aÞ

where the boundary conditions at the fixed ends are

Yð0Þ ¼ 0; YðLÞ ¼ 0 ð5:bÞ

Y′ð0Þ ¼ 0; Y ′ðLÞ ¼ 0 ð5:cÞ
The external forces, acting on the nanobeam electrode, are sum of
the electrostatic force (felec) and Casimir force (fcas). The electro-
static force is the result of a voltage difference (V) between the
suspended electrode and the substrate. The Casimir force is the
results of quantum mechanical forces and appears between beam
and substrate because of the nanoscale dimension of the gape (H).
As mentioned, the external forces which act on the nanobeam
electrode are sum of the electrostatic force (felec) and Casimir force
(fcas). Therefore, the external force is written as follow:

f ex ¼ f elecþ f cas ð6Þ
The Maxwell's equations are general and hold for fields with

arbitrary time dependence in any medium and at any location.
They can be reduced to the simpler forms for special cases such as
static case, sinusoidal time varying (or time-harmonic) fields. In
the static limit, electric and magnetic fields are independent of
each other [47]. When a voltage is applied between the plate and
substrate, electric charges are stored as a capacitor-like device and
generate an electrostatic force. Normally, the electrostatic force is
defined by Coulomb famous inverse square law. Here, the parallel-
plate electrostatic actuators with the liquid layer assumed to be a
series of capacitors. Considering the first order fringing field
correction, the electrostatic force is written as [10,48],

f elec ¼
ε0wV2

2
tf
εf
þH�tf �Y

� ��2

þε0V
2

2
0:65
½H�Y�; ð7Þ

where ε0¼8.854�10–12 c2/Nm2 is the permittivity of vacuum and
εf and tf are the relative permittivity and thickness of the liquid
layer, respectively.

Decreasing the size of structures and materials to the scale of
nanometers, a regime, in which the forces are quantum mechan-
ical in nature, Casimir forces, appears. Indeed, for the gap, between
the substrate and the beam, in the range of 100 nm or lower the
Casimir force is very strong. In this case, the Casimir force is
comparable with the electrostatic force, corresponding to the
voltage within the range of 0.1–1.0 V [49]. For arbitrary materials,
Casimir's results were generalized by Lifshitz [49]. Casimir force
per unit length of the actuator between two ideal conductors is
proportional to the inverse fourth power of the separation (i.e.
H�Y). Therefore, the Casimir force between two parallel plates of

the electrode and substrate is evaluated as [21,50,51]

f cas ¼
π2ℏ c w

240ðH�YÞ4
; ð8Þ

where ħ¼1.055�10–34 Js is the reduced Planck's constant and
c¼2.998�108 m/s is the light speed. When the width of the
actuators is sufficiently higher than the separation gap, Eq. (8)
provides acceptable results [20]. Hence, in this study, the nano
actuators that are wider than the separation (How) are merely
considered.

Eq. (7) Shows that the electrostatic force not only is a function
of the structure and the dimensions of the nanobeam but also the
applied voltage. As the electrostatic force is a function of the
external applied voltage, the voltage can be adjusted regarding to
the size of the beam. However, based on Eq. (8), the Casimir force
is a function of the nanobeam dimensions. For a nanobeam with
the width of 200 nm, separation of 20 nm, and a common voltage
difference of 1 V, the Casmir force is 1.6�10�3 N/m and the
electrostatic force is 2.3�10�3 N/m. The comparison between the
evaluated values of Casimir force and electrostatic force show that
these forces are of comparable magnitude.

Substituting Eqs. (7) and (8) into Eq. (6), and introducing the
non-dimensional variables as

η¼ 6ðH
t
Þ2; K ¼ tf

εf H
; β¼ ε0wL4V2

2H3Eef f I
;

γf r ¼ 0:65β
H
w
; α¼ π2ℏ c wL4

240 EIH5 ; T
n ¼ η

Z 1

0

dg
dx

� �2

dx ð9Þ

leads to the non-dimensional form of Eq. (5.a)as follow:

d4g
dx4

�Tnd
2g

dx2
¼ � α

gðxÞ4
� β

ðKð1�εf ÞþgðxÞÞ2
� γf r
gðxÞ ð10:aÞ

The non-dimensional boundary conditions in non-dimensional
form are

gð0Þ ¼ 1; g′ð0Þ ¼ 0; ð10:bÞ

gð1Þ ¼ 1; g′ð1Þ ¼ 0; ð10:cÞ
where g¼1�Y/H and prime denotes differentiation with respect
to x which x¼X/L. The non-dimensional parameters α, β, γfr and K
are Casimir, applied voltage, fringing field and liquid layer para-
meters, respectively. Eq. (10-a) is the governing equation of
nanobeam. This equation is forth order and highly non-linear. In
the following section, the modified Adomian decomposition
method is employed to obtain an analytical solution for this
equation.

3. Mathematical solution method

The Adomian decomposition method is an analytical method
for a wide class of non-linear equations which established by
Adomian in 1988 [30]. Modified Adomian decomposition method
proposed by Wazwaz to accelerate and rapid convergence of the
Adomian series [31]. Here, the modified Adomian decomposition
method [31] has been utilized to solve the governing equation of
the nanobeam, Eq. (10.a), subject to the boundary equations,
Eqs. (10.b) and (10.c). In order to solve Eq. (10), the recursive
equation of the solution, based on the MADM, is obtained as
follow (see Appendix A):

gðxÞ ¼ d0þd1xþ
d2x2

2
þd3x3

6
þTnLð�2Þ g xð Þð Þ

�Lð�4Þ α

gðxÞ4
þ β

ðKð1�εf ÞþgðxÞÞ2
þ γf r
gðxÞ

 !
; ð11Þ
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The non-linear functions, i.e. g(x), in Eq. (11) are replaced by the
Adomian polynomials to obtain the recursive solution (see Appendix
A) as

gðxÞ ¼ d0þd1xþ
1
2
d2x2þ

1
6
d3x3þTn � L�ð2Þ ∑

1

n ¼ 0
gn

� �

�L�ð4Þ ∑
1

n ¼ 0
α� Anþβ � Bnþγf r � Cn
� �� �

ð12Þ

where An, Bn and Cn are the Adomian polynomials of 1/g(x)4, 1/(K′þg
(x))2 and 1/g(x), respectively (see Appendix B.1), and K′ is Kð1�εf Þ.
Substituting boundary conditions at x¼0 into Eq. (12) yields:

d0 ¼ 1; d1 ¼ 0; ð13Þ
Finally, the polynomial solution of Eq. (18) is obtained by sum of
three terms of Adomian polynomials, i.e. g0, g1 and g2, as (see
Appendix B.2):

gðxÞ ¼ 1þ1
2
d2x2þ

1
6
d3x3þTnx2

2
� αþ β

ð1þK′Þ2
þγf rþTnd2þTn2

 !
x4

24

þTnd3
120

x5þ αd2
180

þαTn

240
þ βd2
360ð1þK′Þ3

þγf rd2
720

 

� Tnβ

720ð1þK′Þ2
þ Tnβ

360ð1þK′Þ3

!
x6

þ αd3
1260

þ βd3
2520ð1þK′Þ3

þ γf rd3
5040

 !
x7

� γf rα

8064
� γf rβ

20160ð1þK′Þ3

 
� γf rβ

40320ð1þK′Þ2

� βα

20160ð1þK′Þ3
� βα

10080ð1þK′Þ2

� α2

10080
� β2

20160ð1þK′Þ5
� γf r

2

40320

!
x8; ð14Þ

Here, the solution is depicted for three terms of the Adomian
polynomials. The undetermined constants, d2, d3 and T,n can be
evaluated by the solution of the algebraic equations which come
from the boundary conditions, Eq. (10-c) at x¼ 1, and the
definition of Tn as follow:

gð1Þ ¼ 1
g′ð1Þ ¼ 0

Tn ¼ η
R 1
0

dg
dx

� 	2
dx

8>>><
>>>: ð15Þ

The number of required series terms is indicated by verifying
the accuracy and convergence of the solution. To aim this purpose,
the deflection of a typical nano actuator is evaluated numerically.
The numerical results are compared with the results of MADM,
obtained using different terms of series. The numerical results are
obtained using the combination of Runge–Kutta and Gauss–New-
ton iteration method [52]. A maximum relative error of 10�10 is
used as the stopping criteria. The deflection error over the non-
dimensional length of the nanobeam for different terms of the
MADM series is shown in Fig. 2 when β ¼5, K¼ 0.005 and α¼20.
The Error in this figure is computed using the relative error as
follow:

Error%¼ uMAD�uNumj j=uNum � 100; ð16Þ
where u denotes the ratio of beam deflection to the gap (u¼Y/H).
Here, uMADand uNum are the mid plan deflection evaluated using
MADM and numerical method, respectively. As seen in Fig. 2, the
maximum error for deflection of nanobeam occurs at the middle
of the beam where x¼0.5. The corresponding maximum error
deflection of the nanobeam, depicted in the Fig. 2, is brought in
Table 1. The results of Table 1 show that the higher precision can

be achieved by selecting more terms of the modified Adomian
series. As seen, the analytical solution converges to the numerical
solution by increasing the number of the selected terms of the
series. The results of Fig .2 evidence that the relative error for eight
terms of the modified Adomian series is less than 0.05%. Hence,
eight terms of modified Adomian series are used for calculations in
the following text for convenience. Fig. 3 shows the error between
numerical and analytical (eight terms of Adomian series) results of

Fig. 2. The variation of the relative error due to deflection of a nanobeam and
evaluated with selected terms of MADM for K¼0.005, α¼20 and for β¼5.

Table 1
The variation of the maximum deflection of a nano beam (umax) evaluated with
selected terms of MADM for K¼0.005, α4¼20 and for β¼5.

Tip
deflection

5 Terms
(x16)

6 Terms
(x20)

7 Terms
(x24)

8 Terms
(x28)

9 Terms
(x32)

MADM 0.133601 0.134856 0.135202 0.135295 0.135319
Numerical 0.135359
Error% 1.3 0.372 0.116 0.047 0.029

Fig. 3. The comparison of a nanobeam relative error according to difference values
of K, α and β.
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the beam deflection for different combinations of non-
dimensional parameters. As seen, the error is very low (less than
0.05%), and the maximum error occurs at the middle of the beam
where x¼0.5.

By neglecting the Casimir and stretching effects (α¼0, η¼0)
and in the absence of liquid layer, the present study reduces to the
study of the pull-in instability of a microbeam. Therefore, in this
case, a comparison between the pull-in instability results of
MADM and the previous studies is performed. Consider a typical
microbeam with the following geometrical dimensions and mate-
rial properties: E¼ 169 Gpa, v¼ 0.06, w¼ 50 mm, t¼ 3 mm. Two
values of L¼ 250 mm and L¼350 mm are also adopted for the
length of the microbeam. Table 2 shows a comparison between
pull-in voltages obtained by eight terms of MADM, numerical
method and the results reported in the literature [36,53]. As seen,
the results of the present study are in very good agreement with
the previous studies.

It is noteworthy that at the onset of pull-in instability there is
not any solution for deflection of nanobeam (i.e. g(x)), and hence,
the g(x) diverges. Pull-in is the point which the elastic restoring
force (right hand side of Eq. (10)) can no longer balance the
external forces (Left hand side of Eq. (10)). Further increasing the
forces (i.e. commonly voltage) would cause the structure to have a
dramatic displacement jump which causes the structure collapse
[54]. In addition, because of the symmetry of the nanobeam, the
maximum deflection at the onset of pull-in instability occurs at
x¼0.5. The parameters and variables at the onset of pull-in
instability are denoted by subscript of PI.

4. Results and discussion

4.1. Eta behavior and validation

The governing mid-plan stretching equation of the nanobeam,
which is a function of Casimir, voltage and liquid Layer parameters,
is solved using MADM in previous section. The results show that
governing equation diverges for high values of η where η¼6(H/t)2.
Abdel Rahman et al. [12] have analyzed the pull-in instability of
dry micro switches and they considered the mid-plane stretching
effects. In the case of α¼K¼0, the present study reduces to the
work of Abdel Rahman et al. [12]. Fig. 4 shows the effect of η on the
maximum deflection of beam for different values of β.Moreover, in
this figure, MADM and Numerical results, obtained in the present
work, are compared with the work of Abdel Rahman et al. [12] and
found in good agreement. The outcomes indicate that high values
of η induce the divergence of the governing equation before pull-in
instability. Therefore, the small values of η parameter (Preferably
smaller than 10) were found adequate to analyze the pull-in
instability of nanoswitches using mid-plane stretching model [12].

Based on the work of Fruehling et al. [55], the dimensions of a
practical nanobeam can be adopted as L¼1050 nm, w¼200 nm,
H¼20 nm, t¼50 nm. In the present study, these dimensions are
used to evaluate the practical ratios (H/w) and 6(H/t)2, which

yields H/w¼0.1 and 6(H/t)2¼0.96. For a specified nanoswitch, the
parameters of η and H/w can be considered as a constant, and
hence, the fringing field parameter only depends on the voltage
parameter. The voltage parameter (β) can be changed by changing
the applied voltage difference between nanoswitch electrodes (i.e.
nanobeam and substrate). The remaining parameters (i.e. α, K) can
be considered variable because of changing in the size of the
nanobeam. Using these assumptions, the pull-in stability of the
nanobeam is a function of the three remaining non-dimensional
parameters of voltage (β), Casimir (α) and liquid layer (K). These
assumptions reduce the number of non-dimensional parameters
without losing the generality of the solution. Therefore, in the
following text, the values of η and H/w are assumed as η¼0.96, and
H/w¼0.1 for convenience.

4.2. Parameters behavior

In this section, the influence of three important non-
dimensional parameters of the applied voltage parameter (β),
liquid layer parameter (K) and Casimir parameter (α) and their
simultaneous effects on the pull-in instability of nanoswitches is
examined. It is worth noticing that the applied voltage parameter
(β) indicates the applied force because of the electrical attraction.
Likewise, the Casimir parameter (α) indicates the induced force
because of the Casimir effects. Therefore, from the practical point
of view, the pull-in values of these parameters, i.e. (αPI) and (βPI),
indicate the corresponding required forces which induce the pull-
in instability of the nanoswitch. In addition, the pull-in value of
the liquid layer parameter (K) indicates the corresponding liquid
layer in which the pull-in instability occurs [10].

In order to find the pull-in value of each non-dimensional
parameter, first it is needed that the other two parameters take
predefined values. For example, for fixed values of K and α, the
pull-in value of β can be obtained from the solution of Eq. (10) by
increase of β until the pull-in instability occurs. Then, the set of K, α
and the obtained value of β shows a set of pull-in parameters. In
addition, the variation range, which a parameter can be changed
before pull-in instability occurs, also is important in practical
design of nanoswitches. It is clear that the magnitudes of the
non-dimensional parameters induce direct influence on the pull-
in value of the other parameter. In order to find the maximum
pull-in value of voltage parameter, the other parameters, i.e. K and
α, should be taken as zero [10]. Here, the following equation,
Eq. (17.a), leads to the maximum value of the non-dimensional

Table 2
A comparison between the pull-in voltages of typical microbeams evaluated using
eight terms of MADM, the numerical method and the pull-in voltages reported in
the previous studies.

Beam length
(mm)

Pull-in voltage (VPI)

ADM
[36]

(2-D model)
[53]

MEMCAD
[53]

Numerical
(present)

MADM
(present)

250 39.6 39.5 40.1 39.1 39.3
350 20.2 20.2 20.3 20.0 20.1

Fig. 4. The effect of η on the pull-in voltage parameter.
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applied voltage parameter:

∂4g
∂x4

¼ η

Z 1

0

dg
dx

� �2

dx� ∂2g
∂x2

� β

gðxÞ2
� γf r
gðxÞ ð17:aÞ

Similarly, Eq. (17.b) can be utilized to obtain the maximum value of
pull-in instability for Casimir parameter.

∂4g
∂x4

¼ η

Z 1

0

dg
dx

� �2

dx� ∂2g
∂x2

� α

gðxÞ4
ð17:bÞ

Eq. (17.a) neglects the effect of Casimir parameter and solely
shows the effect of voltage parameter on the deflection of
nanobeam. Eq. (17.b) neglects the electrostatic forces and shows
the effect of Casimir parameter on the deflection of the beam. In
the following figures, the points A and B indicate the results
obtained from Eqs. (17.a) and (17.b), respectively.

Fig. 5 shows the effect of the pull-in voltage parameter on the
Casimir parameter for selected values of liquid layer parameter at
the onset of pull-in instability. This figure reveals that decrease of
the pull-in voltage parameter increases the required value of
Casimir parameter. As seen, the minimum value of required pull-
in voltage parameter occurs at the Pint B. This observation is in
good agreement with physic of the nanobeams; because the
presence of an external force reduces the required voltage for
pull-in instability. In addition, an increase of liquid layer parameter
leads to negative value of K(1�εf) in Eq. (10.a) and hence
decreases the pull-in voltage. It is worth noticing that the
magnitude of εf always is greater than unit, and hence, the value
of K(1�εf) is always lower than zero which indicates the minus
effects. The presence of Casimir force and liquid layer, which are
appeared in Eq. (10.a), represent different physical insights. The
Casimir parameter indicates the presence of an external force, but
the liquid layer parameter indicates the resistance in electrical
force of acting on the nanobeam.

Fig. 6 shows the simultaneous effect of Casimir and liquid layer
parameters on the pull-in voltage parameter. As mentioned, the
points of A and B depict the solution of Eqs. (17.a) and (17.b),
respectively. The results of Fig. 6 in agreement with Fig. 5 depict
that an increase of the Casimir parameter would decrease the
required pull-in voltage at the onset of pull-in instability. Inter-
estingly, this figure shows that the decrease of liquid layer
parameter increases the influence of Casimir parameter on the
non-dimensional pull-in voltage. As the Casimir parameter
increases to 39, the pull-in voltage parameter decreases to zero.

Further increase of Casimir parameter more than 39 induces pull-
in instability, even in the absence of any external voltage. Fig. 6
obviously shows that an increase of Casimir parameter would
decrease the effect of the voltage parameter.

4.3. 4.3 Balanced liquid layer

In this section, the effect of non-dimensional liquid layer
parameter on the pull-in deflection of nanobeam will be analyzed;
the balanced liquid layer value which is the main outcome of the
present study will be introduced.

In order to analyze the effect of the liquid layer parameter (K)
on the pull-in instability of the nanoswitch, the practical range of
this parameter should be analyzed. Based on the definition of
liquid layer parameter in Eq. (9), this parameter can be changed
from zero (zero thickness of the liquid) to the value of 1/εf (when
the gap is filled with the liquid). Hence, for the water, the
maximum value of liquid layer is K¼1/80.1 (or K¼0.0125). How-
ever, physically, the thickness of the liquid layer is much lower
than the gap between the beam and substrate. Therefore, in the
present study, the range of 0oKo0.0095 is adopted for analysis
of the liquid layer parameter. It is worth noticing that the increase
of liquid layer parameter decreases the pull-in voltage parameter
(as seen in Figs. 5 and 6). Here, using the following relation, the
effect of liquid layer parameter on the pull-in voltage and pull-in
deflection of nanobeam is examined:

∂4g
∂x4

¼ η

Z 1

0

dg
dx

� �2

dx� ∂2g
∂x2

� β

ð�0:75145þgðxÞÞ2
� γf r
gðxÞ ð17:cÞ

Eq. (17.c) neglects the Casimir force and models a nanobeam
with a layer of water (K¼0.0095). The value of �0.75145 in Eq. (17.
c) comes from the relation of K(1�εf) where εf is the relative
permeability of water (εf ¼80.1). In the following figures, the point
C indicates the results obtained from Eq. (17.c).

Fig. 7 depicts the effect of the liquid layer parameter on the pull-in
deflection of the nanobeam. This figure reveals that there are three
distinct trend of behavior for variation of pull-in deflection with
increase of Casimir parameter. For the liquid layer parameter which
its magnitude is less than 0.005, an increase of the Casimir parameter
would decrease the pull-in deflection. By contrast, for the values of
liquid layer parameter higher than 0.005, the effect of the Casimir
parameter on the pull-in deflection is inverted. In this case, an increaseFig. 5. The effect of liquid layer parameter on the pull-in Casimir parameter.

Fig. 6. The effect of Casimir and liquid layer parameters on the pull-in voltage
parameter.
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of the Casimir parameter would also increase the maximum deflection
(beam deflection) at the onset of pull-in instability. For liquid layer
parameter of K¼0.005, the variation of Casimir parameter does not
have any significant effect on the pull-in deflection. The reason for
these three distinct behaviors of pull-in deflection can be discussed as
follow:

In the case of solely electrical force (Eqs. (17.a) and 17.c)), the
magnitudes of non-dimensional deflections for K¼0 and K¼ 0.0095
are uPI¼0.43 and uPI¼0.1, respectively; while the pull-in deflection for
solely Casimir force, neglecting the voltage effects (Eq. (17.b)), is
uPI¼0.25. Therefore, by increasing the Casimir effect, the non-
dimensional pull-in deflection tends to move from uPI¼0.43 (solely
electrical force/point, A) to uPI¼0.25 (solely Casimir force/point, B).
However, in the case of K¼0.0095, the corresponding pull-in deflec-
tion of solely electrical force (point C, uPI¼0.1) is lower than that of the
solely Casimir force (uPI¼0.25). Therefore, increase of Casimir effects
increases the pull-in deflection. The value of the pull-in deflection
uPI¼0.25 on the AC segment is labeled as point D. Point D shows the
pull-in deflection of a nanobeam with K¼0.005 and neglecting the
Casimir effects, i.e. α¼0. Therefore, in the case of K¼0.005, the
corresponding pull-in deflection of electrical force (point D, uPI
¼0.25) and solely Casimir force (point B, uPI ¼0.25) are equal. Hence,
increasing the Casimir effects transfers the pull-in deflection from uPI
¼0.25 to uPI ¼0.25 which is the straight line in the Fig. 7. Hence, for
the liquid layer parameter of K¼0.005, the beam deflection is
independent of the Casimir effects. This interesting value of liquid
parameter is introduced as Balance Liquid Layer (BLL) which is
denoted by Kn. The magnitude of pull-in deflection at segment D-B
shows the corresponding non-dimensional pull in deflection of the
nanobeam for the value of BLL, i.e. KnE K¼ 0.005. Fig. 7 obviously
shows that the segment D–B is a horizontal line which has the unique
pull-in deflection of 0.25.

Fig. 8 shows the non-dimensional deflection of nanobeams for
selected values of Casimir parameter and a range of liquid layer
parameter (K between 0 and 0.0095). The segment D–B, which
was a line in Fig. 7, reduces to a point in Fig. 8. This point is a focal
point plotted in Fig. 8. The value of liquid layer parameter of the
focal point in Fig. 8 introduces the value of balance liquid layer for
pull-in deflection of a typical nanobeam. This focal point shows
that there is a distinct liquid-layer parameter, in which the
variation of the dimensionless Casimir parameter does not have
a significant influence on the values of pull-in deflection. The focal
point was defined as balance liquid layer. The balance liquid layer

phenomenon occurs because the nanobeam is subject to the
simultaneous effects of liquid layer and Casimir force.

For a practical case, consider a nanobeam in which the thick-
ness and the width of the electrode are 50 nm and 200 nm,
respectively; the gap between the electrode and the substrate is
20 nm. There is a layer of water beneath the beam with thickness
of tf where the relative permeability of water is 80.1. Length of the
beam is selected as a free parameter. For this practical nanoswitch,
the pull-in deflection of the beam (YPI) as a function of water layer
thickness (tf) is plotted in the Fig. 9. The results are also depicted
for different lengths of the beam. As seen, when the water layer
thickness is 8 nm, the pull-in deflection of the nanobeam adopts
the fixed deflection of 5 nm, and the variation of the length of the
nanobeam does not affect the pull-in deflection.

4.4. Stress treatment

Stress analysis of nanoswitches is important for controlling the
mechanical properties of materials [13] and preventing the failure

Fig. 7. The effect of Casimir parameter and liquid layer parameter on the maximum
pull-in deflection of the nanobeam.

Fig. 8. Balance liquid layer of nanobeam for maximum deflection.

Fig. 9. The effect of the liquid layer thickness on the absolute value of the
maximum deflection of the nanobeam with w¼200 nm, H¼20 nm and t¼50 nm.
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of the switch. As known, the maximum bending moment and
shear force occur in the boundary end points of a fixed–fixed type
beam with uniform cross section of area [43]. Considering the von
Karman formula in the axial strain relationship, the maximum
internal stress resultants at an arbitrary cross-section of the
nanobeam are defined as [56,57],

sxx ¼ htEef f =ð2L2Þ � g″ðxÞþt2Eef f =ð2L2Þ � Tn ð18:aÞ

τxy ¼ �ht2Eef f =ð8L3Þ � ðg‴ðxÞ�g′ðxÞ � TnÞ ð18:bÞ
Considering the definition of new constants as below,

s0 ¼ htEef f =ð2L2Þ ð19:aÞ

τ0 ¼ ht2Eef f =ð8L3Þ ð19:bÞ
the maximum pull-in internal stress resultants at the initial cross-
section of the nanobeam are calculated as

sPI ¼ s0 � ðg′′PIð0Þþ2:5Tn

PIÞ ð20:aÞ

τPI ¼ τ0 � g‴PIð0Þ ð20:bÞ

where sPI is the maximum normal stress and τPI is the maximum
shear stress at the initial cross-section of the nanobeam. s0 and
τ0are constants utilized to simplifying the stresses relations.

Figs. 10–12 show the simultaneous effects of the liquid layer
parameter on the values of the g”(0)PI, g”‘(0)PI and TnPI, respectively.
It can be observed that the values of BLL (focal points) in the
Figs. 10–12 are not identical. Therefore, the corresponding values
of Kn for the pull-in deflection, shear force, bending moment and
stretching are shown in Table 3. The results of this table reveals
that the values of Kn are very close to each other; however they are
not identical.

These values of BLL parameters are of interest for design of
nanoswitches. Designing a nanoswitch with the BLL parameter
diminishes the effect of Casimir parameter on the pull-in deflec-
tion and internal stress resultants of the beam. Diminishing the
effect of Casimir parameter also decreases the non-linearity of the
beam deflection. A nanobeam with less non-linearity is more
suitable for practical applications.

5. Summary and conclusions

In this paper, the pull-in instability of an electrostatic doubly
clamped nanobeam in the presence of a liquid layer and Casimir
force is investigated. The modified Adomian decomposition
method is successfully utilized to obtain the pull-in instability of
nanobeam. From comparison between analytical results and
numerical results it is evident that the eight terms of Adomian
series (i.e. x28) provides sufficient accuracy for the analytical
calculations. In the present model, the liquid layer parameter
indirectly affects the pull-in value of Casimir parameter. Actually,
the presence of liquid layer affects the electrostatic force, and
consequently, it affects the pull-in value of Casimir parameter.

Fig. 10. Balance liquid layer of nanobeam for maximum momentum.

Fig. 11. Balance liquid layer of nanobeam for maximum shear force.

Fig. 12. Balance liquid layer of nanobeam for stretching force.

Table 3
Maximum deflection, shear force, bending momentum and stretching in Pull-
in situation of nanobeam at balance liquid layer.

Fig. 10 Fig. 11 Fig. 12

Kn g′′(0)PI Kn g′′′(0)PI Kn TnPI

0.00515 7.21 0.00521 37.6 0.00513 0.284
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It is found that there is a specific value of liquid layer parameter
in which the variation of Casimir parameter does not have a
significant effect on the pull-in deflection of nanobeam. This value
of liquid layer parameter is introduced as Balanced Liquid Layer
(BLL). The values of BLL for pull-in shear force, bending moment
and stretching of nanobeam are obtained. The results of present
study can be summarized as follows:

(1) The increase of Casimir parameter decreases the required pull-
in voltage.

(2) The increase of liquid layer parameter decreases the value and
the rage of pull-in voltage.

(3) For each of the important design parameters such as pull-in
deflection, shear force and bending moments and stretching of
the nanobeam always there is a value of balance liquid
parameter (BLL) in which the variation of that design para-
meter is independent of Casimir effects.

The Balanced Liquid Layer (BLL) is a unique value of non-
dimensional liquid layer which has been determined by analyzing
a massive combination of the pull-in data. Obtaining BLL using
experimental test is very time-consuming and expensive. Thus,
there is not any experimental analysis considering the BLL. How-
ever, there are reports [33] on the effect of the presence of a water
layer underneath of nanoswitches which strongly affects their
pull-in instability. In the present study, the value of BLL has been
obtained theoretically for the first time. The present value of BLL
can provide a basis for running direct experimental tests in order
to find the experimental value of this parameter. By using the BLL
value, designing an array of nanoswitches with different lengths
but equal pull-in deflections is possible. The calculated values of
BLL can be very useful in design of wet nanobeams in the
applications in which the presence of Casimir effects is common,
and they affect the performance of the device. Designing a
nanobeam with the dimension and physical parameters, which
the non-dimensional liquid layer parameter of the nanobeam is
near the BLL point, can significantly decrease the effect of
Casimir force.
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Appendix A

Based on the modified Adomian decomposition method, the
inverse operator L-(i) is defined as an i-fold integral operator as
[36]:

L�ðiÞ ¼
Z x

0

Z x

0
:::

Z x

0
ð:Þdx:::dxdx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

i integral term

; ðA:1Þ

to obtain a solution for the following mid-plan stretching equation
of the beam:

d4g
dx4

�Tnd
2g

dx2
¼NðgðxÞÞ; ðA:2Þ

Here, Tn is considered as an unknown constant, and N(g(x)) is a
non-linear function. Applying the inverse operator L-(4) to both
sides of Eq. (9) leads to

gðxÞ ¼ d0þd1xþ
1
2
d2x2þ

1
6
d3x3þTn

�Lð�2ÞðgðxÞÞþLð�4ÞðNðgðxÞÞÞ; ðA:3Þ

Now, the non-linear function N(g(x)) in Eq. (A.2) is approxi-
mated by series of Adomian polynomials as:

NðgðxÞÞ ¼ ∑
1

n ¼ 0
Nn; ðA:4Þ

and also, g(x) is defined by series as:

gðxÞ ¼ ∑
1

n ¼ 0
gn; ðA:5Þ

Substituting Eq. (A.4) and (A.5) into Eq. (A.3), the recursive
relation of the g(x) can be generally shown as [58]:

∑
1

n ¼ 0
gn ¼ d0þd1xþ

1
2
d2x2þ

1
6
d3x3þTn

�L�ð2Þ ∑
1

n ¼ 0
gn�1

� �
þL�ð4Þ ∑

1

n ¼ 0
Nn�1

� �
ðA:6Þ

The recursive relations for Modified Adomian Decomposition
method are as follows [58]:

g0 ¼ d0; ðA:7Þ

g1 ¼ d1xþ
1
2
d2x2þ

1
6
d3x3þTn � L�ð2Þ g0

� �þL�ð2Þ N0ð Þ; ðA:8Þ

gk ¼ Tn � L�ð2Þ gk�1
� �þL�ð4Þ Nk�1ð Þ; ðA:9Þ

The Adomian polynomial Nn is derived by the following
convenient equations [18]:

Nn ¼ ∑
n

v ¼ 1
Cðv;nÞHvðg0Þ; ðn40Þ; ðA:10Þ

Cðv;nÞ ¼∑pi∏
v
i ¼ 1

gkipi
k!
; ð ∑

v

i ¼ 1
kipi ¼ n;0r irn;1rpirn�vþ1Þ;

ðA:11Þ

Hvðg0Þ ¼ dv=dg0
v½Nðg0Þ�; ðA:12Þ

where ki is the number of repetition in gpi and the values of pi are
selected from the above range by combination without repetition.
The constants d0-d4 will be calculated by applying boundary
conditions Eqs. (10-b) and (10-c).

Appendix B.1

The Adomian polynomials are derived as,

A0 ¼
1
g04

; B0 ¼
1

ðK′þg0Þ2
; C0 ¼

1
g0

; ðB:1Þ

A1 ¼ g1H1ðg0Þ ¼ �4g1
g05

; B1 ¼ � 2g1
ðK′þg0Þ3

; C1 ¼ � g1
g02

; ðB:2Þ

A2 ¼ g2H1ðg0Þþ
1
2!
g21H2ðg0Þ ¼ �4g2

g05
�10g12

g06
;

B2 ¼ � 2g2
ðK′þg0Þ3

� 3g12

ðK′þg0Þ4
;

C2 ¼
g2
g02

þg1
2

g03
; ðB:3Þ

where An, Bn and Cn are the Adomian polynomials of 1/g(x)4,
1/(K′þg(x))2 and 1/g(x), respectively.
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Appendix B.2

Considering N(g(x))¼α�Anþβ�Bnþ γfr�Cn, letting g0¼1 and
inserting Eq. (B.1) into Eq. (A.8) leads to:

g1ðxÞ ¼
1
2
d2x2þ

1
6
d3x3þTnx2

2
� αþ β

ð1þKnÞ2
þγf r

 !
x4

24
; ðB:4Þ

Substituting Eq. (B.2) into Eq. (A.9) yields:

g2ðxÞ ¼
Tnd2þTn2

24
x4þTnd3

120
x5

þ αd2
180

þ αTn

240
þ βd2
360ð1þKnÞ3

þγf rd2
720

 
� Tnβ

720ð1þKnÞ2

þ Tnβ

360ð1þKnÞ3

!
x6þ αd3

1260
þ βd3
2520ð1þKnÞ3

þ γf rd3
5040

 !
x7

� γf rα4
8064

� γf rβ

20160ð1þKnÞ3

 
� γf rβ

40320ð1þKnÞ2

� βα

20160ð1þKnÞ3
� βα

10080ð1þKnÞ2
� α2

10080

� β2

20160ð1þKnÞ5
� γf r

2

40320

!
x8 ðB:5Þ
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