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Abstract

Deep neural networks (DNNs) are promising alternatives to simulate physical problems. These networks are capable of
eliminating the requirement of numerical iterations. The DNNs could learn the governing physics of engineering problems
through a learning process. The structure of deep networks and parameters of the training process are two basic factors that
influence the simulation accuracy of DNNs. The loss function is the main part of the training process that determines the
goal of training. During the training process, lost function regularly is used to adapt parameters of the deep network. The
subject of using DNNs to learn the physical images is a novel topic and demands novel loss functions to capture the
physical meanings. Thus, for the first time, the present study aims to develop new loss functions to enhance the training
process of DNNs. Here, three novel loss functions were introduced and examined to estimate the temperature distributions
in thermal conduction problems. The images of temperature distribution obtained in the present research were system-
atically compared with the literature data. The results showed that one of the introduced loss functions could significantly
outperformance the literature loss functions available in the literature. Using a new loss function improved the mean error
by 67.1%. Moreover, using new loss functions eliminated the pixels predictions (with large errors) by 96%.

Keywords Deep convolutional neural networks - Loss function - Heat transfer images - Physical images

1 Introduction

The two-dimensional steady-state heat condition in heat
transfer is a simple and fundamental problem. The con-
duction heat transfer is defined by V2T = 0, which is the
Laplace equation, and T defines the temperature distribu-
tion. The Laplace equation is the foundation of many
physics’ phenomena. Even though it is a simple partial
differential, the analytical solution is not existing in most
cases. For heat transfer phenomena, the analytical solutions
depend on the boundary conditions and heat transfer
domain, which in most cases do not exist. While the ana-
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main drawbacks. First, they are computationally costly
methods, especially when the number of subdomains is
high. Second, the results of a solved problem cannot be
used to simplify the solution of that problem with new
boundary conditions and domains.

In recent years, researchers have shown that deep neural
networks (DNN) have tremendous power to cluster [1],
classify and generate videos, voices, and images [2—5]. The
deep neural networks have also been used for the identi-
fication of abnormal EEG signals [6], diabetic retinopathy
detection [7], and brain tumor detection [8]. A DNN con-
sists of layers, connections between layers, structure, and
trainable parameters. In order to estimate data accurately,
the trainable parameters must be adjusted. An iterating
numerical technique, training process, adjust the parame-
ters by using a dataset collection of samples. Many
approaches are suggested to increase the accuracy of deep
neural networks. Design new structure of DNNs, using
random normal distribution [9, 10], batch normalization
technique [11], and rectified linear unit (ReLU) [12] active
function are some ideas suggested to improve the accuracy
of DNNs.

Nowadays, DNNs have different applications. In 2020,
Raissi et al. [13] introduced the DNNs as an artificial
intelligence tool with the capability that they can learn
physical phenome such as flow over a cylinder. Berg et al.
[14] approximated solutions of partial differential equa-
tions with a deep feedforward neural network. They sug-
gested a pre-train step for training the network using the
available boundary data and increasing hidden layers. The
pre-train step reduced the time and required iterations of
the training network. Lin et al. [15] enhanced a heat
transfer topology optimization problem by employing a
combined deep convolutional network. The topology
optimization aimed to find an optimized distribution of
thermally conductive materials in electronic components.
They reduced some of the optimization steps by using the
neural network. With this technique, they could accelerate
and enhance the optimization process dramatically. Liu
et al. [16] constituted a novel hybrid deep neural network
to estimate wind speed. Their deep networks compose a
stacked denoising auto-encoder and a long short-term
memory network. These authors trained the network with
real-time big data from the wind farm running log.

Recently, some researchers have investigated the ability
of DNNs to simulate heat transfer. Sharma et al. [17]
applied a U-Net deep network [18] to estimate heat dis-
tribution images. The U-Net is a type of DNN that con-
siders input images locally and globally and estimates
output images. They used a middle-size dataset in order to
adjust the parameters of their network in a process called
training. Their dataset consisted of many square-shaped
geometries with various heated boundaries. The DNN was
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utilized to learn the temperature distribution. In contrast to
conventional datasets, their dataset did not have output
images. Hence, there were no target images to train the
DNNs. These authors utilized a spatial convolution filter
based on the finite difference (FD) [19] method to compute
the error of estimation by convolving predicted images and
the defined filter. By using this technique, datasets were
generated at the same time as network training, and
therefore, without having a big dataset, they benefited from
the advantages of a big dataset. Nevertheless, their dataset
only contained square geometries. Moreover, the dataset
was not completely predefined, and hence, it was not
unique to be used for future investigations.

Farimani et al. [20] used a deep network to estimate heat
transfer images. They produced a dataset containing 6230
samples to adjust the parameters of their DNN. Each
sample of the dataset consisted of an image of a heated
geometry as the input and its temperature distribution as
the output image. The boundaries of geometries had dif-
ferent sizes and positions on the domain bonds. Various
geometries, including rectangle, disk, annulus, and triangle,
were also investigated. The images of the heat distribution,
which was applied as the output data, were generated by
using the finite difference (FD) method. The main draw-
backs of the mentioned dataset were poor diversity of
geometries and using few images. The dataset was made of
only 6230 images and four shapes.

Sharma et al. [17] and Barati Farimani et al. [20]
attempted to estimate temperature distribution in heated
geometries with low errors by selecting an appropriate
DNN structure. The structure of a DNN and the training
process play a significant role in the accuracy of the DNN.
So, a well-designed DNN structure and an adequate train-
ing process are essential for achieving an accurate DNN.
One of the crucial components of a training process is the
configuration of the optimizer. An optimizer is a mathe-
matical approach that tunes the parameters of DNN during
the training process. It uses a function, loss function, to
calculate the error of estimated data, and then, it changes
the value of DNN’s parameters based on the calculated
error.

Most recently, Edalatifar et al. [21] proposed a com-
prehensive dataset consisting of 44,160 samples of tem-
perature distribution data. Each sample was made of an
input and an output image of 64 x 64 pixels. The input
image contained two channels, a channel for geometrical
specifications and a channel for the thermal boundary
conditions. The output images had only one channel that
showed the temperature distribution, which was computed
by the finite difference method (FDM) [19]. The geome-
tries included square, regular hexagonal, triangular, and
regular octagonal figures; the width and height of shapes
were changed between 35 and 58 pixels. The investigation
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of Edalatifar et al. [22] showed that the design of a loss
function significantly affects the training behavior and
accuracy of a DNN to estimate the heat images. First, they
used the typical mean square error (MES) as the loss
function for the training of a DNN. The outcomes showed
that very few of the pixels in the images were estimated
with huge errors compared to the rest of the pixels. They
named these pixels the outlier pixels and their estimated
error the outlier error. Since each pixel indicates a physical
meaning, the predicted value of every single pixel could be
important in future engineering decisions and designs.
Thus, the accurate estimation of all pixels is essential.
Edalatifar et al. stated that the number of outlier pixels is
scarce, and hence, their value could not change the total
value of MSE. As a result, the optimizer could not see these
outlier pixels and adjust the network parameters accord-
ingly. To eliminate the outlier pixels, these authors intro-
duced the mean of maximum square errors (MMaSE) loss
function. They employed MMaSE instead of MSE to train
the DNN, and they found that the new loss function could
efficiently eliminate outlier pixels and their error. How-
ever, the main drawback of using MMaSE was a slight
increase in the MSE of the estimated error. Indeed, they
concluded that the estimation error of very well-predicted
pixels was raised slightly, so DNN could focus on outlier
pixels and remove them. Moreover, during the training
process, particularly at the initial training epochs, the
convergences of DNN trained by MMaSE were slow.

As seen, regardless of the structure of DNN, the design
of a loss function is a crucial task for the training of DNN
and learning the physical images. In [22], it was found that
the outlier pixels could be eliminated by introducing
MMaSE, but MSE was raised. Although MMaSE was
beneficial to remove the un-acceptable pixels and validate
the general response of DNNSs, it declined the overall
accuracy of the network by the growth of MSE. The pre-
sent research aims to introduce loss functions to not only
eliminate the outlier pixels, but also increase the total
accuracy of the network.

The structure of this paper is as follows. In Sect. 2, the
new loss functions for physical images will be introduced.
Then, in Sect. 3, a convolutional deep neural structure will
be introduced. Then, the details of the training process will
be discussed in Sect. 4. In Sect. 5, some evaluation indexes
will be introduced to evaluate the robustness of the intro-
duced loss functions and the proposed novel neural net-
work structure. Section 6 concerns the database and
verification approach. The evaluation indexes will be used
in Sect. 7 to evaluate the obtained results and judge the
robustness of the introduced loss functions and network
structure. Finally, the results will be concluded in Sect. 7.

2 Loss functions

Pixels of some images, for instance, heat images, interpret
a physical meaning for a physical quantity. These images
represent a physical quantity that could be considered as
physical images. In natural images, which show a real-
world image such as an object or a landscape, a single pixel
barely could provide a meaning, while a group of pixels
could determine an object. In contrast to natural images, a
pixel of a physical image is valuable because its value
represents a physical quantity that could later influence an
engineering decision. As mentioned, when an image is
estimated, some of its pixels, outlier pixels, could be esti-
mated with an error much larger than other pixels. The
outlier pixels seldom could be visible in natural images, so
they are not important in the estimation process. However,
as mentioned, the outlier pixels in a physical image can
influence later decisions and processes. Most generative
networks are trained with MSE loss function; however,
Edalatifar et al. in [21] represented a new loss function,
MMaSE. They trained a deep network with MMaSE to
estimate heat distribution images, and the result revealed
that MMaSE could reduce outliers dramatically compared
to MSE.

Suppose Ty, ., and P, ., are the 3D matrix of target and
predicted images, respectively. Here, n determines images
in T and P matrix, and r and ¢ are row and column indexes.
As a result, T, ., determines the pixel’s value on the (c,r)
coordinate of the image n. Using this definition, the square
errors (SE) are declared as follows:

= (Pn,c,r - Tn,c,r>2 (1)

Here, SE is a matrix with size and dimensions equal to P
and 7. The mean of the SE’s elements is denoted by MSE.
Hence, MSE is the mean of square errors of all predicted
pixels and calculated as follows [23, 24]:

R
2
ME =N C X R Z Z Z (Pucr — Tucyr)

n=1 c=1 r=1

= mean(SE) (2)

SEn,(,',r

In Eq. (2), N is the total number of the images in 7,
while R and C, respectively, determine the number of rows
and columns of each image (64 for our dataset). Therefore,
MSE can be calculated following the computation of SE.
Here, SE is created for all pixels in the T, ., and P, . . with
Eq. (1). Then, MSE is calculated as the mean of SE. It must
be pointed out that MSE is the most common loss function
to train generative DNNs.

To reduce the training time, most deep networks are
trained with a group of data (images) instead of the single
data in a step of the training process. This group of data is
known as a batch. For a batch, MSE is the mean of square
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errors of the batch’s pixels. There is one major problem
with MSE in a batch, which is the overlooking of a few
large errors. Indeed, there is a huge number of pixels in a
batch. Hence, if few pixels of the batch are estimated with
square error very much than MSE, outlier pixels, their
variation cannot change MSE value considerably. As a
result, the optimizer of the deep network, which adapts
parameters of DNN based on the value of the loss function,
cannot reduce outlier errors.

A new loss function, MMaSE, is introduced in [21] to
overcome such a drawback. This loss function is the mean
of the maximum square error of each image (maximum
outlier error) in a group of predicted images. MMaSE
calculates as:

N 2
MMaSE = —max( Pocr—Tucr )
; N 0.1 ( ' )

—— 5

in which, maxg; determine maximum elements on the
first and second dimensions of a 3D matrix. Thus,
maxg 1(SE) denotes the maximum outlier error of each
image in SE. MMaSE could be computed using simple
steps as 1—Compute SE matrix for all pixels in T, ., and
P, ., using Egs. (1), 2—Extract the maximum of square
errors of each image within SE, and 3—Compute the mean
of extracted square errors in step 2 as MMaSE.

It should be noted that MMaSE, which was introduced
in [21], is an appropriate parameter to investigate outlier
errors in all predicted pixels. Its value depends only on the
biggest outlier errors of each predicted image. Therefore,
the variation of all pixels in an image instead of the
maximum of them does not influence the value of MMaSE.
The variation of the outliers is clearly visible by using
Eq. (3) as the loss function. Thus, the optimizer could
easily adapt the trainable parameters of DNN to reduce the
outlier errors, i.e., in [15], a DNN was trained with MMaSE
loss function and was shown that the outlier errors were
reduced dramatically.

As mentioned, MMaSE was defined as the mean of the
biggest square error of each estimated image, and there-
fore, only one pixel with the biggest estimation error will
be used in the computation of MMaSE. This led to a major
drawback that most pixels with large errors did not con-
tribute to the computation of MMaSE. Hence, many pixels
with moderate and large errors did not have any role in
MMaSE’s value. Consequently, the optimizer could not
follow the variation of all pixels’ errors, and they could
freely adopt any error value. Hence, as shown in [15], both
the mean of errors (MSE and MAE) and variation of errors
during the training process were increased. To overcome
this drawback, three new loss functions are introduced in

@ Springer

this paper. The first one is the mean of multiple maximum
square errors (MMuMaSE). It could be computed by using
the following four steps:

1. Compute SE for all pixels in T,., and P,., using
Eq. (1).

2. Sort square errors in SE for each image separately.

Extract M maximum square errors of each image.

4. Calculate the mean of selected errors in step 3 as
MMuMaSE.

(O8]

where M is the number of the maximum square errors of
each image, which was extracted to calculate MMuMaSE.
A comparison between MMaSE and MMuMaSE reveals
that if M = 1, then MMuMaSE is equal to MMaSE. When
the loss function is MSE, all pixels of images participate in
the training process. If the loss function is MMaSE, only
one pixel of each image will participate in the computation
of the loss function and takes part in the training process.
However, MMuMaSE extracts M square errors of each
image to calculate the loss value. Thus, MMuMaSE as the
loss function reveals more pixels with large errors to the
optimizer during the optimization process compared to
MMaSE. At the same time, MMuMaSE just feeds the
impact of the important pixels to the optimizer. As a result,
a significant reduction in outlier errors could be expected.

The second loss function, introduced here, could be
considered the sum of MSE and MMuMaSE, which can be
referred to as MSE + MMuMaSE. This loss function has
two main properties. First, the estimation error of all pixels
participates in the training process. Second, in contrast to
MSE, the variance of outlier errors could be seen. There-
fore, by using MSE + MMuMaSE, a notable decrease in
mean and outlier errors could be expected compared to any
previous loss functions, i.e., MSE, MMaSE, and
MMuMaSE.

Finally, the sum of MSE and MMaSE is the third loss
function, referred to as MSE + MMaSE. This loss function
has properties similar to MMaSE, but it also has its unique
features. Indeed, MMaSE focuses on outlier errors more
than MMuMaSE, and thus, MSE + MMaSE can be
expected to reach lower errors than MSE + MMuMaSE
and a higher mean error. In the next section, a novel DNN
structure will be proposed. The structure will benefit from a
feature with information transfer between its layers.

3 Deep neural network structure

In order to test the impact of various loss functions on the
performance of DNNs, a convolutional neural network
(CNN) with an auto-encoder [24] structure was adopted as
the test case. The CNN will be trained with MSE, MMaSE,
MMuMaSE, MSE + MMuMaSE, and MSE + MMaSE
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loss functions, and the outcomes will be analyzed. An auto-
encoder is a typical type of neural network, which its
structure is suitable for a variety of purposes such as noise
reduction, dimensionality reduction, and generation data.
The auto-encoder has two main parts, an encoder and a
decoder. The encoder extracts features from input data, and
the decoder re-constructs output data using extracted
features.

The layers of a neural network could be either dense or
convolutional. A neural network with convolutional layers
has less trainable parameters than the same network with
dense layers. Neural networks with convolutional layers
are known as Convolutional Neural networks (CNN). If
CNN contains an auto-encoder structure, it could be called
a convolutional auto-encoder [25]. Here, a convolutional
auto-encoder will be used as the test CNN. The structure of
this CNN is shown in Fig. 1. As seen, this CNN consists of
two parts, encoder and decoder. The encoder is made of ten
convolution layers where a rectified linear unit (ReLU)
[12] as the active function and a batch normalization [11]
were added before each layer. The decoder structure is
similar to the encoder, but its layers are deconvolutional
layers, and they act as an inverse function of convolutional
layers. After the last layer of the decoder, a sigmoid acti-
vation function was added. This network contains
1,769,729 trainable parameters that must be adapted in the
training process.

In summary, the encoder gets input images with a size of
64 x 64 x 2, where two in notation indicates the number
of the input channels of an image. The encoder extracts 512
features of 4 x 4, and then the decoder gets the features
and generates output heat distribution in the form of a
64 x 64 x 1 image. The next section represents the details
of the training process for the proposed DNN.

4 Training process

Here, the back-propagation method was used to evaluate
the loss functions. However, training neural networks with
the gradient base approaches will suffer from several lim-
itations in terms of accuracy, processing time, overfitting,
quickly falling into local minima, etc. Some recent
researchers proposed nature-inspired algorithms such as
[26-30] to train neural networks robustly and efficiently.
Here, our codes are ready with typical back-propagation,
and for the sake of convenience, we used the following
approach. It could be a good idea if future researchers use
nature-inspired algorithms and discuss the impact of the
training approach on the performance and accuracy of
DNNs in learning physical images.

A DNN can be mathematically modeled as a function of
free parameters (weights of DNN) that maps input data
(signal) to output. Hence,

Y =f(W,B,X) 4)

That W and B are the weights of DNN so-called train-
able parameters, which must be adapted during an iteration
procedure called the training process. Here, B is known as
bias, while X and Y are input and output of DNN, respec-
tively. DNNs are constructed from many layers; each layer
is a mathematical function that can be defined as:

Z :f(Wl,Bl,al") (5)

where z' and '~' are output and input data of layer I,
respectively, and W' and B' are their weights. In Eq. 4, W
and B are a collection of all W' and B' for 1 <i<L, where
L is the number of layers. Calculating the output of DNN is
a single-phase procedure consisting of calculating the
output of each layer from the first layer to the last one.
However, before using DNN, their weights must be tuned
to estimate data accurately. Gradient descent is one of the
most used machine-learning algorithms to train a DNN.
Gradient descent (GD) represents the first time by Cauchy
in 1847 [31]. A loss (cost) function is needed for using it,
which is a function to calculate the distance between an
estimated value and actual value. The cost function can be
modeled as:

C:f(W7Ba YTaYp) (6)

where Yt is the actual (target) value, and Yp is the esti-
mated value with DNN. The training goal is the adaption of
weights (W, B) to minimize as possible as C. The smaller
C, the more similar Yt and Yp. Hence, the problem of the
training process is defined as:

minimize C = f(W, B, Yr,Y,)

W.B (7)

Figure 2 shows the relationship between the cost func-
tion gradient with respect to a weight and cost function.
According to GD method (as shown in Fig. 2), the weights
must be changed in the opposite way of the gradient to
decrease the loss function value. GD method is a well-
accepted approach for training neural networks where its
convergence was addressed by Patrick Cheridito et al. [32].
Unfortunately, GD method does not determine the size of
the movement of weights, and it only shows the direction
of the movement. Therefore, optimization could be
achieved only in an iteration process (training process). In
each step of the training process, the weights are changed
based on the below equations:
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Fig. 1 Structure and characteristics of the deep network used in this paper

Winew = Wiold —

bi,new = bi,old

ocC w; and b; are ith element of W and B. Then, 0C/0wj is the
"a_wi (8) gradient of the loss function with respect to w;. Similarly,
oC OC/0b; is the gradient of the loss function with respect to b;.
—N7, (9)  The main part of Egs. 8 and 9 is the gradient that must be

calculated correctly. Back-propagation is a well-known

In Eqs. 8 and 9, 5 is the learning rate, which is a  algorithm to calculate gradients in a training process
hyperparameter to control the length of movement. Here, [33, 34].
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Loss Function

Minimum Loss Function

Weight

Fig. 2 A scheme of the relation between GD and cost function

The training process has two main phases. The first
phase is the forward propagation which consists of passing
input data (signal) throughout the DNN and calculating its
output (Yp), and then calculating the loss function. The
second phase is the back-propagation. During the back-
propagation phase, the estimation error passes from the last
to the first layer, and the gradients can be calculated. When
the gradients are determined, the weights are changed
according to Eqgs. 8 and 9. The relationship between loss
function and gradients will be addressed in the next
section.

4.1 Relationship between loss function
and gradients

The full-connection (dense) layer and convolutional layer
are more popular layers that make the structure of DNNs.
Each layer has its properties and mathematical model.
Therefore, the forward propagation and back-propagation
are related to the layer’s type. For simplicity, suppose a
DNN with L dense layers, which is shown in Fig. 3.

—C

Input

ak = f(zL), f = Active Function

Fi

g. 3 A DNN consists of L dense layers

Here, 7", is the output of nth neuron of Lth layer. a”, is
the output of the active function of Lth so, ak, = f(z%)
where f is the active function. For simplicity, suppose the
active function is identity. So z", _ a", and da",/0z", = 1.
According to Fig. 3, the gradient of loss function C with
respect to wh; is defined as follows:

oC oC _ da- o
oWk ~oal ¥ Ok “Bwl (10)
~—

=1

where w"|, is the weight between the first neuron of layer
L-1 and the first neuron of layer L. According to properties
of dense layers, le is calculated as:

=3 (ab xowh) ot (11)
Therefore,

aZIL -1

o =ar (12)

awf‘]

oc _oC day 14
I

— = X — X 13
owk ~ dat " ok ¢ (13)
~—~
=1
By recalling Eq. 8:
oC oC  oat
L _ L _ L L—1
vimew — Wit naWL =W nw X @ X ay
1,1 1 1
(14)

In general, the gradient of loss function C with respect to
a weight between neuron m of layer L-1 and neuron n of
layer L is equal to:
ocC oC _dak

— = 15
owk — Qak O X (15)

By recalling Eq. 7:

L
L L oC L oC 6an I
wanew — Womotd N owl W oota 7]@ X a_ZL m
n n

mn

(16)

4.2 Influence of new loss functions

In Egs. 13-16, there is a key part, 6C/6aLn, that plays the
main role in changing the weights. It is the gradient of the
loss function with respect to the output of the last layer.
Suppose the last layer has M neurons (M outputs). As MSE
is the most popular lost function to optimize generator
DNN, suppose again loss function C is MSE:
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1 M

C:MZ(aiL—Yi,T)Z (17)

i=1

aLi is the output of ith neuron of the last layer, and then
it is the output of DNN on neuron i and can be denoted as
Y p. Hence,

C:AL/IXM: (Yi,P_Yi.T)Z (18)

i—1
Consequently,

oc 2 H 2 X
M:MZ(CI’L_YIT :A_/IZ (19)
i i=1

i=1

Recalling Eq. 16:

aaL

M

L L 2 § :
w =W —N XX a —
mnnew m.n.old a L M

i=1

zP_

(20)

Y;p — Yir is the error of estimation of ith neuron and is
shown with e;. Then,

ME:%Z(Y,IJ = E (21)

According to Eqgs. 20 and 21, if the loss function is
MSE, the new value of weights is dependent on the mean
of estimation errors (ME). For an image, as discussed
before, the number of outlier occurrences is small (less
than 1% of all samples), while M is a large value. Thus,
these outlier errors cannot change ME notably. Conse-
quently, when the error values are small, the gradient of
such errors diminishes, and as a result, the weights cannot
change in a direction to further reduce the outlier errors.

Now, let us suppose MMaSE is the loss function. In
such a case, for an image according to MMaSE definition,
M =1, and hence Egs. 20 and 21 are changed to the fol-
lowing equations:
da L
Ozk
MaE = Z(Ykﬁp — YkﬁT) = 281( (23)

Lyl g

m,nnew m,nold

xd ' x2(Yp—Yer)  (22)

in which, k index is an output index with a maximum
error (outlier error). From these equations, it is clear that
the gradient solely relies on the output with the maximum
error (MaE) regardless of the error of other outputs. As a
result, the change of weights will be in a direction to reduce
the maximum error while leaving the other smaller errors
alone. This is the reason for an increase in the mean of
estimated errors when the loss function is MMaSE. From
another point of view, there is a significant difference
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between the maximum error (outlier error) and mean of
errors, and thus the gradient of errors is high. When the
gradient of errors is large, the loss function and mean of
errors could be reduced slowly. The same conclusion could
be valid of MMuMaSE. Now let us suppose the loss
function is MSE 4+ MMaSE. In such a case, Eqgs. 20 and 21
can be written as follows:

L
Lot _nxﬁanxabl
= X ay
ozk

m,nnew m,n.old

x 2 L‘%EM: (Yip = Yir) + (Yer — Yk’T)] (24)

i=1

ME&MaE = 2

o i i)+ 0 i)
s

i=1

(25)

It is clear that using MSE 4+ MMaSE, the gradients are
a function of both the mean of errors and the outlier errors.
In this case, since the error is the summation of the mean
error and maximum error, when the mean of errors
becomes small, the overall error, e.g., ME&MaE, could
significantly change with the change of outlier errors.
Consequently, the weights could be changed in a direction
to reduce the outlier errors. In a case when the mean error
is large, it can change the gradients and reduce the mean
errors as well. The same conclusion is true for MSE +
MMuMaSE. Now, some evaluation parameters are
required to evaluate the benefit of the proposed loss func-
tion, which is the subject of the next section.

5 Evaluation parameters

This section aims to study the performance of the trained
neural networks. Here, the trained DNNS learned the
concept of the temperature distribution due to conduction
heat transfer from a dataset of temperature distribution.
The conduction heat transfer temperature distributions
were produced by solving many cases of conduction heat
transfer problems using the well-known finite difference
method, which is a numerical solution approach. The
dataset contains 44,160 samples of temperature distribution
data, in which each sample image was made of an input
and an output image of 64 x 64 pixels. The details of this
dataset and solution approach are discussed in [21].

Thus, some parameters are needed to investigate mean
and outlier errors. In previous sections, MMaSE and MSE
were represented as a function to calculate loss estimation.
They could also be used as evaluation parameters as well.
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Fig. 4 Some samples of dataset.
A: input, channel 1. B: input,
channel 2. C: output

et I
-
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Indeed, MSE indicates the mean square of all estimated
pixels errors; therefore, it is suitable as an index to explore
the mean error. Moreover, MMaSE is the mean of the
maximum square error of each estimated image, and thus,
it is proper to investigate outlier errors. However, the
square error is a nonlinear function and changes the scale
of errors. Hence, the absolute error that is a linear function
for positive and negative numbers could be a better indi-
cator that was used here. Absolute Error (AE) is defined as
follows:

AEn,c,r == |Tn,c,r

- Pn,c,r| (26)

Here, AE, ., is the absolute error of a pixel on the (c,r)
coordinate of the image n. A comparison between Egs. (1)
and (26) shows that the absolute and square operators are
the only difference between them. Mean absolute error
(MAE) [24] and mean of maximum absolute error
(MMaSE) are defined as:

@ Springer
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Table 1 Evaluation parameters for five networks

Evaluation parameter Net_MSE Net_MMa Net_MMuMa Net_MSE & MMa Net_MSE & MMuMa
Training data MAE 0.0011 0.0052 0.0021 0.0025 8.964e-4
MMaAE 0.0611 0.0409 0.0237 0.0172 0.0284
MSE 1.010e-5 5.975e-5 8.8471e-6 1.261e-5 2.88e-6
MMaSE 0.0044 0.0019 6.3366e-4 3.115e-4 0.0011
Validation data MAE 0.0013 0.0052 0.0023 0.0026 0.0011
MMaAE 0.0762 0.0512 0.0377 0.0239 0.0372
MSE 1.455e-5 6.270e-5 1.12649¢-5 1.508e-5 4.931e-6
MMaSE 0.00748 0.0033 0.0022 0.0008 0.0022
Testing data MAE 0.0013 0.0052 0.0023 0.0026 0.0011
MMaAE 0.0760 0.0509 0.0374 0.0233 0.0366
MSE 1.438e-5 6.218e-5 1.1032e-5 1.475e-5 4.732e-6
MMaSE 0.0074 0.0032 0.0021 7.093e-4 0.0020
1 N C 6 Numerical method and verification
MAE = mz Z Z ’Pn,c,r - Tn,c,r|
=1 ¢c=1 r=1 . . . .
— mean(AE) e (27) In this paper, we use a dataset introduced in [21] to train
our DNN. It consists of 44,160 samples of heat transfer.
1 Each sample has an input and an output image of 64 x 64.
MMaAE = NZI%?]XOT'%CJ = Pucrl) (28)  The input images have two channels; the first channels
~ 0

MAE, similar to MSE, is suitable for checking the mean
of estimation error, and MMaAE, similar to MMaSE, is
useful for comparing outlier errors. The utilized dataset and
verification method will be discussed in the next section.
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s
.
0.08 - ‘—\ 0.08 -
%
0.06 1 e Net_MSE 0.06 - e Net MSE
" Net_MMa Net_MMa
%) p x  Net_MMuMa ¥ o x Net_MMuMa
z Net_MSE&MMa Net_MSE&MMa
0.04 a  Net MSE&MMuMa |0.04 1 a Net MSE&MMuMa
A, A
-« L] x
0.02 0.02 -
x ’. x
”* . X
2 X x
x
0.00 4 0.00 L ’ll’-..:;llil
0 100 200 0 5 10

Epoch

Fig. 5 Variation of MSE of training data within the training process.
Left: Epoch 0 to 250. Right: Epoch 0 to 15
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have a triangle, square, regular hexagon, or regular octagon
shape. They are binary images that introduce the geometry
of the input shape; therefore, the output of shapes is filled
with zero, and the shapes are plotted with one. The second
channels consist of the boundary of the shapes in the first
channel that randomly slices between two and five pieces,
and each piece has a random value between 0 and 1. The
inside and outside of the boundaries are filled with 0 and 1,
respectively. These boundaries are called heat boundaries.
The output images have only one channel that shows the
heat distribution image. Each output image is similar to its
second input channel; its inside of heat boundaries is filled
with heat distribution calculated with the finite volume
method (FVM). Some samples of this dataset are shown in
Fig. 4, where each row indicates one sample. Columns A
and B respectively show channel one and two input images,
and column C shows output images. All heat boundaries
have random width between 35 to 58 pixels, and the center
of boundaries are matched to the center of the domain. This
dataset has three parts include training, testing, and vali-
dation. The training part is 70 percent of all samples that
are selected randomly. Each one of the testing and vali-
dation parts is 15 percent of all samples, selected randomly,
too. The value of input and output images pixels is between
zero and one, so we do not have any normalization on the
dataset. The dataset is accessible here: https://doi.org/10.
17632/rw9yk3c559.2 [21, 22].

DNN of this paper was implemented with TensorFlow
[35] and Python. This DNN was trained with Adam


https://doi.org/10.17632/rw9yk3c559.2
https://doi.org/10.17632/rw9yk3c559.2

Neural Computing and Applications

Fig. 6 MSE of train data for the
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optimizer [36] with a learning rate of 0.001. B1 and B2 are
two main parameters of Adam that in this paper they were
set to 0.9 and 0.999, respectively. The trainable parameters
of our DNN were initialized with the Glorot Uniform
technique [37]. Each training process for each network was
done for 2000 epochs. Instead of using a single sample,
batches of 32 samples were used to train DNN. Validation
parameters of validation and training data were calculated
for each epoch and saved as a history of the training pro-
cess. The history of the process is useful to explore the

150 200 250

Epoch

100 300 350

speed of reducing error parameters during the training
process and comparing loss functions. Due to loss error
having irregular variance during the training process, the
best training point is when the loss error of validation data
has less value, and the DNN parameters were saved at this
point.

In this paper, DNN was independently trained five times
with MSE, MMaSE, MMuMaSE, MSE + MMaSE, and
MSE 4+ MMuMaSE that for simplification refer to them as
Net_ MSE, Net_MMa, Net_ MMuMa, Net MSE&MMa,
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Fig. 8 MMaSE of train data for 0.006
the last 200 epochs of the
training process 3 ot
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and Net_ MSE&MMuMa. In this study, M = 82 was used
when the lost function was MMuMaSE or MSE +
MMuMaSE that it is equal to 4 percent of all predicted
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Mean Absolute Error

pixels. The benefit of DNNs trained with proposed loss
functions will be evaluated in the results section.
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Fig. 10 Frequency distribution
curve for predicted testing
images base on MSE. Each
point represents the number of
images predicted by MSE in the
range 4.29e-07

Fig. 11 Pie charts to compare
outlier errors. These charts show
the number of predicted test
data pixels with AE equal and
bigger than A: 0.05, B: 0.0988,
C: 0.1638, and D: 0.245
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«Fig. 12 A sample of dataset predicted with all five networks. It has
the worst MAE among all images in test data when predicting with
Net_MSE. The input and output of these images are shown in the last
row of Fig. 2. From left to right, columns 1 to 3 are predicted images
with the network, absolute difference of predicted image and actual
image in the dataset (AE), and square difference of predicted image
and actual image in the dataset (SE). Rows 1 to 5 belong to Net_MSE,
Net_MMa, Net_MMuMa, Net_ MSE&MMa, and
Net_ MSE&MMuMa

7 Results and discussion

In this section, the impact of training DNN using different
loss functions will be discussed. The accuracy of the
trained DNNs for introduced evaluation indexes is the
subject of the first subsection. Then, the speed of training,
error evaluation, maximum error evaluation, and quality of
predictions will be discussed.

7.1 Evaluation parameters comparison

After finishing the training process, the training, testing,
and validation data were estimated, and validation param-
eters including MSE, MAE, MMaSE, and MMaAE were
computed. Table 1 shows these results. Some interesting
notes can be extracted from Table 1:

1. Net_MSE&MMuMa, DNN that trains with MSE +
MMuMa lost function, has the least MSE error.
Besides, Net. MSE&MMuMa has fewer MMaAE and
MMaSE errors than Net MSE; therefore, Net M-
SE&MMuMa has a smaller outlier error than
Net_ MSE. Hence, a DNN, which is trained by
MSE + MMuMasSE lost function, estimates the results
with not only lower outlier errors but also lower mean
error compared to a DNN trained with MSE. As a
result, MSE + MMuMaSE is the best-introduced loss
function and could be employed instead of MSE lost
function. Interestingly, these results reveal that MSE +
MMuMaSE is suitable for training a deep network to

estimate not only physical images but also natural
images.

2. The only loss function that estimates data with mean
error (MSE and MAE) less than MSE loss function is
MSE + MMuMaSE. Net_MSE 4+ MMuMa reduced
MSE by 67.1% compared to Net_ MSE.

3. Net_MSE&MMa has the least outlier error (MMaSE
and MMaAE). However, its mean error (MSE and
MAE) is more than Net_ MSE and Net_ MSE&M-
MuMa. It predicts test images with an MSE 2.57%
larger than Net_MSE. As a result, if the decrease in
outlier error is more significant than the mean error, we

could use MSE + MMaSE instead of MSE + MMa-
MuSE and MSE loss functions.

7.2 Speed of training

The main parameter to evaluate training parameters is the
speed of reducing errors during the training process. The
history of the training process will be used to investigate
the rate of reduced errors. Using history, the variation of
MSE of training data for the first 250 epochs is shown in
Fig. 5 and for the last 200 epochs in Fig. 6. Also, Figs. 7
and 8 show the value of MMaSE for training data in the
first 350 and last 200 epochs, respectively.

Figures 5 and 7 show that Net_MMa reduces errors
slowly, especially in the first 200 epochs. Also, Fig. 5
shows that Net. MSE&MMuMa is the fastest network in
the first 15 epochs to reduce errors.

Moreover, Figs. 6 and 8, which were plotted for the last
200 epochs, show the same results as the previous sec-
tion. Figure 8 clearly shows the influences of the intro-
duced loss functions on outlier errors. Interestingly,
Net. MSE&MMuMa has a small MSE, and Net_M-
SE&MMa has a small MMaSE. It is worth noticing that
MSE and MMaSE (outlier errors) are the highest for
Net_MSE.

7.3 Population and distribution of testing
images errors

As mentioned, testing data contains 6624 samples that each
sample contains an input image and an output image.
Evaluated parameters (MSE, MAE, etc.) could be calcu-
lated for either all predicted images or each image sepa-
rately. In Table 1, evaluation parameters are computed for
all estimated testing, training, and validation images. Now,
a comparison is made based on MSE and MAE errors for
each predicted test image separately. Figures 9 and 10
show the frequency distribution curve. In Fig. 9, each
marker shows the number of test images predicted with
MAE in a range of 5.7e-5. This chart is plotted for MAE
between zero and 0.004. Figure 10 is similar to Fig. 9, but
it is plotted for MSE from O to 3e-5; each marker show
number of testing images estimated with MSE in a range of
about 4.29¢-07.

Figure 9 shows that Net_ MSE&MMuMa has estimated
a large number of test images with MAE in the distance
between 0.0005 and 0.0012. It could also estimate a small
number of test images in a range bigger than 0.0012.
However, Net_ MSE merely has a bit better performance
than Net_Mse&MMuMa in the distance of 0 to 0.0004. It is
concluded that Net_ MSE&MMuMa estimates most images
with small errors, while Net_MSE estimates some images
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with near-zero error and some of the images with big
errors. Hence, Net MSE&MMuMa could estimate outputs
with small errors, while Net_MSE estimates some images
very well with near-zero error and some of them with big
errors. Note that Net_ MMa predicts almost all images with
MAE with values bigger than 0.0035, and hence, they are
almost out of scale in Fig. 9.

Unlike MAE that all errors have an equal influence on
their value, bigger errors have more influence on MSE
value. For instance, consider two set of data, (0.3, 0.3, 0.6)
and (0, 0, 1.2). Though they have equal MAE, their MSE
are 0.18 and 0.48, respectively. Hence, large errors affect
MSE more than small errors, and MSE is a suitable pa-
rameter for comparing the magnitude of two network
errors. Similar to Figs. 9, 10 shows the better performance
of Net_ MSE&MMuMa. According to Fig. 10, Net M-
SE&MMuMa predicts almost 98% of testing images with
MSE between 0 and 1le-5.

In summary, Net_ MMa, Net_MSE&MMa, and
Net_ MMuMa do not have a proper performance to
decrease mean error compared to Net MSE and Net_M-
SE&MMuMa. In contrast, Net. MSE&MMuMa has better
performance than Net_MSE to reduce mean and outlier
eITors.

7.4 Maximum errors

As mentioned, for physical images, correct estimation of
even one pixel is important. In this section, all introduced
loss functions are compared based on maximum estimation
errors of test data. In Fig. 11, four pie charts are illustrated;
each of them shows how many pixels are predicted equal
and bigger than an AE value for different loss functions.
The pie charts are plotted for AE of 0.05, 0.0988, 0.1638,
and 0.245. For instance, Fig. 11D shows that Net_M-
SE&MMuMa predicts only four pixels of the test image
with an absolute error equal and bigger than 0.245.
Attention to Fig. 11 shows that using Net MSE&MMa
reduced the number of pixels with a high error of 0.1638
and more by 96%.

In the same way, Net MSE&MMuMa reduced such
errors by about 88%. The charts of Fig. 11 beautifully
illustrate the influence of the introduced loss function on
the outlier errors. These results show that Net MSE&MMa
was more successful than Net. MSE&MMuMa in reducing
the outlier errors. However, as reported in Table 1,
Net_ MSE&MMuMa reduced not only the outlier errors,
but also MSE in comparison with Net_MSE. It is while
Net. MSE&MMa increases MSE. Therefore, MSE +
MMuMaSE is a better loss function than MSE + MMaSE.
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7.5 A sample of prediction

A sample of testing data predicted with the five networks is
shown in Fig. 12. The input and output of this sample are
represented in the last row of Fig. 4. It has the worst MAE
value among all test images when they are predicted with
Net MSE. This image is predicted by Net MSE,
Net_MMa, Net_MMuMa, Net_ MSE&MMa, and Net_M-
SE&MMuMa and then illustrated in rows 1 to 5 of Fig. 12,
respectively. Column 1 shows the predicted image, column
2 is the absolute difference of actual and predicted image
(Absolute Error: AE), and column 3 is the square differ-
ence of the actual and predicted image (Square Error: SE).
As mentioned in the last section, a square error is a non-
linear function, and it blurs small errors and big ampli-
tudes. Below each column, the color map and range of
colors are shown. Evaluation parameters for the predicted
image on each row are shown on the right side of Fig. 12.

8 Conclusion

The present study explored the impact of loss functions on
the performance and accuracy of DNNs to estimate phys-
ical images. A DNN was introduced and trained with MSE
loss function to estimate heat transfer images. Estimated
images with this network showed that few pixels were
predicted with unacceptable errors. These pixels are called
outlier pixels, and their errors are called outlier errors.
Although there are a few outlier pixels in a group of esti-
mated images, they can lead to huge errors and mistakes in
a decision process that uses these estimated images. In this
paper, three new loss functions, including MMuMaSE,
MSE 4+ MMuMaSE, and MSE + MMaSE, were sug-
gested to reduce outlier errors. Thus, the proposed DNN
was trained with these new loss functions as well as
MMaSE, which is presented in [22]. The following out-
comes are extracted from estimation’s results of DNN:

1. The network that was trained with MSE + MMuMaSE
(Net_ MSE&MMuMa) was estimated images with the
minimum mean error compared to other networks. It
reduced the MSE of estimation by about 67.1% in
comparison to Net_MSE. So, it can be replaced with
MSE.

2. The network that was trained with MSE + MMaSE

(Net_MSE&MMa) had the least outlier errors. How-
ever, Net_ MSE&MMuMa had more outlier errors than
Net_MSE&MMa. Utilizing Net MSE&MMa dimin-
ished prediction of pixels with large errors about 96%.
Comparing results revealed that MSE + MMuMaSE
could estimate images with appropriate mean and
outlier errors. A Net MSE&MMa reduced the outlier
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errors better than Net_ MSE&MMuMa. However,
Net_MSE&MMuMa reduced MSE in comparison with
Net. MSE. This is while Net MSE&MMa increases
MSE by 2.57% compared to Net_MSE. Hence,
Net MSE&MMuMa is the best loss function that can
be used to train deep networks to estimate both
physical and natural images.

4. The heat distribution images that were estimated with
Net_ MSE&MMuMa had sufficient accuracy, and all of
the pixels were estimated with small errors.

5. Outcomes of this paper reveal that MSE 4+ MMuMaSE
has a powerful ability to train DNNs. It could be used
to train deep networks of physical and natural image
estimators. A physical dataset was utilized in this
paper, so using MSE + MMuMaSE to train DNNs
with new structures and big datasets of natural images
can be subject to future researches.
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