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A B S T R A C T   

In this study, mixed convection regarding nanofluid within the wavy lid-driven enclosure and a 
prominent heat source is investigated. A two-phase method is applied to the employed nanoliquid 
which leads to a non-homogeneous concentration field. The obtained governing equations are 
solved by the finite element technique. The effects of adding nanoparticles in base flow on ve
locity, temperature, and concentration field are investigated. Also, the effects of different geo
metric dimensions on heat transfer, such as heat source aspect ratio, wave number, and amplitude 
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of wavy walls are investigated. The outcomes reveal that increasing the application of nano
particles, wave number and amplitude of the wavy wall, and aspect ratio of heat source yields an 
improvement within the rate of heat transfer.  

Nomenclature 

A amplitude 
AR aspect ratio of the heat source, AR = D/H 
B dimensionless heat source position, B = b/L 
Cp specific heat capacity 
D dimensionless heat source length, D = d/L 
df diameter of the base fluid molecule 
dp diameter of the nanoparticle 
DB Brownian diffusion coefficient 
DB0 reference Brownian diffusion coefficient 
DT thermophoretic diffusivity coefficient 
DT0 reference thermophoretic diffusion coefficient 
H dimensionless width of the heat source, H = h/L 
k thermal conductivity 
L width and height of the square cavity 
Le Lewis number 
N number of undulations 
NBT ratio of Brownian to thermophoretic diffusivity 
Nu average Nusselt number 
Pr Prandtl number 
Ri Richardson number 
ReB Brownian motion Reynolds number 
Sc Schmidt number 
T temperature 
T0 reference temperature (310K) 
Tfr freezing point of the base fluid (273.15K) 
v velocity vector 
V normalized velocity vector 
uB Brownian velocity of the nanoparticle 
x, y & X, Y space coordinates & dimensionless space coordinates 

Greek symbols 
α thermal diffusivity 
γ inclination angle of magnetic field 
β thermal expansion coefficient 
δ normalized temperature parameter 
θ dimensionless temperature 
μ dynamic viscosity 
ν kinematic viscosity 
ρ density 
φ solid volume fraction 
φ* normalized solid volume fraction 
φ average solid volume fraction 

Subscript 
b bottom 
c cold 
f base fluid 
h hot 
nf nanofluid 
p solid nanoparticles  
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1. Introduction 

Research on identifying effective methods to improve the heat transfer processes and reduce energy losses inside thermal energy 
systems is still ongoing in order to evaluate the performance and efficiency of such systems. So far, numerous engineering applications 
have been developed for thermal convection inside nanofluid-filled enclosures. Heating and cooling thermal devices, solar power 
thermal applications, industrial thermal exchangers, refrigeration techniques, storage technologies, etc., are examples of the use of 
nanofluids in both natural and mixed convection applications [1–8]. Several scientific papers have so far been published concerning 
the thermal convection of nanofluids-filled enclosures [9–18]. By way of illustration, the features of mixed convection flow under the 
influence of magnetic forces inside a lid-driven domain having a hot corrugated surface have been explored by Sheikholeslami and 
Chamkha [19]. They realised that the overall heat transfer did augment with the growth of the value of the Reynolds number, 
nanoparticles’ concentration in volume, and magnetic number, while the Hartmann number was seen to have negative influences. 
Oztop et al. [20] evaluated magnetic-mixed convection within a lid-driven domain heated from the corner. Some interesting results 
have been reported. Rashad et al. [21] elaborated a numerical code to examine the magnetic-natural convective nanoliquid behavior 
and production of entropy within an inclined porous enclosure. The findings describe the influences of the following parameters: 
volume fraction, Hartmann number, Rayleigh number, heat generation/absorption parameter, and emplacement of the heat/sink 
source. Alsabery et al. [22] have employed simulation codes to modulate the thermal-natural convection of a nanofluid flowing in 
undulated enclosures based on the local thermal non-equilibrium (LTNE) approach in porous media. The nanoparticles’ volume 
fraction and the magnetic field have been found to adversely affect the thermal convection inside the porous enclosure. Sheikholeslami 
[23] He explained the magnetic field force on the heat transfer within a porous medium of nanoliquid filled-waved-circular enclosure 
under the non-Darcy model. The findings revealed that the rate of heat transfer occurred reducing through the rising of Rayleigh 
number and decreasing magnetic forces. Dogonchi et al. [24] elaborated a CVFEM-based simulation code to explore 
magnetic-thermal-free convection of nanoliquid flow in a porous annulus considering Brownian motions. 

Nevertheless, it has become desirable to adopt the two-phase nanofluid approach including the effects of thermophoresis and 
Brownian motions to simulate natural convection in nanofluids as it has been found to be more accurate [25–28]. In the experimental 
investigation of Wen and Ding [26], it was stated that the migration of γ-Al2O3 nanoparticles within the entrance area of a tube flow 
may be attributed to Brownian motions, shear effects and viscosity gradients. Hashim et al. [29] carried out a computational analysis 
using a FEM-based numerical code to analyze thermal-free convection in an undulated enclosure loaded with Al2O3-water mixture 
employing two-phase nanofluid technique. Alsabery et al. [30] examined the thermal-forced convection within a lid-driven enclosure 
including a heated triangular surface. In this regard, they adopted the two-phase nanoliquid form. The outcomes prove that the 
increasing of Hartmann number reaches to an increased in the Brownian motion, which increases the migration of the solid particles. 
Numerical study of forced convection heat transfer process and irreversibility characteristic into a lid-driven cavity including two 
rotating cylinders loaded with a nanoliquid within the presence of a magnetic field is performed by Barnoon et al. [31]. They have 
utilized a two-phase technique for simulating the fluid flow and heat transfer in nanoliquids. The researchers noted that with a 
decrease in Hartmann and Richardson numbers as well as an improvement into the nanoparticle concentration, the rate of heat transfer 
would increase. Garmroodi et al. [32] simulated MHD-thermal forced convection inside a cavity having double rotating cylinders in 
various forms. In this regard, a two-phase pattern was employed to analyze the convection heat transfer of the applied nanoliquid. The 
improvement within the Hartmann number has been found to result in a reduction into the heat transfer rate, and the maximal impact 
of the magnetic field occurs toward the vertical alignment of two rotating cylinders. Sheremet and Pop [33] analysed thermal-mixed 
convection within a nanofluid filled-lid-driven container. The investigation is numerical which is accomplished by solving the gov
erning equations, including Buongiorno’s mathematical model, with the numerical technique of finite difference method. The 
two-phase approach was used to numerically analyze the thermal-free convection problem of nanofluid-filled square domain in the 
study of Esfandiary et al. [34] and Motlagh and Soltanipour [35]. The study results showed that the thermal transmission rate inside 
the cavity improved midst the rising nanoparticles’ concentration up to 4%. In the study of Alsabery et al. [36], the influence of the 

Fig. 1. Schematic design of the physical model for (a) Case 1 and (b) Case 2.  
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non-homogeneous (two-phase) nanofluid approach at magneto-thermal-mixed convection inside a double lid-driven was addressed. 
Thermophoresis diffusion and Brownian motions have been found to present an outstanding task in developing thermal-convective 
transfer. Izadi et al. [37,38] have applied the two-phase nanofluid technique in the porous media to study natural and forced con
vection characteristics of nanofluids. 

The key objective of this analysis is to discuss mixed convective flow characteristics and heat transfer behavior inside a complex- 
wavy-walled container. The cavity is assumed to be saturated by alumina-water nanofluid. The two-phase nanofluid approach is 
utilized. The finite element technique is employed during the numerical solutions. Results have been represented with isolines of 
temperature, stream function, and concentration of nanoparticles, as well as with graphs of Nusselt numbers and local nanoparticles’ 
distribution variations versus the examined parameters. 

2. Mathematical formulation 

Mixed convective flow and heat transfer mechanism within the wavy-walled container with length L and having a heat source at the 
bottom with height d and width h, as outlined in Fig. 1(a) and (b). A prominent source (isothermal) heater with length and width of 
d and h is kept at a determined hot temperature (Th). The wavy surfaces of the container are held at a cold temperature (Tc). The top 
moving surface and bottom surface are insulated. All of the container surfaces are considered to be impermeable surfaces with no-slip 
conditions, and the nanoliquid within the wavy container is Al2O3-water which is incompressible Newtonian fluid and the flow is 
steady. 

Based on the Boussinesq approximation, the continuity, momentum and energy equations concerning the laminar and steady 
convection are presented as [29,39]: 

∇ · v = 0, (1)  

ρnf v · ∇v = − ∇p +∇ ·(μnf∇v) + (ρβ)nf (T − Tc) g→, (2)  

(ρCp)nf v · ∇T = ∇ ·(knf∇T) − Cp,pJp · ∇T, (3)  

v · ∇φ = −
1
ρp
∇ · Jp, (4) 

v, g→ and φ are the velocity vector, gravitational acceleration vector and the local volume fraction of nanoparticles and Jp shows the 
nanoparticles mass flux which is addressed as: 

Jp = Jp,B + Jp,T , (5)  

Jp,B = − ρpDB∇φ, DB =
kbT

3πμf dp
, (6)  

Jp,T = − ρpDT
∇T
T

, DT = 0.26
kf

2kf + kp

μf

ρf T
φ. (7) 

The features of the employed nanofluid in this research are as follows [39]: 

(ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)p, (8)  

αnf =
knf

(ρCp)nf
, (9)  

ρnf = (1 − φ)ρf + φρp, (10)  

(ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p. (11)  

μnf

μf
=

1

1 − 34.87
(

dp

df

)− 0.3

φ1.03

,
(12)  

knf

kf
= 1 + 4.4Re0.4

B Pr0.66
(

T
Tfr

)10(kp

kf

)0.03

φ0.66, (13)  

here ReB is determined as: 

ReB =
ρf uBdp

μf
, uB =

2kbT
πμf d2

p
. (14) 
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The molecular diameter of the applied liquid (water)df is given as [39]: 

df = 0.1
[

6M
N∗πρf

]
1
3. (15) 

The following non-dimensional variables are employed: 

X =
x
L
, Y =

y
L
, V =

v
U0

, P =
pL2

ρnf ν2
f
, φ∗ =

φ
φ
, D∗

B =
DB

DB0
,

D∗
T =

DT

DT0
, δ =

Th − Tc

Tc
, θ =

T − Tc

Th − Tc
, (D,H,B) =

(d, h, b)
L

.

(16) 

Hence, (1)–(4) are made dimensionless 

∇ ·V = 0, (17)  

V · ∇V = −
1

Re2∇P +
ρf

ρnf

μnf

μf

1
Re

∇2V +
(ρβ)nf

ρnf βf
Ri θ, (18)  

V · ∇θ =
(ρCp)f

(ρCp)nf

knf

kf

1
Re · Pr

∇2θ +
(ρCp)f

(ρCp)nf

D∗
B

Re · Pr ·Le
∇φ∗ · ∇θ

+
(ρCp)f

(ρCp)nf

D∗
T

Re · Pr ·Le ·NBT

∇θ · ∇θ
1 + δθ

,

(19)  

V · ∇φ∗ =
D∗

B

Re · Sc
∇2φ∗ +

D∗
T

Re · Sc ·NBT
·
∇2θ

1 + δθ
, (20) 

where 

V = (U0,V0), DT0 = 0.26
kf

2kf + kp

μf

ρf Tc
φ, DB0 =

kbTc

3πμf dp
,

Sc =
νf

DB0
, NBT =

φDB0Tc

DT0(Th − Tc)
, Le =

kf

(ρCp)f φDB0
,

Ri =
Gr
Re2, Gr =

gρf βf (Th − Tc)L3

ν2
f

, Pr =
νf

αf
.

(21) 

The full derivation of the above mentioned system of equations is presented in the Appendix section. Accordingly, the boundary 
conditions are: 

Top ​ wall: ​ U = 1, V = 0,
∂φ∗

∂n
= 0,

∂θ
∂n

= 0, (22)  

Heat ​ source
(

Y = D,
1 − H

2
≤ X ≤

1 + H
2

)

:

U = V = 0,
∂φ∗

∂n
= −

D∗
T

D∗
B
·

1
NBT

·
1

1 + δθ
∂θ
∂n
, θ = 1,

(23)  

Bottom ​ wall
(

0 ≤ X ≤
1 − H

2
,
1 + H

2
≤ X ≤ 1

)

:

U = V = 0,
∂φ∗

∂n
= 0,

∂θ
∂n

= 0,
(24)  

Left ​ wall ​ (1 − A[1 − cos(2NπX)], 0 ≤ Y ≤ 1) :

U = V = 0,
∂φ∗

∂n
= −

D∗
T

D∗
B
·

1
NBT

·
1

1 + δθ
∂θ
∂n
, θ = 0,

(25)  

Rigth ​ wall ​ [A(1 − cos(2NπX)], 0 ≤ Y ≤ 1) :

U = V = 0,
∂φ∗

∂n
= −

D∗
T

D∗
B
·

1
NBT

·
1

1 + δθ
∂θ
∂n
, θ = 0.

(26) 

At the heated part of the lower wall, we can calculate the local Nusselt number (Nunf) 
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Fig. 2. (a) 2487 elements and (b) 13444 elements.  

Table 1 
Grid sensitivity checks of Nu for Ri = 1, Re = 100, φ = 0.02, N = 3, A = 0.1, D = 0.4 and H = 0.2.  

Size of grid Number of elements Nu 

G1 3636 144.73 
G2 5409 147.64 
G3 13444 149.95 
G4 28644 151.63 
G5 59920 151.63  

Fig. 3. (a) Paroncini and Corvaro [40] and (b) present work [experimental streamlines (left), numerical streamlines (middle) and experimental isotherms (right) for 
Ra = 1.78 × 105, Pr = 0.71, A = 0, D = 0.5, φ = 0]. 
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Nu = −
knf

kf

(
∂θ
∂W

)

W
. (27)  

where W performs the entire portion of the active source. The average heat transfer (Nusselt number) evaluated on the heated source is 

Nu =

∫ W

0
Nunf dW. (28)  

3. Solution approach 

The system of equations of interest is as given in (17)–(20) subject to (22)–(26). The Galerkin weighted residual FEM is employed to 
solve the system. The details of the procedure are described as follows:  

1. First, the penalty FEM employed to exclude the pressure (P) by adding the penalty parameter (λ) as the following: 

Fig. 4. (a) Corcione et al. [41], (b) Wang et al. [42] and (c) current investigation [streamlines (left), isotherms (middle), and nanoparticle distribution (right) for Ra =
3.37 × 105, φ = 0.04, N = 0, D = 0]. 

Table 2 
Ranges of the used parameters values.  

Parameter Range 

φ 0.00, 0.01, 0.02, 0.03 

Aspect Ratio (AR =
D
H
)

0.5, 1, 2 

N 1, 3, 5 
A 0.05, 0.10, 0.15  
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Fig. 5. (left) Velocity magnitude contour and velocity vectors, (middle) Isotherms and streamlines contours, (right) Concentration contours rise by solid volume 
fraction (φ = 0.00 and φ = 0.01) for case 1, Ri = 1, A = 0.1 and N = 3. 

0 0.1 0.2 0.3 0.4 0.5 0.6
0.998

0.9985

0.999

0.9995

1

1.0005

1.001

1.0015

1.002

1.0025

1.003

 

 

Fig. 6. φ* vs. X for several φ along Y = 0.5 (Case 1, Ri = 1, A = 0.1, N = 3).  
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P = − λ
(

∂U
∂X

+
∂V
∂Y

)

,

where it reaches into the next momentum equations via X and Y-directions: 

U
∂U
∂X

+ V
∂U
∂Y

=
1

Re2
∂λ
∂X

(
∂U
∂X

+
∂V
∂Y

)

+
ρf

ρnf

μnf

μf

1
Re

(
∂2U
∂X2 +

∂2U
∂Y2

)

,

U
∂V
∂X

+ V
∂V
∂Y

=
1

Re2
∂λ
∂Y

(
∂U
∂X

+
∂V
∂Y

)

+
ρf

ρnf

μnf

μf

1
Re

(
∂2V
∂X2 +

∂2V
∂Y2

)

+
(ρβ)nf

ρnf βf
Ri θ.

2. The resulting weak formulations are achieved through multiplying the momentum equations with an interior region (Φ) and 
integrating the result over the computational domain which is discretised toward small triangular components as shown in Fig. 2. 

∫

Ω

(

ΦiUk∂Uk

∂X
+ ΦiVk∂Uk

∂Y

)

dXdY =
λ

Re2

∫

Ω

∂Φi

∂X

(
∂Uk

∂X
+

∂Vk

∂Y

)

dXdY

+
ρf

ρnf

μnf

μf

1
Re

∫

Ω
Φi

(
∂2Uk

∂X2 +
∂2Uk

∂Y2

)

dXdY,

∫

Ω

(

ΦiUk∂Vk

∂X
+ ΦiVk∂Vk

∂Y

)

dXdY =
λ

Re2

∫

Ω

∂Φi

∂Y

(
∂Uk

∂X
+

∂Vk

∂Y

)

dXdY

+
ρf

ρnf

μnf

μf

1
Re

∫

Ω
Φi

(
∂2Vk

∂X2 +
∂2Vk

∂Y2

)

dXdY +
(ρβ)nf

ρnf βf
Ri
∫

Ω
Φiθk

nf dXdY.

3. Use the interpolation functions to approximate the velocity pattern and temperature distributions as: 

U ≈
∑m

j=1
UjΦj(X,Y), V ≈

∑m

j=1
VjΦj(X, Y), θ ≈

∑m

j=1
θjΦj(X, Y).

4. The nonlinear residual equations associated with the momentum equations are: 

Fig. 7. Nu vs. φ for several N (Case 1, Ri = 1, A = 0.1).  
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Fig. 8. (left) Velocity magnitude contour and velocity vectors, (middle) Isotherms and streamlines contours, (right) Concentration contours rise by solid volume 
fraction (φ) for case 2, Ri = 1, A = 0.1, N = 3 and AR = 2. 
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R(1)i =
∑m

j=1 Uj

∫

Ω

[(
∑m

j=1
UjΦj

)
∂Φj

∂X
+

(
∑m

j=1
VjΦj

)
∂Φj

∂Y

]

ΦidXdY

+
λ

Re2

[
∑m

j=1
Uj

∫

Ω

∂Φi

∂X
∂Φj

∂X
dXdY +

∑m

j=1
Vj

∫

Ω

∂Φi

∂X
∂Φj

∂Y
dXdY

]

+
ρf

ρnf

μnf

μf

1
Re
∑m

j=1
Uj

∫

Ω

[
∂Φi

∂X
∂Φj

∂X
+

∂Φi

∂Y
∂Φj

∂Y

]

dXdY,

R(2)i =
∑m

j=1 Vj

∫

Ω

[(
∑m

j=1
UjΦj

)
∂Φj

∂X
+

(
∑m

j=1
VjΦj

)
∂Φj

∂Y

]

ΦidXdY

+
λ

Re2

[
∑m

j=1
Uj

∫

Ω

∂Φi

∂Y
∂Φj

∂X
dXdY +

∑m

j=1
Vj

∫

Ω

∂Φi

∂Y
∂Φj

∂Y
dXdY

]

+
ρf

ρnf

μnf

μf

1
Re

∑m

j=1
Vj

∫

Ω

[
∂Φi

∂X
∂Φj

∂X
+

∂Φi

∂Y
∂Φj

∂Y

]

dXdY.

5. To simplify the nonlinear terms in the momentum equations, the Newton-Raphson iteration algorithm is used: 

Γm+1 = Γm − [f ′

(Γm) ]
− 1f (Γm).

6. Convergence of the solution is achieved by the following convergence criteria: 
⃦
⃦
⃦
⃦

Γm+1 − Γm

Γm+1

⃦
⃦
⃦
⃦ ≤ ε.

Toward assuring the existing numerical system’s confidence at the numerical domain’s grid size, we have adopted various grid sizes 
and determined the average Nusselt number regarding N = 3, Ra = 105φ = 0.02, H = 0.5 and D = 0.3. Such a scheme is displayed in 
Table 1 that designate insignificant changes via the G4 grids and exceeding. Therefore, for all calculations within this investigation, the 
G4 uniform grid does implement. 

To validate the present approach, we consider convection in a square enclosure having a heated rectangle placed at the bottom 
wall. In Fig. 3 we show the numerical data of the present work and Paroncini and Corvaro [40]’s experimental and numerical results. 
Moreover, the two-phase nanofluid model is verified by comparisons in Fig. 4 for the numerical outputs of Corcione et al. [41] and 
Wang et al. [42]. The outcomes of the above validations are provided apparent confidence in the current design and simulations’ 
correctness. 

0 0.1 0.2 0.3 0.4 0.5 0.6

1.0005

1.001

1.0015

1.002

1.0025

1.003

1.0035

1.004

 

 

Fig. 9. φ* vs. X for several φ along Y = 0.5 (Case 2, Ri = 1, A = 0.1, N = 3, AR = 2).  

A.I. Alsabery et al.                                                                                                                                                                                                     



Case Studies in Thermal Engineering 34 (2022) 102049

12

4. Results and discussion 

In the current section, the numerical solution outcomes, consisting of contours of velocity magnitude and velocity vectors, tem
perature isolines, streamlines and Al2O3 nanoparticles’ concentration, and graphs of local normalized solid volume fraction and mean 

Fig. 10. Nu vs. φ for various (top) A at N = 3, AR = 2, (middle) N at A = 0.1, AR = 2, and (bottom) AR at A = 0.1, N = 3 (Case 2, Ri = 1).  
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Nusselt number for various Ri, N, A, AR, and φ with various ranges as shown in Table 2 for the two considered configuration cases are 
presented. The other parameters are fixed at Pr = 4.623, Le = 3.5 × 105, Sc = 3.55 × 104, NBT = 1.1 and δ = 155. 

Fig. 5 displays from left to right, respectively: velocity magnitude and velocity vectors contours, isotherms and streamlines fields, 
and nanoparticles’ concentration for case 1 at φ = 0.00 and φ = 0.01 when Ri = 1, A = 0.1 and N = 3. For this first geometrical 
configuration, the streamlines flow patterns indicate that the flow mechanism is principally characterized by the presence of a large 
clockwise-rotating vortex. In fact, the hot bottom wall heated the surrounding fluid, causing its density layers to decrease, and the fluid 
particles thus move upwardly. Near the cold sidewalls, the same behavior occurs in the opposite direction. The moving upper wall of 
the cavity helps the fluid to rotate clockwise, under the shear-driven effects, and the thermal panache to develop upward on the left 
side as shown isotherms contours. The values of fluid velocity are observed to be large nearest the moving upper wall owing to the 
shear effect forces. It is apparent that due to the centrifugal forces that drive away the nanoparticles (because of the slip velocity 
between the nanoparticles and the base fluid), the nanoparticles’ distribution portrays minimum concentrations within the flow vortex 
core. Also, near the hot bottom wall, we notice minimum concentrations of nanoparticles due to the thermophoretic diffusion forces. 
This is because the nanoparticles gained higher kinetic energy from the bottom wall. It is noteworthy that according to equation (20), 
solving the concentration equation for zero concentration is not applicable and it should be solved directly. 

Fig. 6 aims to preview the distribution from nanoparticles along the line Y = 0.5 in the X-direction for Case 1. An extreme variation 
of particles’ concentration near the cold sides walls can be noticed. The large degree of nanoparticles’ concentration could be observed 
at both cold surfaces. That occurs because of the thermophoresis effects, which tend to transfer the nanoparticles from heated regions 
to cold regions. In the middle of the cavity, the concentration of nanoparticles remains insignificant due to the circulation zone. 

The objective of Fig. 7 is to show the role of the number of undulations (N) on the mean heat transport. It is clear that increase the 
number of undulations augments the mean Nusselt number. This is mainly due to an increase in the exchange surfaces within the 
cavity. For this case, a small effect of the addition of nanoparticles on the mean Nusselt number was found. 

Fig. 8 shows contours of velocity magnitude, isotherms, streamlines, and nanoparticles’ concentration with the respect of solid 
volume fraction (φ) for Case 2 under the same studied parameters: Ri = 1, A = 0.1, N = 3 and AR = 2. The heater on the bottom wall has 
the effect of changing the flow configuration as two secondary flow vortices are detached from the main vortex. The vortex on the right 
of the prominent heater merges with the main vortex with a rise of the value of φ. The circulation zones push the nanoparticles to 
agglomerate near the sidewalls of the enclosure, especially at the bottom part. 

The variations of the local normalized solid volume fraction φ* with X for several φ along Y = 0.5 in the X-direction are graphically 
represented in Fig. 9. It can be concluded that the nanoparticles in the cavity have a homogeneous distribution, except near the wavy 
sidewalls, which are found to be strongly localized. 

Fig. 10(top) and 10 (middle) aim to examine the role of the volume fraction, undulation number, and undulation amplitude on the 
overall heat transfer rate for Case 2. It is clear that the value of average Nu increases by the growth of φ for the same values of N and A. 
Also, the heat transfer rate increases with increasing N for the same values of φ and A. The most important amount of heat transfer rate 
is achieved for the higher amplitude of undulations, A = 0.15. Fig. 10(bottom) characterizes the average Nu toward the heated source 
cavity with different volume fraction values, φ and aspect ratio of the heat source, AR of case 2 for the studied parameters: Ri = 1, A =
0.1 and N = 3. It is apparent that the value of Nu rises with an improvement in AR for the same amount of φ. 

5. Conclusions 

In this contribution, the free convection of alumina-water nanoliquid within 2D wavy-walled container heated from below with or 
without a prominent heater situated on the bottom surface of the container did examine. The nanofluid two-phase form has been 
applied. The critical observations expressed of the existing research are given during the following:  

1. The existence of a prominent heater situated at the bottom of the cavity holds an essential impact on flow structure, nanoparticles’ 
distributions, and convective heat transfer rate.  

2. It remains evident that increase the number of undulations augments the mean Nusselt number for both geometrical configurations.  
3. A high degree of nanoparticles’ concentration was observed at both cold side surfaces due to the thermophoresis diffusion effects.  
4. The convective heat transfer rate was observed to be best toward the maximum values of N and φ for case 1, and maximum values of 

N, A, φ and AR for Case 2.  
5. The influence regarding volume fraction of nanoparticles was found to occur more noticeable for case 2. 

Declaration of competing interest 

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
influence the work reported in this paper. 

Acknowledgments 

The work was supported by the Universiti Kebangsaan Malaysia (UKM) research grant GP-2021-K006388. We thank the respected 
reviewers for their constructive comments which clearly enhanced the quality of the manuscript. 

Appendix 

First, all independent parameters are modified into the non-dimensional form according to 
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X =
x
L
, Y =

y
L
, V =

v
U0

, P =
pL2

ρnf ν2
f
, φ∗ =

φ
φ
,

D∗
B =

DB

DB0
, D∗

T =
DT

DT0
, δ =

Th − Tc

Tc
, θ =

T − Tc

Th − Tc
.

(29) 

Transforming the continuity equation into its non-dimensional form leads to the following: 

∇· v =
∂u
∂x

+
∂v
∂y

=
∂UU0

∂XL
+

∂VU0

∂YL
= U0

∇

L
·V = 0 ⇒ ∇·V = 0. (30) 

The dimensionless momentum equation is obtained as follows: 

ρnf v · ∇v = − ∇p +∇ ·(μnf∇v) + (ρβ)nf (T − Tc) g→, (31)  

ρnf VU0
∇

L
VU0 = −

∇

L
Pρnf ν2

f

L2 +
∇

L
·
(

μnf
∇

L
VU0

)
+ (ρβ)nf θ(Th − Tc) g→, (32)  

L
ρnf U2

0
×

[

ρnf VU0
∇

L
VU0 = −

∇

L
Pρnf ν2

f

L2 +
∇

L
·
(

μnf
∇

L
VU0

)
+ (ρβ)nf θ(Th − Tc) g→

]

, (33)  

V · ∇V = −
ν2

f

U2
0L2
⏟̅⏞⏞̅⏟

1
Re 2

∇P +
νnf

U0L
⏟⏞⏞⏟
νnf
νf

1
Re

∇ ·∇V +
Lβnf

U2
0
(Th − Tc) g→
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βnf
βf

Lβf
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0
(Th − Tc) g→=

βnf
βf
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θ, (34)  

V · ∇V = −
1

Re 2∇P +
ρf

ρnf

μnf

μf

1
Re

∇2V +
βnf

βf
Ri θ. (35) 

Jp consists of two part as explained in relation (36) which by defining non-dimensional parameters in (37) it would be defined as 
relation (38). 

Jp = Jp,B + Jp,T = − ρpDB∇φ − ρpDT
∇T
T

, (36)  

D∗
B =

DB

DB0
, D∗

T =
DT

DT0
, φ∗ =

φ
φ
, δ =

Th − Tc

Tc
, (37)  

Jp = − ρpD∗
BDB0

∇

L
φ∗φ − ρpD∗

T DT0
∇[(Th − Tc)θ + Tc]

L[(Th − Tc)θ + Tc]
. (38) 

The dimensionless energy equation is obtained as follows: 

(ρCp)nf v · ∇T = ∇ ·(knf∇T) − Cp,pJp · ∇T, (39)  

(ρCp)nf VU0
∇

L
(Th − Tc)θ =

∇

L
·
(

knf
∇

L
(Th − Tc)θ

)
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[

− ρpD∗
BDB0

∇

L
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T DT0
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]
∇(Th − Tc)θ

L
,

(40)  

(ρCp)nf VU0
∇

L
(Th − Tc)θ =

∇

L
·
(

knf
∇

L
(Th − Tc)θ

)

+

[

(ρCp)pD∗
BDB0

∇

L
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T DT0
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]
∇

L
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(41)  

V · ∇θ =
1

U0(ρCp)nf
∇ ·
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∇

L
θ
)
+

1
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×

[
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∇

L
φ∗φ + (ρCp)pD∗

T DT0
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]

∇θ,
(42)  
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V · ∇θ =
knf

U0L(ρCp)nf
⏟̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅⏟

I

∇2θ +
(ρCp)pDB0φ
(ρCp)nf U0L
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III

D∗
T∇θ · ∇θ.

(43) 

By defining non-dimensional parameters in coefficients of energy equation, relations (44)–(46), the compact and non-dimensional 
form of energy equation will be obtained as relation (49). 
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(49) 

Also, concentration equation (50), is transformed to its non-dimensional form Eq. (55), via defining non-dimensional parameters in 
Eqs. 52–54. 

v · ∇φ = −
1
ρp
∇ · Jp = −

1
ρp
∇ ·

[
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, (51)  
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