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ABSTRACT
The current study deals with the impacts of an inclined magnetic
field on the double-diffusive convection of the nano-encapsulated
phase change materials (NEPCM) suspended in an annulus between
two super ellipses. A novel shape between two super ellipses hav-
ing the positive numbers n = 3/2 and a = b. The controlling trans-
formed equations are solved by employing the (ISPH) method. The
heat/mass source with variable length is put on the left side of
an annulus. Impacts of (Ha = 0 − 40), (γ = 0◦ − 90◦), (θf = 0.05 −
0.95), (ϕ = 0.01 − 0.04), (Lx = 0.1 − 1), (Ste = 0.1 − 0.8), and (Ra =
103 − 105) on the melting/solidification zone and heat/mass trans-
fer performance are investigated. It was remarked that the melt-
ing/solidification zone shifts nearly to the heat/mass source accord-
ing to a growing on Ha. The Lx induces an improvement of
the heat/mass transmission and nanofluid movements within an
annulus. Increasing the θf is working well in enhancing the melt-
ing/solidification zone and make it much closer to the heater within
an annulus, and it boosts the nanofluid velocity by 4.24%. Increasing
ϕ to 0.04 strengthens the melting/solidification zone and declines
the nanofluid velocity by 14.68%. An augmentation in Ra powers
the nanofluid speed, heat/mass transport, andmelting/solidification
zone within an annulus. Average Nu, and average Sh are decreasing
as Ha and Lx are increased.
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Nomenclature

B0 magnetic field strength
C dimensional concentration
Cp specific heat, (Jkg−1K−1)

Cr heat capacity
g acceleration of gravity (m s−2)

Ha Hartmann number,
(
B0L

√
σf
μf

)
k thermal conductivity (Wm−1 K−1)
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Le Lewis number
(

νf
Deff

)
Lx partial heat/mass source length (m)

N buoyancy ratio parameter
(

βC(Ch−Cc)
βT (Th−Tc)

)
Nu Nusselt number
p pressure (Pa)

Pr Prandtl number,
(

νf
αf

)
Ra Rayleigh number,

(
βf g(Th−Tc)L3

αf νf

)
Sh Sherwood number
t dimensional time (s)
T dimensional temperature (K)
U, V dimensionless velocities
u, v dimensional velocities (m s−1)
X , Y dimensionless Cartesian coordinates
x, y dimensional Cartesian coordinates (m)

Greek symbols

α thermal diffusivity (m2 s−1)
	 Gamma function
ε porosity
β thermal expansion coefficient (K−1)
δ temperature parameter (K)
γ a magnetic field inclination angle
ν kinematic viscosity, (m2s−1)

θ dimensionless temperature
ϕ nanoparticle volume fraction
� Dimensionless concentration
μ dynamic viscosity (kg m−1 s−1)
ρ density (kg m−3)
σ electrical conductivity
τ dimensionless time

Subscripts

b bulk properties of the suspension
C cold
h hot
f fluid
p nanoparticles

1. Introduction

In the field of building heating or cooling systems, solar energy collectors, and electronic
cooling, thermal energy storage plays an important role. Thermal devices with higher heat
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transfer capabilities need to be developed to increase the thermal energy storage. The
enhancement of the heat transfer with the traditional fluids is limited. In the last few years,
the researchers discovered a new technique for using phase change materials for thermal
control systems. The fluid which contains micro or nano-encapsulated particles of phase
change material will play wide roles in the energy storage systems. A lot of theoretical and
experimental studies were investigated to illustrate the effects of the nano-encapsulated
phase changematerials (NEPCM) on the heat transfer inside the different shapes of cavities
[1–3].

The convection heat inside cavitieswith the partially heatedwall is one of the interesting
fields for applications such as glass melting, electronics cooling, and process engineer-
ing. Thus, it has taken the attention of the researchers. For example, Hamid et al. [4] and
Khan et al. [5] reported the convection flow inside a partially heated trapezoidal cavity.
Cho [6] presented a study on the partially heated wavy cavity. Ul Haq et al. [7] studied the
effect of a partially heated wall of hexagon cavity. The partially heated wall of a square
cavity was investigated by Nie et al. [8]. Aneja et al. [9], Abu-Hamdeh et al. [10]. They all
showed that the heat transfer was affected by the length and the location of the heating
source.

In fluids dynamics, double-diffusive convection occurs due to the different density gra-
dients inside the fluid. These differences in the density usually caused by differences
in temperature or when the fluid composition is gradients. The double-diffusion top-
ics are one of the interesting fields for researchers because of their wide applications
[11–17].

The popularization of the enhancement of heat and mass transfer has led to the diver-
sification of studying different forms of cavities. More recently, numerous studies have
examined the influence of the different geometry cavities shapes on the heat transfer per-
formance. The reader can see the diversity of research in the many different shapes of
the cavity such as V-shaped [18], H-shaped [19,20], L-shaped [21,22], hexagonal-shaped
[7,23,24], Rhombus shaped [25,26], and so on.

The double-diffusive of NEPCMs suspended inside an annulus between two super
ellipses using the ISPH method is the main objective of this study. The simulations were
performed for various values of Hartmann number Ha, heat/mass source length Lx , solid
volume fraction ϕ, a fusion temperature parameter θf , the inclination angle γ , Rayleigh
number Ra, and the Stefan parameter Ste. It is observed that the average Nu is enhanced
according to an increment in ϕ and Ste, whilst it declines as Ha and Lx are raising. Themelt-
ing/solidification zone shifts nearly to the heat/mass source according to a growing on the
fusion temperature and Hartmann numbers.

2. Mathematical analysis

Figure 1 shows the geometry of the present problem. The source of the heater Th and high
concentration Ch is in the left side of an annulus with a variable length lx and the other
part of the left wall is adiabatic. The right and inner walls of an annulus are kept at cold
Tc and low concentration Cc. The annulus is suspended by NEPCMs considering the influ-
ences of an inclined magnetic field. The attributes of the mixture fluid are presented in
Table 1.
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Figure 1. Geometry of the present problem.

Table 1. Attributes of the mixture fluid as [27].

Material k Cp ρ β × 10−5

Base fluid Water [250C] 0.613 4179 997.1 21
Core Nonadecane 1317.7 786 17.28
Shell Polyurethane 2037 721

The governing equations in a dimensionless form are:

∂U

∂X
+ ∂V

∂Y
= 0, (1)

dU

dτ
= − ρf

ρb

∂P

∂X
+ μb

μf

ρf

ρb
Pr

(
∂2U
∂X2

+ ∂2U
∂Y2

)
− σb

σf

ρf

ρb
PrHa2(Usin2γ − Vsinγ cosγ ), (2)

dV

dτ
= − ρf

ρb

∂P

∂Y
+ μb

μf

ρf

ρb
Pr

(
∂2V
∂X2

+ ∂2V
∂Y2

)
+ (ρβ)b

(ρβ)f

ρf

ρb
Ra Pr(θ + N�)

− σb

σf

ρf

ρb
PrHa2(Vcos2γ − Usinγ cosγ ), (3)

Cr
dθ

dτ
= km,b

kf

[
∂2θ

∂X2
+ ∂2θ

∂Y2

]
, (4)

d�

dτ
= 1

Le

[
∂2�

∂X2
+ ∂2�

∂Y2

]
. (5)

Pr = νf
αf

is the Prandtl number, Ha = B0H
√

σf/μf is the Hartmann number, and Ra =
βf g(Th−Tc)L3

αf νf
is a Raleigh number. Le = νf

Deff
is a Lewis number.

The used dimensionless amounts:

X = x

L
, Y = y

L
,U = uL

αf
, V = vL

αf
, θ = T − Tc

Th − Tc
,� = C − Cc

Ch − Cc
, P = pL2

ρfα
2
f

, τ = tL2

αf
, (6)



WAVES IN RANDOM AND COMPLEX MEDIA 5

The boundary conditions are:

Right and inner walls : U = V = 0, θ = � = 0, (7a)

Left wall : U = V = 0,
∂θ

∂n
= ∂�

∂n
= 0, (7b)

Partial heater (left wall) : U = V = 0, θ = � = 1, (7c)

Nanofluid properties
Mixture density as [27] is:

ρb = ϕρp + ρf (1 − ϕ), (8)

where ρp is calculated as:

ρp = (1 + χ)ρs ρc

ρs + χ ρc
(9)

where ρs and ρc are the density of a shell and core, respectively.
Specific heat capacity:

(Cp)b =
ϕρp(Cp)p + ρf (Cp)f − ϕρf (Cp)f

ρb
. (10)

The heat capacity of encapsulated nanoparticles:

(Cp)p = ((Cp)c,l + χ(Cp)s)ρs ρc

(ρs + χ ρc)ρp
. (11)

In this study, the following sine profile is used:

(Cp)c = (Cp)c,l +
[

π

2

(
hsf
TMr

− (Cp)c,l

)
sin

(
π
T − Tf + TMr

2

TMr

)]
ω, (12)

where,

ω =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 T < Tf − TMr

2

1
(
Tf − TMr

2

)
< T <

(
Tf + TMr

2

)
.

0 T > Tf + TMr
2

(13)

The thermal expansion:

βb = βf − ϕβf + ϕβp,μb = μf (1 + N1ϕ), kb = kf (1 + N2ϕ). (14)

The dynamic viscosity:

μb = μf (1 + N1ϕ), (15)
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The thermal conductivity:

kb = kf (1 + N2ϕ), (16)

The electrical conductivity is:

σb = σf (1 + N3ϕ), (17)

whereN1 is dynamic viscosity number.N2 is thermal conductivity number.N3 is an electrical
conductivity number. Their values are taken as N1 = 12.5, N2 = 23.8, and N3 = 3.

The density ratio:

ρb

ρf
= 1 − ϕ + ρp

ρf
ϕ. (18)

The thermal conductivity:

km,b

kf
= 1 + N2ϕ. (19)

The thermal expansion is:

βb

βf
= 1 − ϕ + βp

βf
ϕ. (20)

The heat capacity:

Cr = (ρCp)b
(ρCp)f

= 1 − ϕ + λϕ + ϕ

δSte

[
π

2
	 sin

(
π

δ
(θ − θf + δ

2

)]
, (21)

with

	 =

⎧⎪⎪⎨
⎪⎪⎩
0 θ < θf − δ

2

1
(
θf − δ

2

)
< θ <

(
θf + δ

2

)
0 θ > θf + δ

2

, (22)

where,

θf = Tf − Tc
�T

, δ = TMr

�T
, λ = ((Cp)c,l + χ(Cp)s)ρs ρc

(ρs + χ ρc)(ρCp)f
, Ste = (ρCp)f�T(ρs + χ ρc)

(1 + χ)hsfρs ρc
,

The average Sherwood number measured on the heat/mass source:

Sh = −1
Lh

Lh∫
0

∂�

∂n
dζ , (23)

The average Nusselt number measured on the heat/mass source:

Nu = −1
Lh

Lh∫
0

km,b

kf

∂θ

∂n
dζ , (24)

where Lh is the total length of the heat/mass source.
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Figure 2. Effects of Hartmann number on the regulating fields at γ = 30◦,ϕ = 0.05, θf = 0.05,N = 1,
Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2.
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Figure 3. Effects of Hartmann number on Nu and Sh at γ = 30◦,ϕ = 0.05, θf = 0.05,N = 1,
Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2.

3. ISPHmethod

The solver steps of the ISPH method are:
Step 1:

U∗ = μb

μf

ρf�τ

ρb
Pr

(
∂2U

∂X2
+ ∂2U

∂Y2

)n

− �τσb ρf

σf ρb
Ha2 Pr(Un sin2γ − Vn sinγ cosγ ) + Un

(25)

V∗ = μb

μf

ρf�τ

ρb
Pr

(
∂2V

∂X2
+ ∂2V

∂Y2

)n

+ �τρf (ρβ)b

ρb(ρβ)f
RaPr(θn + N�n)

− �τσb ρf

σf ρb
Ha2 Pr(Vn cos2γ − Un sinγ cosγ ) + Vn (26)

Step 2:

∇2Pn+1 = ρb

ρf

1
�τ

(
∂U∗

∂X
+ ∂V∗

∂Y

)
. (27)

Step 3:

Un+1 = U∗ − �τ
ρb

ρf

(
∂P

∂X

)n+1

, (28)

Vn+1 = V∗ − �τ
ρb

ρf

(
∂P

∂Y

)n+1

. (29)

Step 4:

θn+1 = km,b�τ

kf
cr

(
∂2θ

∂X2
+ ∂2θ

∂Y2

)n

+ θn, (30)

�n+1 = �τ

Le

(
∂2�

∂X2
+ ∂2�

∂Y2

)n

+ �n, (31)
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Figure 4. Effects of an inclination angle γ on the regulating fields at Ha = 20,ϕ = 0.05, θf = 0.05,
N = 1, Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2.

Step 5:

rn+1 = �τUn+1 + rn. (32)

Shifting technique is:

ϕi′ = ϕi + (∇ϕ)i · δrii′ + O(δr2ii′), (33)

4. Results and discussion

This section introduces ISPH simulations of suspension of NEPCM within an annu-
lus between two super ellipses under the inspirations of a magnetic field. The fixed
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Figure 5. Effects of the fusion temperature parameter on the regulating fields at ϕ = 0.05,
Ha = 20,N = 1, Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2.

Figure 6. Effects of the fusion temperature parameter on Nu and Sh at ϕ = 0.05,Ha = 20,N = 1,
Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2.
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Figure 7. Effects of the solid volume fraction on the regulating fields at θf = 0.05, Ha = 20,N = 1,
Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2.

parameters are Prandtl number Pr = 4.623, and Lewis number Le = 10. The physical
parameters are scaled as Hartmann number (Ha = 0 − 40), an inclination angle of a
magnetic field (γ = 0◦ − 90◦), a fusion temperature (θf = 0.05 − 0.95), solid volume
fraction (ϕ = 0.01 − 0.04), partial heat/mass source (Lx = 0.1 − 1), the Stefan parame-
ter (Ste = 0.1 − 0.8), Rayleigh number (Ra = 103 − 105), and buoyancy ratio parameter
(N = −2 − 5).

4.1. Themagnetic field parameters

Figures 2 and 3 introduce the reliance of a heat capacity, temperature, concentration, and
velocity field aswell as the valuesofNuand Shon theHartmannnumberwhenγ = 30◦,ϕ =
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Figure 8. Effects of the solid volume fraction on Nu and Sh at θf = 0.05 Ha = 20,N = 1, Le = 10,
Lx = 0.2, Ra = 104, and Ste = 0.2.

0.05, θf = 0.05,N = 1, Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2. According to an increase
in the Hartmann number, the phase change material (PCM) zone shifts closer to the heater
zone in the left area of an annulus. The physical reason for these results returns to the tem-
perature distributions in Figure 2(b). In this figure, the temperature is reducing through the
annulus according to an increment in the Hartmann number. Further, the concentration is
shrinking into the left area of the annulus as the Hartmann number powers, as shown in
Figure 2(c). Physically, the strength in the Lorentz force powers asHaincreases. The Lorentz
force minimizes the velocity of the fluid flow. As a result, an increase on Ha from 0 to 40
reduces themaximumof the nanofluid velocity by 73.55%. In Figure 3, the values ofNu and
Sh are decreasing according to an expansion in the Hartmann number.

Figure4 shows theeffects of an inclinationangleγ for amagnetic fieldon theheat capac-
ity, temperature, concentration, and velocity field at Ha = 20,ϕ = 0.05, θf = 0.05,N = 1,
Le = 10, Lx = 0.2, Ra = 104, and Ste = 0.2. In Figure 4(a,b), there are minor changes in the
PCM zone and temperature distributions below the variations on γ : (γ = 0◦ − 90◦). In
Figure 4(c), the velocity’s maximum is slightly decreasing by 1.67% as γ increases from 0◦
to 90◦.

4.2. The fusion temperature parameter

Figures 5 and6 show the influences of a fusion temperatureparameter θf on theheat capac-
ity, temperature, velocity field, Nu, and Sh at ϕ = 0.05,Ha = 20,N = 1, Le = 10, Lx = 0.2,
Ra = 104, and Ste = 0.2. In Figure 5(a), according to an increment in the value of θf , the
intensity of the PCM zone weakens, and the PCM zone shifts nearer to the heater. In a
region near the heated wall, the temperature gradients are strong, and thus, the temper-
ature variation and phase transition zone shrink to a narrow physical space. In Figure 5(b),
it is remarked that the variations on θf are slightly enhance the temperature distributions
within anannulus. In Figure5(c), the velocity’smaximumgains around4.24%as θf rises from
0.05 to 0.95. In Figure 6, the values ofNu and Sh are not significantly affected by changes on
θf . Thus, it is well mentioned that the fusion temperature parameter has a significant role
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Figure 9. Effects of the Partial heat/mass source length Lx on the regulating fields at γ = 30◦,
ϕ = 0.05, θf = 0.05,N = 1, Le = 10,Ha = 20, Ra = 104, and Ste = 0.2.

in controlling the zone of PCM within an annulus, whilst its contributions in improving the
nanofluid motions and transmission of heat and mass within an annulus are minor.

4.3. The nanoparticles parameter

Figures 7 and 8 present the influences of the solid volume fraction ϕ on the heat capacity,
temperature, velocity field, Nu, and Sh at at θf = 0.05, Ha = 20,N = 1, Le = 10, Lx = 0.2,
Ra = 104, and Ste = 0.2. Here, due to the suspension of NEPCM inside an annulus, adding
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Figure 10. Effects of the Partial heat/mass source length Lx on Nu and Sh at γ = 30◦,ϕ = 0.05,
θf = 0.05,N = 1, Le = 10,Ha = 20, Ra = 104, and Ste = 0.2.

nanoparticles is limited to 5%. In Figure 7(a), it is noted that the strength of a heat capac-
ity Cr raises as the solid volume fraction increases, and these results are returning to Eq.
(23), in which the value of Cr is calculated from the solid volume fraction ϕ. In Figure 7(b,c),
the temperature contours have almost little decrease corresponding to adding the extra
concentration of the nanoparticles. Further, the maximum of the velocity field declines by
14.68% as ϕ increases from 0.01 to 0.04. These results are relevant to the extra viscosity of
the mixture-fluid when adding more concentrations of the nanoparticles. In Figure 8, as ϕ

increases, the values of Nu is enhanced, and the values of Sh are slightly influenced.

4.4. Partial heat/mass source

Figures 9 and 10 show the influences of the partial heat/mass source length Lx on the
heat capacity, temperature, concentration, velocity field, Nu, and Sh at γ = 30◦,ϕ = 0.05,
θf = 0.05,N = 1, Le = 10,Ha = 20, Ra = 104, and Ste = 0.2. The first observation is that an
extension in the value of Lx powers the temperature within an annulus, and accordingly,
the zone of PCM is shrinking into the right area of the annulus as Lx is expanded. The con-
centration is distributed within the right area of the annulus according to an increase in Lx .
The strength of the velocity field is expanded across the annulus as Lx increases. In Figure
10, an increment on the partial heat/mass source length Lx leads to a clear decrease in the
values of Nu and Shmeasured on the heat/mass source.

4.5. A Stefan parameter

Figures 11 and 12 introduce the influences of the Stefan parameter on the heat capacity,
temperature, velocity field,Nu, and Sh atγ = 30◦,ϕ = 0.05, θf = 0.05,N = 1, Le = 10,Ha =
20, Ra = 104, and Lx = 0.2. In Figure 11, the intensity of the PCM zone is decreasing as a
Stefan parameter Ste increases. Further, there are slight changes in the temperature within
an annulus according to the variations on Ste. The velocity’s maximum increases by 4.31%
as Ste increases from0.1 to 0.8. In Figure 12, as Ste increases, the values of Nu aredecreasing,
and the values of Sh are increasing.
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Figure 11. Effects of the Stefan parameter on the regulating fields at γ = 30◦,ϕ = 0.05,
θf = 0.05,N = 1, Le = 10,Ha = 20, Ra = 104, and Lx = 0.2.

Figure 12. Effects of the Stefan parameter on Nu and Sh at γ = 30◦,ϕ = 0.05, θf = 0.05,N = 1,
Le = 10,Ha = 20, Ra = 104, and Lx = 0.2.
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Figure 13. Effects of Rayleigh number on the regulating fields at θf = 0.05, Ha = 20,N = 1,
Le = 10, Lx = 0.2, ϕ = 0.05, and Ste = 0.2.
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Figure 14. Effects of buoyancy parameter N on the regulating fields at γ = 30◦,ϕ = 0.05, θf = 0.05,
Le = 10, Ste = 0.2,Ha = 20, Ra = 104, and Lx = 0.2.

Figure 15. Effects of buoyancy parameter N on Nu and Sh at γ = 30◦, Ste = 0.2ϕ = 0.05, θf = 0.05,
Le = 10,Ha = 20, Ra = 104, and Lx = 0.2.



18 A. M. ALY ET AL.

4.6. Rayleigh number

Figure 13 shows the influences of the Rayleigh number on the heat capacity, temperature,
concentration, velocity field, Nu, and Sh at θf = 0.05, Ha = 20,N = 1, Le = 10, Lx = 0.2,
ϕ = 0.05, and Ste = 0.2. An increment in Ra from 103 to 105, the zone of PCM shifts towards
the right area of an annulus, and the intensity of PCM zone powers. Further, an increment
in Ra powers the buoyancy forces, and so the temperature and concentration distributions
are grown through an annulus. Thus, the high buoyancy forces are generating high fluid
motions and so the velocity’s maximum increases strongly.

4.7. Buoyancy ratio parameter

Figures 14 and 15 indicate the impacts of buoyancy ratio parameter N on the heat capac-
ity, temperature, concentration, velocity field, Nu, and Sh at γ = 30◦,ϕ = 0.05, θf = 0.05,
Le = 10, Ste = 0.2,Ha = 20, Ra = 104, and Lx = 0.2. Physically, there is two different flow
regimes according to the value of N including aiding flow at N ≥ 1 and opposing flow
at N ≤ −1. As a result, the PCM zone, isotherms and isoconcentration are changing from
inwards to upwards according to the changes in N from −2 to positive values N ≥ 1. Fur-
ther, the PCM zone increases and shifts upwards according to an increase in N. Besides,
the isotherms and isoconcentration are increasing upwards according to an increase in N.
Due to higher buoyancy forces at extra N, the nanfluid velocity is dramaticaly enhanced
according to an increase inN. In Figure 15, the values ofNu and Sh are enhanced asNboosts.

5. Conclusion

Thermosolutal convection of a nanofluid contained NEPCM suspended in the host fluid
within an annulus between two super ellipses is discussed numerically by the ISPHmethod.
In a novel annulus shape, the heat/mass source with a variable length is placed on the left
side. A numerical schemebased on the ISPHmethod is utilized to dealwith the transformed
regulatingequations. The conclusive statements for the ISPHsimulations aredeliberatedas:

• Growing the Hartmann number, the PCM transition zone shifts nearly to the
heat/mass source, and the temperature, concentration, nanofluid speed, rate of heat,
and mass transmission are lowering.

• Increasing θf , the intensity of the PCM transition zone weakens, and the PCM zone
shifts nearer to the heat/mass source, and velocity’s maximum increases by 4.24%.

• Growing solid volume fraction toϕ = 0.04 strengthens the heat capacityCr and raises
the viscosity of the base fluid, so the velocity’s maximum reduces by 14.68%.

• The length of heat/mass source Lx is acting as an effective tool in enhancing the
transport of heat and mass and nanofluid motions within an annulus.

• The strength of PCM powers and the nanofluid speed is strongly growing as the
Rayleigh number increases.

• Increasing buoyancy ratio parameter augments the PCM transition zone, isotherms,
isoconcentration and velocity field due to extra buoyancy forces within an annulus.
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