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The present study aims to analyze the effects of Brownian motion and thermophoresis forces on the natural con-

vection heat transfer of nanofluids around a vertical cone placed in a saturated porous medium. The range of

non-dimensional parameters and the definition of two important parameters of heat and mass transfer are discussed.

The  results show that the range of Lewis number as well as Brownian motion and thermophoresis parameters and

also  the definition of the reduced Nusselt and Sherwood numbers, used in the previous analyses, should be reconside-

red.  In the present study, reasonable definitions of reduced Nusselt and Sherwood numbers have been proposed and

discussed in details. In contrast with previous researches, the present results show that the heat transfer associated
with  migration of nanoparticles is negligible compared with heat conduction and convection mechanisms.

©  2013 The Institution of Chemical Engineers. Published by Elsevier B.V. All rights reserved.
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et al., 2013a,b), the appropriate range of Brownian motion
.  Introduction

onvective flow in porous media has a wide range of engi-
eering applications, such as solar energy collectors, heat
xchangers, geothermal and hydrocarbon recovery (Nield and
ejan, 2013; Vadasz, 2008; Gorla et al., 2011).

Nanofluids are produced by suspending nanoparticles,
etallic or nonmetallic particles with the size of nanome-

ers, in conventional heat transfer fluids such as water, oil, and
thylene glycol (Das et al., 2007). The thermal conductivity of
onventional heat transfer fluids is low. However, presence of
olid nanoparticles can enhance the thermal conductivity of
ase fluids (Ismay et al., 2013). The thermal conductivity and
iscosity of seven nanofluids have been extensively examined
y Buongiorno et al. (2009) and Venerus et al. (2010) in dif-
erent laboratories. It is found that two of seven nanofluids
howed shear-thinning behavior; the remaining five showed

ewtonian behavior. Buongiorno (2006) has developed an
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analytical model for convective transport in nanofluids in
which Brownian motion and thermophoresis effects are taken
into account. Recently, Nield and Kuznetsov (2009) have
used the Boungiorno’s model (Buongiorno, 2006) to simu-
late the natural convection flow of nanofluids. Nield and
Kuznetsov have examined the effect of nanoparticles on
the natural convection boundary-layer flow past a vertical
plate.

Very recently, Rashad et al. (2011) have investigated the
natural convection boundary layer of a nanofluid about a
permeable vertical full cone embedded in a saturated porous
medium. Moreover, natural convective boundary layer flow
over a horizontal plate embedded in porous media saturated
with a nanofluid was investigated by Gorla and Chamkha
(2011). In previous researches (Nield and Kuznetsov, 2009;
Rashad et al., 2011; Gorla and Chamkha, 2011; Noghrehabadi
2.
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parameter, thermophoresis parameter, buoyancy ratio
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Nomenclature

DB Brownian diffusion coefficient (m2/s)
DT thermophoretic diffusion coefficient (m2/s)
f rescaled nanoparticle volume fraction,

nanoparticle concentration
g  gravitational acceleration vector (m/s2)
� permeability of porous medium (m2)
k thermal conductivity (W/m K)
km effective thermal conductivity of the porous

medium (W/m K)
Le Lewis number
Nb Brownian motion parameter
Nr buoyancy ratio
Nt thermophoresis parameter
P pressure (Pa)
Rax local Rayleigh number
S dimensionless stream function
T temperature (K)
T∞ ambient temperature (K)
TW wall temperature of the vertical cone (K)
U reference velocity (m/s)
u, v Darcy velocity components (m/s)
(x, y) Cartesian coordinates (m)

Greek symbols
(�c)f heat capacity of the fluid (kg/m3 K)
(�c)m effective heat capacity of porous medium

(kg/m3 K)
(�c)p effective heat capacity of nanoparticle material

(kg/m3 K)
� viscosity of fluid (Pa s)
˛m thermal diffusivity of porous media (m2/s)

 ̌ volumetric expansion coefficient of fluid (1/K)
� cone half-angle (rad)
ε porosity
� dimensionless distance
� dimensionless temperature
�f fluid density (kg/m3)
�p nanoparticle mass density (kg/m3)
	 parameter defined by Eq. (5)
ϕ nanoparticle volume fraction
ϕ∞ ambient nanoparticle volume fraction
ϕw nanoparticle volume fraction at the cone sur-

face
  stream function

Fig. 1 – Schematic view and the coordinate system utilized
to model the boundary layer configuration.
parameter and Lewis number have not been fully discussed.
In addition, the effect of mass transfer on the reduced Nusselt
number and the effect of temperature gradient on the reduced
Sherwood number have not been taken into account.

In the present study, the influence of practical range of
nanofluid parameters on the natural convection flow about a
vertical cone placed in a saturated porous medium is analyzed.
In addition, the practical range of non-dimensional nanofluid
parameters and the reasonable definition of reduced Nusselt
and Sherwood numbers are discussed.

2.  Mathematical  model
Consider a two-dimensional natural convection flow of a
nanofluid about a vertical isothermal cone placed in a Darcy
porous medium, in which the flow is incompressible and
steady-state. It is assumed that the temperature and nanopar-
ticle volume fraction (ϕ) at the cone surface (y = 0) have a fixed
value of Tw and ϕw, respectively. The ambient values of T and
ϕ, as y tends to infinity, are denoted by T∞ and ϕ∞, respectively.

It has been demonstrated that the Brownian motion and
thermophoresis forces induce slip velocities relative to the
base fluid molecules (Buongiorno, 2006). Therefore, the con-
centration of nanoparticles in the convective heat transfer of
nanofluids may not remain homogeneous. The thermophore-
sis force tends to move the particles in the direction opposite
to the temperature gradient, and in contrast, the Brownian
motion force tends to move the particles from high concentra-
tion to low concentration areas and homogeneous the fluid.
As there is the temperature gradient in the boundary layer,
the thermophoresis and Brownian motion forces appear, and
hence, there is a boundary layer for concentration of nanopar-
ticles.

The coordinate system is chosen such that x-axis is aligned
with the flow on the cone surface. The physical model and
coordinate system are shown in Fig. 1. There are three dis-
tinct boundary layers which are hydrodynamic boundary
layer, thermal boundary layer and nanoparticle concentra-
tion boundary layer. It is worth noticing that the presence
of hydrodynamic boundary layers is because of the thermal
boundary layer. The thermal boundary layer induces the den-
sity difference in the fluid, and hence, the hydraulic boundary
layer appears. Indeed, the presence of the hydraulic bound-
ary layer is not because of the no-slip boundary condition
or development of shear stresses due to the wall effects; it
is because of the buoyancy forces. In addition, as the flow is
buoyancy driven, and the practical temperature difference in
the nanofluids is limited, the velocities are sufficiently low;
hence the surface drag forces (Darcy term) are dominant,
and they are in balance with the buoyancy forces. Therefore,
in the present study, the flow in the porous medium with
porosity ε and permeability � is considered as Darcy flow, and
the Oberbeck–Boussinesq approximation is applied.

Using the standard boundary layer approximations, the

steady-state conservation of total mass, momentum and
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re presented respectively as follows:

∂(ru)
∂x

+ ∂(rv)
∂y

= 0, (1)

∂p

∂y
= 0, (2a)

�

�
u =

[
−

(
∂p

∂x
− (1 − �∞)ˇg�f∞ cos �(T − T∞)

)

−(�P − �f∞ )g cos �(� − �∞)
]
, (2b)

∂T

∂x
+ v

∂T

∂y
= ˛m

∂2T

∂y2
+ 	

[
DB
∂�

∂y

∂T

∂y
+ DT
T∞

(
∂T

∂y

)2
]

, (3)

1
ε

[
u
∂�

∂x
+ v

∂�

∂y

]
= DB

∂2�

∂y2
+

(
DT
T∞

)
∂2T

∂y2
, (4)

m and 	, in the above equations, is defined as:

m = k

(�c)f
, 	 =

ε(�c)p
(�c)f

(5)

ased on the problem description, the boundary conditions
re:

 = 0, T = Tw, � = �w, at y = 0, x≥0 (6)

 = v = 0, T → T∞, � → �∞, at y → ∞ (7)

It is assumed that the thermal boundary layer is thin;
ence, r can be approximated by the local radius of the
one (r = x sin �). Eqs. (2a) and (2b) are simplified using cross-
ifferentiation, and the continuity equation will also be
atisfied by introducing a stream function ( ):

 = 1
r

∂ 

∂y
, v = −1

r

∂ 

∂x
, (8)

o simplify the system of equations, Eqs. (1)–(4) and attain a
imilarity solution for Eqs. (1)–(4) subject to Eqs. (6) and (7),
he similarity variable (�) and the dimensionless similarity
uantities S, f and � are defined as,

 = y

x
Ra

1/2
x , S =  

˛m · r · Ra
1/2
x

, f = � − �∞
�w − �∞

, � = T − T∞
Tw − T∞

(9)

nd the local Rayleigh number (Rax) is as,

ax = (1 − �∞)�f ∞ˇ�gx cos �(Tw − T∞)

�∞˛m
(10)

y using the similarity variable, Eqs. (1)–(4) are reduced to the
ollowing three ordinary differential equations,

′′ − �′ + Nr · f ′ = 0 (11)
′′ + 3
2

·  S�′ + Nb · f ′ · �′ + Nt(�′)2 = 0 (12)
f ′′ + 3
2

· Le · S · f ′ + Nt

Nb
�′′ = 0 (13)

subject to the following boundary conditions,

� = 0 : S = 0, � = 1, f = 1 (14a)

� → ∞ : S′ = 0, � = 0, f = 0 (14b)

where the non-dimensional parameters in the above equation
are as follow:

Nr = (�p − �f ∞)(�w − �∞)

(1 − �∞)�f ∞ˇ(Tw − T∞)
,  Nb =

ε(�c)pDB(�w − �∞)

(�c)f ˛m
,

Nt =
ε(�c)pDT(Tw − T∞)

(�c)f ˛mT∞
, Le = ˛m

εDB
, (15)

Here, Nr,  Nb,  Nt and Le denote the buoyancy ratio parameter,
the Brownian motion parameter, the thermophoresis param-
eter and the Lewis number, respectively.

The quantities of local Nusselt number (Nux) and local Sher-
wood number (Shx) which interested in thermal engineering
design of industrial equipments are defined by,

Nux = qwx

k(Tw − T∞)
, Shx = qmx

DB(�w − �∞)
, (16)

where qw is the wall heat flux, and qm is the wall mass
flux. Studying the exact concept of qw shows that the heat
from the surface transfers by not only conduction but also
migration of nanoparticles. Similarly, the mass transfer is
associated via both of the Brownian motion and thermophore-
sis forces. In the previous studies (Nield and Kuznetsov, 2009;
Rashad et al., 2011; Gorla and Chamkha, 2011; Noghrehabadi
et al., 2013a,b), the effect of nanoparticles migration on the
heat transfer has been overlooked. Similarly the effect of
thermophoresis on the mass transfer has not been consid-
ered. Therefore, the definitions of the reduced Nusselt and
Sherwood numbers presented in previous works (Nield and
Kuznetsov, 2009; Rashad et al., 2011; Gorla and Chamkha,
2011; Noghrehabadi et al., 2013a,b) should be reconsidered. In
the work of Buongiorno (2006) which is the strong reference
adopted by previous works (Nield and Kuznetsov, 2009; Rashad
et al., 2011; Gorla and Chamkha, 2011) for analysis of heat and
mass transfer associated by nanofluids, the quantities of qw

and qm have been defined as follows:

qw = −k∇T + εhp · jp (17a)

qm = jp

�p
(17b)

where qw is the energy flux calculated as the sum of the con-
duction heat flux (k ∇ T) and the heat flux due to nanoparticle
diffusion (hp · jp). Here, qm is the nanoparticle flux (mass flux),
and hp = cpT (Buongiorno, 2006). The quantity of jp is the dif-
fusion mass flux for the nanoparticle. jP is the sum of two
important diffusion terms (i.e. Brownian diffusion and ther-
mophoresis) which is written as (Buongiorno, 2006),
jP = −�pDB∇� − �pDT
∇T
T

(18)
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Table 1 – The range of nanofluid parameters, i.e. Nb,  Nr,
Nt and Le.

Parameters Range of variation

Nb 2.4E−9  to 1E−4
Nr 0 to +9.7E+2
Nt 4E−9 to 1.3E−4

Table 2 – Comparison of results for reduced Nusselt
number −�′ (0).

Cheng et al.
(1985)

Yih (1997) Present results
(Nb  = Nt  = Nr  = 0)

0.7685 0.7686 0.76859
Le 1E+3 to 3E+6

Using similarity transforms, Eq. (9), and substituting the Eqs.
(17a), (17b) and (18) in the Eq. (16), the reduced Nusselt number
(Nur) and reduced Sherwood number (Shr) are obtained as,

Nur = NuxRa
−1/2
x = −(1 + Nt)�′(0) − Nb · f ′(0), (19a)

Shr = ShxRa
−1/2
x = −f ′(0) − Nt

Nb
�′(0).  (19b)

2.1.  Physical  range  of  parameters

In the engineering applications, it is required to make suffi-
ciently accurate estimations of heat transfer rates. Reviewing
the previous studies related to the natural convection of
nanofluids in the literature reveals that the adopted range
of nanofluid parameters is not adequate. In order to per-
form a realistic analysis on the heat transfer of nanofluids,
the practical range of non-dimensional parameters of Brown-
ian motion (Nb), thermophoresis (Nt), buoyancy ratio (Nr) and
Lewis number (Le)  for nanofluids should be demonstrated. To
aim this purpose, first, the practical range of thermo-physical
properties (i.e. DB, DT, (�c)p/(�c)f, ˇ, ˛m, etc.) which affects the
non-dimensional parameters should be analyzed.

For water base nanofluids at room temperature with
nanoparticles of 100 nm diameters, the Brownian diffu-
sion coefficient, DB, ranges from 1 × 10−10 to 1 × 10−12 m2/s
(Buongiorno, 2006). The thermophoresis coefficient, DT, also
ranges from 1 × 10−10 to 1 × 10−12 (Buongiorno, 2006; Hwang
et al., 2009). It is assumed that the temperature difference
varies between 5 and 40 ◦C, and the nanoparticle volume frac-
tion difference varies between 0 to 0.1. The porosity is in
the range of 0–1. For regular solid and liquid materials  ̌ is
in the order of 10−5 to 10−3 and (�c)p/(�c)f is in the order
of 0.1. The effective thermal diffusivity of saturated porous
media ranges from 10−7 to 10−8. For instance, the volumetric
thermal expansion of Al2O3-water nanofluid at room temper-
ature with 4% volume fraction of nanoparticles is 2 × 10−3

and the (�c)p/(�c)f is calculated as 0.0640; the thermal dif-
fusivity of Al2O3–water is evaluated as 1.5991 × 10−7 (40 nm
particles) and 1.4560 × 10−3 (100 nm particles) (Khanafer and
Vafai, 2011). It is worth noticing that the volumetric thermal
expansion and the thermal capacity of nanofluids are almost
independent of the size of nanoparticles. By considering these
ranges of the thermo-physical properties, the approximate
ranges of nanofluid parameters are obtained and summarized
in Table 1. In the present study, we are interested in the case
in which heat transfer is driving the flow rather than the mass
transfer. Therefore, the values of buoyancy-ratio parameter Nr
are assumed very smaller than unity.

In the literature (Nield and Kuznetsov, 2009; Rashad et al.,
2011; Gorla and Chamkha, 2011; Noghrehabadi et al., 2013a,b),
for example, in the work of Nield and Kuznetsov (2009) and
Gorla and Chamkha (2011), the range of 0.1–0.5 has been
chosen for nanofluid parameters, i.e. Nb,  Nt and Nr to cal-

culate the adopted model of their problem. In addition, they
(Nield and Kuznetsov, 2009; Gorla and Chamkha, 2011) have
considered the range of 1–1000 for Lewis number. Rashad et al.
(2011) have adopted the range of 0.1–0.7 for Nb,  Nt,  Nr,  and the
range of 1–100 for Le.  However, the results of Table 1 reveals
that the range of nanofluid parameters in the previous works
(Nield and Kuznetsov, 2009; Rashad et al., 2011; Gorla and
Chamkha, 2011; Noghrehabadi et al., 2013a,b) is not in agree-
ment with the practical range of conventional nanofluids.

3.  Results  and  discussion

The system of Eqs. (11)–(13) subject to the boundary conditions
(14a) and (14b) is considered and numerically solved for vari-
ous values of Nr,  Nb, Nt and Le using fourth-order Runge–Kutta
method associated with Gauss-Newton method. A maximum
relative error of 10−5 is used as the stopping criteria for the
iterations.

Neglecting the effects of thermophoresis, Brownian motion
and buoyancy ratio parameters (Nt = Nb = Nr = 0), the present
study reduces to the case of a pure fluid which was studied by
Cheng et al. (1985) and Yih (1997). Table 2 shows a comparison
between −�′(0) obtained in the present work and the results
reported by Cheng et al. (1985) and Yih (1997). The results
of Table 2 show excellent agreement between the results of
present study and previous studies.

Utilizing the practical range of nanofluid parameters, the
results reveal that increasing the value of thermophoresis or
Brownian motion parameter does not influence the velocity,
temperature and nanoparticles concentration profiles as well
as hydrodynamics, thermal and nanoparticle concentration
boundary layers thickness. Moreover, simulation results show
that the thickness of concentration boundary layer is very
small in comparison with hydrodynamic and thermal bound-
ary layers. The results demonstrate that variation of Lewis
number would not significantly affect the velocity and tem-
perature profiles, whereas it would decrease the concentration
profiles.

The variation of the dimensionless heat transfer rate (i.e.
reduced Nusselt number) with respect to the Brownian motion
parameter (or thermophoresis parameter) for different val-
ues of the buoyancy ratio parameter (or Lewis number) is
depicted in Fig. 2 (or Fig. 3). These figures illustrate that an
increase of thermophoresis, Brownian motion, buoyancy ratio
or Lewis number does not have a significant effect on the
reduced Nusselt number. A reason for this behavior is that the
coefficients of Nb and Nt appearing in Eqs. (12) and (19a) are
very small. Therefore, the variation of these parameters within
their practical range does not have a significant effect on the
heat transfer rate. The variation of Lewis number affects the
concentration profiles; however, again because of the very
small value of Nb, the effect of concentration gradient on the
reduced Nusselt number is diminished.

Fig. 4 (or Fig. 5) is plotted to show the variation of the
reduced Sherwood number with respect to the Brownian
motion parameter (or thermophoresis parameter) for different

values of the buoyancy ratio parameter (or Lewis num-
ber). These figures illustrate that increase of thermophoresis



chemical engineering research and design 9 2 ( 2 0 1 4 ) 447–452 451

Fig. 2 – Reduced Nusselt number profiles for various values
of buoyancy ratio and Brownian motion parameters.

Fig. 3 – Reduced Nusselt number profiles for various values
of Lewis number and thermophoresis parameters.

Fig. 4 – Reduced Sherwood number profiles for various
values of buoyancy ratio and Brownian motion parameters.

Fig. 5 – Reduced Sherwood number profiles for various

values of Lewis number and thermophoresis parameter.

or Brownian motion parameters does not influence the
magnitude of reduced Sherwood number. In addition, the
results depict that increase of Lewis number (or buoyancy
parameter) increases (or decreases) the magnitude of the
reduced Sherwood number.

In the case of Le = 1000, the reduced Nusselt number, Nur,
is computed for 8000 different cases. For the computations,
Nb and Nt are adopted in the range of 10−7 to 10−4, and Nr is
adopted in the range of 10−3 to 10−1. A linear regression was
performed on the computed results. The linear relation is as
follow:

Nurest = 0.7686 + 0.051543 Nb + 0.045099 Nt − 0.19747 Nr  (20)

where Nurest shows the estimated value of reduced Nusselt
number. The maximum relative error of this equation is 2.7%,
which was calculated using (Nuest − Nur)/Nur.

As mentioned, Nield and Kuznetsov (2009) have exam-
ined the natural convection heat transfer of nanofluids over
a flat plate embedded in a porous medium saturated with a
nanofluid. When Le = 1000, the linear regression reported by
Nield and Kuznetsov (2009) can be written as follow:

Nurest = 0.444 − 0.036 Nb − 0.313 Nt − 0.148 Nr (21)

Eq. (21) is valid when Nb,  Nt and Nr in the range of 0.1–0.5. As
seen, all of the coefficients of Nb,  Nt and Nr are negative in
Eq. (21). The negative values of the coefficients show that an
increase of Nt,  Nb and Nr would decrease the reduced Nusselt
number. However, in the Eq. (20), the coefficient of Nb and Nt
are positive. Hence, an increase of Nb and Nt  would increase
the reduced Nusselt number. Moreover, as the values of Nb and
Nt are very small, the increase of Nusselt number is compara-
tively negligible. The main reason for the observed difference
between Eqs. (20) and (21) is the contribution of migration of
nanoparticles in the definition of reduced Nusselt number.

An important finding of the present study is that the
present results do not confirm the results reported by previ-
ous studies; for example references (Gorla et al., 2011; Rashad
et al., 2011; Gorla and Chamkha, 2011). The previous studies
(Gorla et al., 2011; Rashad et al., 2011; Gorla and Chamkha,

2011) have reported a significant decreasing trend for the
reduced Nusselt number by increase of thermophoresis,
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Brownian motion and buoyancy ratio parameters. The
observed difference between the results of present study and
the previous works is because of the fact that the effect of
migration of nanoparticles from the surface has changed the
trend of variation of reduced Nusselt number. In addition, in
the work of mentioned studies (Gorla et al., 2011; Rashad et al.,
2011; Gorla and Chamkha, 2011), a different physical range of
parameters was adopted.

4.  Conclusion

A combination of similarity and numerical approach is
adopted to theoretically analyze the effect of nanoparticles
on the natural convection heat transfer of nanofluids about a
vertical cone embedded in a porous medium. The results can
be summarized as follows:

I The physical range of nanofluid parameters, which has
been used by many  of previous researchers, is not in good
agreement with the practical range of these parameters.

II Using practical range of non-dimensional parameters, the
results demonstrate that the heat transfer associated with
migration of nanoparticles is negligible in comparison with
heat conduction and convection mechanisms.

III Reviewing the equations of the reduced Nusselt and Sher-
wood numbers presented by previous researchers in the
literature and considering the exact concept of quantities
of qw and qm show that the effect of heat transfer asso-
ciated via migration of nanoparticles should be added to
the definition of heat flux (qw). Similarly, the effect of mass
transfer because of temperature gradient should be added
to the definition of mass flux (qm).
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