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a b s t r a c t 

Poor thermal conductivity of phase change materials (PCMs) is the principal barrier to 

their widespread application. As such, numerous single or hybrid techniques have been 

proposed to lower the thermal resistance of PCMs. In the present paper, a hybrid approach, 

including the dispersing of nano-sized particles and embedding in a porous medium, was 

employed to augment the rate of heat transfer and melting process of the resulting nano- 

enhanced PCM (NePCM). Aluminum foam was used as the solid matrix, and phase-change 

heat transfer of a NePCM comprising n-octadecane as the phase change substance and 

nano-sized particles of mesoporous silica (MPSiO 2 ) was studied. Previous experimental 

studies have shown that, although n-octadecane behaves as a Newtonian fluid, the men- 

tioned NePCM behavior deviates from that of Newtonian fluids. Hence, the thermal and 

hydrodynamic behaviors of the non-Newtonian suspension of the NePCM in porous me- 

dia were investigated numerically. Governing equations, including mass and momentum 

conservation for the liquid NePCM and energy equations for both solid and liquid phases, 

were solved using the Galerkin finite element method. The deformed mesh technique was 

employed to address the movement of the melting front. The finite element code was vali- 

dated against several experimental and numerical works and was sufficiently accurate. Re- 

sults showed that owing to the alteration of the rheological and thermophysical character- 

istics of the NePCM, increasing concentration of nanoparticles reduced the average Nusselt 

number and the normalized melt volume fraction ( NMVF ). It was also found that poros- 

ity played an important role in the phase-change rate. Although the steady-state condition 
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was achieved faster in the case of lowest porosity, the maximum NMVF was achieved in 

the case of the highest porosity after Fourier number = 0.02 . 

© 2021 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Effective management of the energy produced from renewable resources by utilizing efficient energy storage, consump- 

tion control, and recycling the wastage are the key contributors to a sustainable energy plan [1 , 2] . The intermittency and

discontinuous nature of these sources demand efficient energy storage systems [3] . There is hardly a machine or device in

which heat transfer does not occur and does not affect its performance, thus improving the thermal performance of devices 

is vital for technological advancement and lowering energy consumption [4] . A noticeable approach to improve thermal per- 

formance and lowering the net energy consumption is to improve the heat transfer rate while recovering wasted thermal 

energy. 

Since their introduction, phase change materials (PCMs) have been extensively employed to store thermal energy via la- 

tent heat, especially at low temperatures [1] . Their high heat capacity and small temperature variation during the capturing 

and releasing of energy make them suitable for a wide range of applications such as heat pumps, smart temperature adapt-

able textiles, and heat exchangers [5 , 6] . However, these materials have low thermal conductivity, which negatively affects 

the phase-change rate and, consequently, the storing and releasing processes [7] . Several methods have been proposed to 

improve the thermal conductivity of PCMs based on increasing the heat transfer surface, such as using fins, metal foams, 

graphite matrix, and dispersion of nanostructured materials [8 , 9] . Mousavi et al. [10] employed a combination of fins and

Al 2 O 3 nanoparticles to improve the thermal performance of PCMs in energy storage units. The combination of fins and 

nano-additives could notably improve the melting time. The nanoparticles can also migrate in a liquid and form concentra- 

tion gradients [11] . The heat transfer aspects of nanoparticle additives in PCMs and metal foams have been well reviewed

[12] . 

Highly conductive porous foams (mainly copper, aluminum, and nickel foams) have been used as a fascinating option for 

improving the thermal conductivity of thermal storage systems, and, hence, numerous works can be found in this regard. 

For instance, Mancin et al. [13] surveyed the phase change of three different paraffin-waxes placed in a porous copper foam.

Their results revealed that copper foam substantially enhanced the heat transfer rate. Xiao et al. [14] analyzed the phase

change process of composite paraffin, embedded in two different metal foams (nickel and copper foams), in latent heat 

energy storage. They showed that in comparison to pure PCM, the thermal conductivity of the composite paraffin could be 

enhanced to about three times for nickel foam and 15 times for copper foam. Heyhat et al. [15] investigated the benefit of

using PCMs for thermal management of lithium-ion batteries. They used metal inserts (fins), metal foams, and nanoparticles 

to enhance the heat transfer performance of PCMs. Using metal foams produced better thermal enhancement compared to 

fins with the same amount of copper material. 

Sweiden et al. [16] numerically studied the effect of using metallic foam and highly conductive fins on the charging–

discharging rate. Both methods enhanced the heat storage process by increasing the melting rate while PCM-saturated 

porous metal accounted for the higher phase-change rate. Moreover, Xu et al. [17] addressed phase-change heat transfer and 

melting front evaluation of PCMs in metal foams and clear flow regions. The results showed that using a porous medium

accelerated the melting process, but also suppressed the free convection because of the porous medium’s low permeability. 

Thus, conduction was the dominant heat transfer mechanism in a porous medium filled with a PCM. The authors concluded 

that employing metal foams for thermal enhancement of PCMs is a vital practical approach. 

The addition of a small amount of highly conductive material is another way to increase heat transfer in a medium [18] .

Similar to nanofluids, it is anticipated that addition of highly conductive nano-structures increases the thermal conductivity 

of the base material. Several types of nanostructured materials such as carbon-based structures, oxide nanoparticles, and 

metallic nanoparticles have been utilized to improve the thermal conductivity of the base PCM [19 , 20] . Literature studies

show the effectiveness of using nanoparticles for enhancing heat transfer [21 , 22] . Barhemmati-Rajab and Zhao examined 

the effect of boron nitride nanoparticles on the thermal characteristics of calcium chloride hexahydrate (CaCl 2 ·6H 2 O) as 

PCM. They reported a 71.9% increase in conductivity of the PCM with 0.5% weight of nanoparticles dispersed inside it [23] .

Generally, the effect of dispersed particles is highlighted as temperature increases but non-monotonically with respect to 

the mass fraction of nanoparticles [24] . Carbon-based nanostructured materials can result in higher thermal conductivity 

compared with oxide and metallic particles. Wang et al. [25] reported up to a 46% increase in thermal conductivity of

palmitic acid at 25 °C. Various aspects of heat transfer of nanofluids such as the presence of magnetic field effects [26] ,

conjugate heat transfer, flow in metal foams [27] , and entropy generation [28] have been addressed recently Table 1 . 

Because PCMs are being used for thermal energy storage, analysis of their heat transfer aspect is a primary task. However,

other important design aspects should also be carefully considered in a thermal energy storage design. For example, as 

discussed by Zahir et al. [29] , a liquid PCM can be cooled to a temperature below the phase-change temperature without

freezing. Thus, the discharging of a PCM can be delayed to temperatures below freezing. The shrinkage of solid PCMs during

the discharge process is another important aspect that could lead to mechanical issues and should be taken into account in
464 
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Nomenclature 

Latin symbols 

C p ( kJ/kg ·L ) constant pressure’s specific heat capacity 

F ( N ) volume force 

F non-dimensional volume force 

Fu ( K ) fusion temperature 

I unit matrix 

�
 g ( m/s 2 ) gravity vector 

K ( W/m ·K ) thermal conductivity 

H ( W/m 

2 ·K ) convection heat transfer coefficient 

L ( m ) height of the coaxial pipe 

L sf ( J ) latent heat of fusion 

m consistency parameter for viscosity model 

n power-law index of the viscosity model 

NMVF normalized melted volume fraction 

Nu Nusselt number 

p ( Pa ) pressure field 

P dimensionless pressure field 

Pr Prandtl number 

T ( s ) time 

T ( K ) temperature field 

Fo Fourier number 

Da Darcy number 

Ra Rayleigh number 

Ste Stefan number 

Greek symbols 

ρ ( kg/m 

3 ) density 

β (1/ K ) coefficient of thermal expansion 

ε porosity 

μ ( Pa ·s ) dynamic viscosity 

φ nanoparticle’s volume fraction 

α ( m 

2 /s ) thermal diffusivity 

θ non-dimensional temperature 

κ ( m 

2 ) permeability 

˙ γ (1 /s ) shear rate 

Subscripts 

avg averaged property 

c cold wall 

eff effective properties of porous medium 

fu properties at fusion temperature 

h hot wall 

i inner pipe 

LNeP liquid state of the nano-enhanced phase change material 

LP liquid state of the pure phase-change material 

max maximum (Eq. 28) 

min minimum ( Eq. 18 ) 

na nano-additives 

NeP nano-enhanced phase change material 

o outer pipe 

p porous medium 

r radial direction 

SM solid matrix 

SNeP solid state of the nano-enhanced phase change material 

w weight concentration of the nano-additives 

z axial direction 
465 
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design of PCMs [30] . Considering nano-enhanced PCMs (NePCMs), the non-uniformity of nanoparticles in the PCM during 

the phase-change cycles and segregation and migration of nanoparticles due to thermophoresis and Brownian motion are 

some aspects that should be considered [31 , 32] . 

Although it has been reported that adding nano-additives to the base PCM affects the thermophysical and rheologi- 

cal properties of the PCM, such as its viscosity, few studies have addressed the non-Newtonian behavior of NePCMs [33] .

An experimental study by Kumaresan et al. [34] indicated that based on the shear stress, the NePCM could exhibit both

shear-thinning and Newtonian behavior. Their results also revealed that viscosity of the NePCM is highly dependent on the 

volume fraction of the dispersed particles. Generally, experimental studies show that, despite the material of the nanopar- 

ticles, a NePCM behaves as a shear-thinning fluid when the mass fraction of the nanoparticles exceeds some critical value. 

Experimental studies conducted by Motahar et al. [35] show that n-octadecane/TiO 2 behaves as a Newtonian fluid for mass 

fractions below 2%. 

Mesoporous silica (MPSiO 2 ) is an appealing substance for numerous applications due to its porous structure and mor- 

phological characteristics [36 , 37] . Recently, Nikkam et al. [38] dispersed MPSiO 2 nanoparticles in a base fluid and studied

the rate of heat transfer in the produced nanofluid. The experimental study by Motahar et al. [37] indicated that dispers-

ing MPSiO 2 in n-octadecane can affect the rheological properties of liquid PCM, i.e. the power-law index and the inten- 

sity coefficient. This study also showed that the viscosity of liquid NePCM with 5 wt.% MPSiO 2 is 60% more than that of

the pure PCM at 35 °C. Mehryan et al. [39] , by employing the thermal and rheological properties presented by Motahar

et al. [35] , modeled the phase-change process of NePCMs containing MPSiO 2 nano-additives. They found that dispersing the 

MPSiO 2 nano-additives can lower the rate of phase change. In another investigation, Ghalambaz et al. [40] addressed the 

non-Newtonian phase-change heat transfer of MPSiO 2 NePCMs in an inclined enclosure and found that presence of nano- 

additives suppressed the free convection heat transfer flows and reduced the melting rate and heat transfer. These authors 

also discussed that the non-Newtonian flows with phase-change heat transfer are non-linear and complex numerical prob- 

lems and proposed the deformed mesh approach to handle the phase change non-linearities and eliminate the numerical 

instabilities due to phase transitions. 

As discussed earlier, embedding PCMs in open metal foams is a promising approach to improve the heat transfer and 

melting rate of PCMs. Because the presence of metal foams limits the free convection flows, in such designs, the conduction

heat transfer is the dominant heat transfer mechanism. Thus, using nano-additives could be beneficial as they boost the 

thermal conductivity of PCMs. Hence, the present work aims to model the phase-change heat transfer of MPSiO 2 nano- 

additives in a metal foam. The presence of these nanoparticles produces non-Newtonian effects in liquid PCM, which will 

be taken into account. The deformed mesh approach [40] is developed to model and simulate the flow and heat transfer in

metal foams. 

2. Physical and mathematical model 

Fig. 1 (a) depicts the three-dimensional view of the differentially heated coaxial pipe utilized in this investigation. The 

coaxial pipe dimensions were L (height), r i (inner radius), and r o (outer radius) in which L = r o − r i . The inner and outer

surfaces of the pipe having T h and T c temperatures were thermally active while the upper and lower annuli were considered

adiabatic. Since physics was symmetric around the z -axis, the problem could be modeled as a 2D axisymmetric one. The

NePCM, consisting of n-octadecane and MPSiO 2 nano-additives, was poured into the void spaces of the aluminum foam 

placed between the inner and outer pipes. The results of Motahar et al. [37] showed that the melted NePCM of n-octadecane

and MPSiO 2 nano-additives exhibited power-law non-Newtonian behavior. The free convection of the melted NePCM with 

no volume expansion was simulated using the Boussinesq approximation. In this study, shrinkage was not modeled during 

the phase-change process. The nano-enhanced/pure PCM properties were considered the average of the properties of solid 

and liquid phases of the matter. The nano-additive distribution in the n-octadecane was considered to be homogenous. 

Moreover, it was assumed that there were no thermal and dynamic slips between the dispersed nano-additives and host 

PCM. Considering these assumptions, a one-fluid mixture model was established to model NePCM behavior. 

The mass, momentum, and energy conservation equations, listed below, were employed to simulate the heat transfer and 

fluid flow of the non-Newtonian NePCM: 

ρ̄NeP ∇ 

∗ · �
 u = 0 (1) 

ρ̄NeP 

ε 

∂ � u 

∂t 
+ 

ρ̄NeP 

ε 2 
· ( � u · ∇ 

∗) � u = ∇ 

∗ ·
[
−pI + μLNeP 

(∇ 

∗�
 u + ( ∇ 

∗�
 u ) 

tr 
)]

+ 

�
 f (2) 

wherein 

μLNeP ( ˙ γ ) = m LNeP ˙ γ n LNeP −1 

∣∣∣∣∣
{ 

˙ γ = max 

(√ 

[ D 

′ ] : [ D 

′ ] , ˙ γmin 

)
2 D 

′ = 

(∇ 

�
 u + (∇ 

�
 u ) 

tr 
) (3-a) 

�
 f = f r e r + f z e z 

∣∣∣ f r = −μLNeP 

κ
u r , f z = −μLNeP 

κ
u z + ρ̄NeP g βLNeP 

(
T − T f u 

)
(3-b) 
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Fig. 1. Schematic view of (a) coaxial pipe and (b) longitudinal section. 

 

 

 

 

 

In addition, it should be noted that ρ̄NeP is the average density of the NePCM in the liquid and solid phases, as follows:

ρ̄NeP = 

ρLNeP + ρSNeP 

2 

(3-c) 

LNeP and SNeP , respectively, denote the liquid and solid phases of the NePCM. 

(ρC p ) e f f,LNeP 

∂T 

∂t 
+ ρ̄NeP C p, LNeP 

�
 u · ∇ 

∗T = ∇ 

∗ · ( k e f f,LNeP ∇ 

∗T ) (4) 

In Eq. (3-a) , μLNeP is the apparent viscosity of the liquid NePCM, which for a power-law non-Newtonian fluid, depends 

on the shear rate ( ̇ γ ), consistency index ( m LNeP ), and the power-law index ( n LNeP ), with D’ being the strain rate tensor. A

fluid is called shear-thinning if n LNeP < 1and shear thickening when n LNeP > 1. Eq. (3-b) shows the volume forces exerted

on the fluid elements, both in r - and z -directions. The r -component and the first term in the z -component of the volume

forces denote the Darcy term induced by the motion of fluid in the porous medium. The last term in the equation of f z is

the buoyancy force caused by the temperature dependency of the density. 

It has been proved that a porous medium can homogenize the distribution of nano-sized particles. The thermophore- 

sis effect, which moves the nanoparticles away from the hot region, is considered the main reason for the non-uniform 

distribution of nanoparticles. The porous matrix can retard the thermophoresis effect [11] . Hence, single-phase homoge- 

neous models can be accurately employed to address the thermophysical properties of nanofluids in a porous medium. The 

( ρC p ) eff,LNeP and k eff,LNeP are the effective volumetric heat capacity and effective thermal conductivity of the liquid NePCM, 

respectively, and can be calculated as follows: 

(ρC p ) e f f,LNeP = ε ̄ρNeP C p ,LNeP + ( 1 − ε ) (ρC p ) SM 

(5-a) 

k e f f,LNeP = ε k LNeP + ( 1 − ε ) k SM 

(5-b) 

(ρC p ) e f f,SNeP 

∂T 

∂t 
= ∇ · ( k e f f,SNeP ∇T ) (6) 

wherein ( ρC p ) eff,SNeP and k eff,SNeP are defined as: 

(ρC p ) e f f,SNeP = ε ̄ρNeP C p, SNeP + ( 1 − ε ) (ρC p ) SM 

(7-a) 

k e f f,SNeP = ε k SNeP + ( 1 − ε ) k SM 

(7-b) 
467 
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Table 1 

Thermophysical properties of metal foam [41] . 

Property [Unit] Symbol Value 

Thermal conductivity [W/m ·K] k SM 205 

Specific heat [J/kg ·K] C p , SM 897 

Density [kg/m 

3 ] ρSM 2700 

Table 2 

Thermal conductivity and rheological characteristics of the NePCM [37] . 

Mass fraction of the nano-additives ( ϕw ) [%] 0.0 0.01 0.03 0.05 

Thermal conductivity in liquid phase ( k LNeP ) [W/m ·K] 0.152 0.154 0.157 0.159 

Thermal conductivity in solid phase ( k SNeP ) [W/m ·K] 0.371 0.375 0.383 0.380 

Power-law index ( n ) 1 1 0.879 0.822 

Consistency ( m ) [mPa ·s n ] 3.536 3.987 7.910 11.021 

Table 3 

Thermophysical properties of the pure PCM and nano-additives [42 , 43] . 

Property Silica nano-additives n-Octadecane 

Specific heat capacity (solid/liquid) [J/kg ·K] 765 1934/2196 

Density (solid/liquid) [kg/m 

3 ] 3970 865/770 

Latent heat of fusion [kJ/kg] - 243.5 

Thermal expansion coefficient [1/K] 0.63 × 10 −5 9.1 × 10 −4 

 

 

 

The melting front propagation in the NePCM is positioned by employing the Stefan condition as follows: 

u r = 

k e f f,LNeP 
∂T 
∂r | LNeP − k e f f,SNeP 

∂T 
∂r | SNeP 

ε ( 1 − φ) ̄ρPCM 

L s f, PCM 

(8-a) 

u z = 

k e f f,LNeP 
∂T 
∂z | LNeP − k e f f,SNeP 

∂T 
∂z | SNeP 

ε ( 1 − φ) ̄ρPCM 

L s f, PCM 

(8-b) 

The boundary and initial conditions for the problem are: 

∂T ( r, 0 , t ) 

∂z 
= 

∂T ( r, L, t ) 

∂z 
= 0 

u r ( r, 0 , t ) = u z ( r, 0 , t ) = 0 , u r ( r, L, t ) = u z ( r, L, t ) = 0 

(9-a) 

T ( r i , z, t ) = T h , u r ( r i , z, t ) = u z ( r i , z, t ) = 0 (9-b) 

T ( r o , z, t ) = T c , u r ( r o , z, t ) = u z ( r o , z, t ) = 0 (9-c) 

T ( r, z, 0 ) = T 0 , u r ( r, z, 0 ) = u z ( r, z, 0 ) = 0 (9-d) 

As previously mentioned, the melted NePCM of the n-octadecane and MPSiO 2 nano-additives behaves as a power-law 

non-Newtonian suspension [37] . The thermophysical properties of metal foam are summarized in Table 1 . The thermal con-

ductivity of the studied NePCM in the solid and liquid phases, as well as its rheological characteristics, are given in Table 2

for the different weight concentrations of the nano-additives. Table 3 lists the thermophysical properties of n-octadecane 

and nano-additives. The conversion from the weight to the volume concentration was performed using the following rela- 

tion: 

φ = 

ρ̄PCM 

φw 

φw 

ρ̄PCM 

+ ( 1 − φw 

) ρna 
(10) 

wherein, ρ̄PCM 

denotes the average density of the pure PCM in the solid and fluid phases, and ρna is the density of the

nano-additives. 

Density of the NePCM : 

ρ̄NeP = ( 1 − φ) ̄ρPCM 

+ φρna (11) 

Heat capacity of NePCM in the solid and fluid phases : 

ρ̄NeP C p,LNeP = φρna C p,na + ( 1 − φ) ̄ρPCM 

C p,LP (12-a) 
468 
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ρ̄NeP C p,SNeP = φρna C p,na + ( 1 − φ) ̄ρPCM 

C p,SP (12-b) 

Coefficient of the thermal expansion of the NePCM in the liquid phase : 

ρ̄NeP βLNeP = φρna βna + ( 1 − φ) ̄ρPCM 

βLP (13) 

The transition to the normalized space is done through the following definitions: 

R = 

r 

L 
, Z = 

z 

L 
, �

 U = 

�
 u L 

αLP 

, θ = 

T − T f u 

T h − T f u 

, P = 

L 2 p 

ρ̄PCM 

α2 
LP 

, F o = 

t αLP 

L 2 
(14) 

The normalized equations by the use of the above definitions are as follow: 

∇ · �
 U = 0 (15) 

1 

ε 

∂ � U 

∂F o 
+ 

1 

ε 2 

(
�
 U · ∇ 

)
�
 U = 

ρ̄PCM 

ρ̄NeP 

∇ ·
[
−P I + 

P r 

ε 

[
m LNeP 

m LP 

αn LNeP 

Lp 

αn LP 

LP 

L 2 n LP 

L 2 n LNeP 

]
˙ G 

n LNeP −1 
(
∇ 

�
 U + 

(∇ 

�
 U 

)tr 
)]

+ 

�
 F (16) 

In Eq. (16) , ˙ G and 

�
 F are the non-dimensional shear stress tensor and vector of volume forces, respectively, defined as: 

˙ G = max 

(√ 

[ D ] : [ D ] , ˙ G min 

)∣∣∣2 D = 

(
∇ 

�
 U + (∇ 

�
 U ) 

tr 
)

(17-a) 

�
 F = F R ̂  e R + F Z ̂  e Z 

∣∣∣∣∣∣∣∣∣
F R = − P r 

Da 

ρ̄PCM 

ρ̄NeP 

[
m LNeP 

m LP 

αn LNeP 

LP 

α
n f 
LP 

L 2 n f 

L 2 n LNeP 

]
˙ G 

n LNeP −1 U R 

F Z = − P r 

Da 

ρ̄PCM 

ρ̄NeP 

[
m LNeP 

m LP 

αn LNeP 

LP 

αn LP 

LP 

L 2 n LP 

L 2 n LNeP 

]
˙ G 

n LNeP −1 V R + 

βLNeP 

βLP 

RaP rθ

(17-b) 

where Darcy ( Da ), Prandtl ( Pr ), and Rayleigh ( Ra ) numbers are as follow: 

Da = 

κ

L 2 
, P r = 

m LP 

ρ̄PCM 

αn LP −2 
LP 

L 2 n LP −2 
, Ra = 

ρLP g βLP �T L 2 n LP +1 

m LP α
n LP 

LP 

(18) 

(
ε 
ρ̄NeP C p,LNeP 

ρ̄PCM 

C p ,LP 

+ ( 1 − ε ) 
(ρC p ) p 

ρ̄PCM 

C p ,LP 

)
∂θ

∂F o 
+ 

ρ̄NeP C p,LNeP 

ρ̄PCM 

C p ,LP 

(
�
 U · ∇θ

)
= 

(
ε 

k LNeP 

k LP 

+ ( 1 − ε ) 
k p 

k LP 

)
∇ 

2 θ (19) 

(
ε 
ρ̄NeP C p,SNeP 

ρ̄PCM 

C p ,LP 

+ ( 1 − ε ) 
(ρC p ) p 

ρ̄PCM 

C p ,LP 

)
∂θ

∂F o 
= 

(
ε 

k SNeP 

k LP 

+ ( 1 − ε ) 
k p 

k LP 

)
∇ 

2 θ (20) 

Eqs. (19) and (20) are the energy equations for the liquid and solid phases of the NePCM, respectively. The melting rate

of the NePCM is determined by the velocity of the progressive melting front as follows: 

U R = 

[(
ε k LNeP 

k LP 
+ ( 1 − ε ) k SM 

k LP 

)
∂θ
∂R | LNeP −

(
ε k SNeP 

k LP 
+ ( 1 − ε ) k SM 

k LP 

)
∂θ
∂R | SNeP 

]
Ste 

ε ( 1 − φ) 
(21-a) 

U Z = 

[(
ε k LNeP 

k LP 
+ ( 1 − ε ) k SM 

k LP 

)
∂θ
∂Z | LNeP −

(
ε k SNeP 

k LP 
+ ( 1 − ε ) k SM 

k LP 

)
∂θ
∂Z | SNeP 

]
Ste 

ε ( 1 − φ) 
(21-b) 

for which the Stefan number ( Ste ) is: 

Ste = 

C p,LP �T 

L s f,PCM 

(22) 

The normalized boundary and initial conditions of the problem are as follow: 

∂θ ( R, 0 , τ ) 

∂Z 
= 

∂θ ( R, 1 , τ ) 

∂Z 
= 0 

U R ( R, 0 , τ ) = U Z ( R, 0 , τ ) = 0 , U R ( R, 1 , τ ) = U Z ( R, 1 , τ ) = 0 

(23-a) 

θ ( R i , Z, τ ) = 1 , U R ( R i , Z, τ ) = U Z ( R i , Z, τ ) = 0 (23-b) 

θ ( R o , Z, τ ) = θc , U R ( R o , Z, τ ) = U Z ( R o , Z, τ ) = 0 (23-c) 

θ ( R, Z, 0 ) = θ0 , U R ( R, Z, 0 ) = U Z ( R, Z, 0 ) = 0 (23-d) 
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Table 4 

Mesh study parameters: ϕw = 0.05, Da = 0.1, ε= 0.9, Ra = 3.93 × 10 7 , Ste = 0.16, and Pr = 51.7. 

Case No. Elements Melting interface elements Computational time 

1 22,120 350 13 min 

2 39,809 650 20 min 

3 62,012 750 33 min 

4 83,432 1000 49 min 

Fig. 2. Display of the used grid of Case 3 with the moving mesh technique for the melting process: (a) Fo = 0.001, (b) Fo = 0.005, and (c) Fo = 0.015. 

 

 

 

 

 

 

 

 

 

 

 

The normalized fraction of the liquid NePCM is: 

NMV F = 

∫ 1 
0 

∫ R m 
R i 

2 πRεdRdZ ∫ 1 
0 

∫ R o 
R i 

2 πRεdRdZ 
(24) 

The local Nusselt number ( Nu ) on the inner surface of the coaxial pipe is: 

N u Z = 

hL 

k LP 

= 

(
ε 

k LNeP 

k LP 

+ ( 1 − ε ) 
k p 

k LP 

)
∂θ

∂R 

)
R = R i 

(25) 

To achieve the average Nu ( Nu avg ) on the hot wall, Eq. (25) is integrated along the z -direction: 

N u a v g = 

∫ 1 

o 

N u z dz (26) 

The time-averaged Nu avg is evaluated as: 

N u a v g = 

∫ F o max 

o N u a v g dF o 

F o max 
(27) 

in which Fo max is the time of the melting process and NMVF max is the melted fraction volume at the end of the melting

process. 

3. Numerical approach and grid test 

The equations to model the melting of a NePCM with the non-Newtonian power-law melted liquid, i.e. Eqs. (15) –(17)

and Eqs. (18) –(21) , are fully non-linear and coupled. Hence, in this research, we employed the robust procedure of the

Galerkin finite element method to solve them. This method can be found in detail in [44] . An unstructured mesh made

up of triangular elements was utilized because these elements are better adapted to the curved phase-change interface. To 

test the independence of the mesh, four different grid sizes were examined ( Table 4 ). The deformed mesh technique with

re-meshing over time was used to track the solid–liquid phase fronts ( Fig. 2 ). The variations in velocity of the melting front,

normalized melt volume fraction ( NMVF ), and Nu avg were very slight ( Fig. 3 ), while the grid of case 3 was further refined

to case 4. There was no distinct discrepancy between the grids of cases 3 and 4, but the latter was more computationally

demanding. Consequently, the grid size of case 3 was adopted in the calculations. 

To examine the verification and validation of the utilized numerical procedure and the correctness of our modeling, the 

simulated outcomes of this work were compared to the other numerical and experimental studies in the literature [45–49] .

The verification and validation tried to cover all the aspects of the problem. 

A comparison was performed for the melting of coconut oil–CuO NePCMs embedded in an aluminum metal foam [49] .

The long-term stability of the coconut oil–CuO was tested for more than six months, and it was found that the NePCM

could be stable. Excellent cycling stability was also reported with a very small amount of sedimentation. The thermophysical 
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(a) (b)

Fig. 3. (a) Normalized melted volume fraction ( NMVF ) of the liquid NePCM and (b) average Nusselt number ( Nu avg ) variations over time ( ϕwt = 0.05, 

Da = 0.1, ε= 0.9) for Cases 1–4. 

Fig. 4. Comparison of the melting interface between previous experimental results [49] and the numerical results of the present study for coconut oil 

embedded in an aluminum metal foam. 

 

 

 

 

 

properties of coconut oil–CuO and the metal foam are reported in Table 3 of [49] . The geometry of the test module was

an enclosure of 7.2 cm (height) × 5.0 cm (width). All walls were insulated except the left wall, which was subject to a

constant heat flux. The initial temperature of the PCM and porous matrix was 20 °C. Following the inspection of melting

fractions in the visual images and considering the change of element’s electrical resistance, the net value of the imposed 

heat flux at the hot surface was found as q ̋ = 1075 W/m 

2 . The porosity was ε = 0.92, and the permeability was computed

as K = 3.3142 × 10 −7 m 

2 for the given pore density of 5 PPI [50–52] . A comparison between the experimental results of

Fig. 3 (a) in [49] and the present numerical simulations shows that the numerical simulations and experimental observations 

were in very good agreement ( Fig. 4 ). 
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Fig. 6. Dependency of average Nusselt number ( Nu avg ) on the power-law index, i.e. n , of this study and Matin and Khan [46] when Ra = 10 3 and Pr = 10. 

 

 

 

 

 

 

 

 

 

 

 

 

The verification of the modeling of the free convection inside a coaxial pipe was examined by comparing our results 

with those of Kumar and Kalam [45] , which showed that the dimensions and boundary conditions were the same for both

( Fig. 5 ). In fact, in the studied coaxial pipe, the high and low temperature of T h and T c were imposed on the inner and outer

walls. However, the upper and lower walls were well adiabatic. The ratio of the outer radius to the inner radius of the pipe

was 1. Additionally, the aspect ratio, i.e. the ratio of the difference between the outer and inner radius to the height of pipe

was 1. The working fluid flowing in the enclosed medium was air with Pr of 0.71. The buoyancy-driven flow of a power-law

liquid within an enclosed medium was verified using the numerical work of Matin and Khan [46] . The enclosed medium

contained a horizontal cylindrical annulus having the hot inner and cold outer bounds. The ratio of the outer radius to the

inner radius was 2.5. The working liquid had Pa = 10 and Ra = 10 3 , respectively; it is worth noting that the characteristic

length for Pa and Ra was the difference between the outer and inner radii. The Nu avg for the present and a previous study

[46] for different values of the power-law indexes are presented in Fig. 6 . 

Validation and verification of the deformed mesh model employing the Stefan condition to simulate the phase-change 

process were conducted with the experimental and numerical results acquired by several studies in [47] . The computational 

domain was a rectangular cuboid enclosure of 88.9 mm high, 63.5 mm wide, and 38.1 mm deep. The left and right side walls

of the medium were fully active with hot and cold temperatures, while the other walls were adiabatic. The PCM used in the

experimental study was gallium with a purity of 99.6%, and a melting point of 302.93 K. The comparison shown in Fig. 7
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Fig. 7. The progressive melting front acquired by studies reported in [47] : (a) Kashani et al., (b) Gau and Viskanta, and (c) Brent et al.; and (d) the present 

study for Ra = 6 × 10 5 , Ste = 0.039, and Pr = 0.0216. 

Table 5 

Average Nusselt number of the present investigation and that of [48] . 

Ra Da ε Reference [48] Present study 

10 7 10 −4 0.9 9.202 9.322 

10 5 10 −2 0.9 3.910 3.920 

 

 

 

 

 

 

 

 

 

 

 

 

was conducted for Ra = 6 × 10 5 , Ste = 0.039, and Pr = 0.0216. Finally, to ensure the correctness of the natural convection

modeling in a porous medium considering the local thermal equilibrium condition, our numerical code was further verified 

with the data reported in [48] . The computational domain in this comparison was a square enclosure, in which the left

and right walls were subjected to hot and cold temperatures, respectively. However, the other walls were adiabatic. The 

Darcy–Brinkman–Forchheimer equations were used to model the Newtonian-fluid flow in the porous medium. The Pr of the 

fluid-saturated in the pores was 1. According to the evaluations presented in Figs. 4–7 and Table 5 , the developed code was

reliable to continue the calculations. 

4. Results and discussion 

The free convection melting of a non-Newtonian PCM enhanced with MPSiO 2 nanoparticles inside a porous enclosure was 

numerically explored. The size of the cavity was considered to be L = 45 mm. The hot and cold surfaces were considered

to be kept isothermally at T h = 45 °C and T c = 25 °C. The melting temperature is reported to be 27.5 °C [31] . Accordingly, the

non-dimensional parameters for the base PCM were evaluated as Ra = 3.9 × 10 7 , Pr = 51.7, and Ste = 0.158. 

In the present study, the impact of dispersion of MPSiO 2 nanoparticles in the PCM (0.0 ≤ ϕwt ≤ 0.05), the porosity of

the solid matrix (0.3 ≤ ε ≤ 0.9), and Da (10 −4 ≤ Da ≤ 10 −1 ) on the patterns of the streamlines and isotherms, melting rate,

and Nu avg were investigated. 

The influence of the nanoparticles’ mass fraction on the patterns of isotherms and streamlines of the melted PCM for 

different Fourier numbers is depicted in Fig. 8 . The phase-change process proceeds as time elapses and the melted area

develops. It is noteworthy that as the fusion temperature was higher than the cold wall temperature, the entire domain 

would not melt. In fact, the heat would be transferred to the cold wall through the solid phase and by the conduction

mechanism when the steady-state condition was achieved. The isothermal lines were vertical at the early stages of melting 

as the conduction mode was dominant in the cavity. As time elapsed, the melt volume fraction increased and the flow

rate increased, resulting in a distortion in the fluid isotherms, indicating an augmentation in the convection share of heat 

transfer. According to experimental data [31] ( Table 2 ), adding the nanoparticles to the PCM affects the flow and thermal

fields as it alters the rheological and thermophysical characteristics of the NePCM. It was evident that dispersion of MPSiO 2 

nanoparticles slightly increased the thermal conductivity of the solid and liquid phases and decreased the power-law index 

of the NePCM. However, the consistency index of the NePCM increased considerably, meaning that apparent viscosity of the 

NePCM was significantly augmented. Hence, the convection heat transfer was retarded, resulting in the lower melting rate 

of the NePCM. As a result, the fluid strength and, consequently, the distortion of the isothermal lines declined by increasing

the mass fraction of the nanoparticles. 
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Fig. 8. Impact of the nanoparticles’ mass fraction on the streamlines and isotherms of the melting NePCM when ε = 0.5 and Da = 0.01 for nanoparticle 

mass fraction of (a) 0.00, (b) 0.01, (c) 0.03, and (d) 0.05. 

 

 

 

 

 

 

 

To analyze the influence of the MPSiO 2 particles in the PCM more precisely, the melting fronts of Fig. 8 are illustrated

in Fig. 9 . Evidently, at each non-dimensional time, the maximum melted fraction ( NMVF max ) was for the case of ϕwt = 0.00,

with its minimum when ϕwt = 0.05. In fact, adding the nano-sized particles to the PCM increased the apparent viscosity and

the thermal conductivity of the NePCM, in which the former lowered the convection share of heat transfer and the latter

boosted the conduction mechanism. As the distortion of the melting fronts decreased with augmentation of the nanoparticle 

mass fraction, it can be concluded that increasing ϕwt reduced the heat transfer rate. Additionally, the melting front for 

the cases of ϕwt = 0.00 and 0.01 approximately coincided, as the 1% concentration of MPSiO 2 only slightly increased the

consistency index of the fluid phase, and the resulting melted NePCM still behaved as a Newtonian fluid. 

Time variation of NMVF of the melted PCM and Nu avg for different values of nanoparticle concentration is outlined in

Fig. 10 (a) and (b), respectively. The melting process clearly ceased and reached its steady-state condition at Fo ≈ 0.01 for
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Fo =0.0005 Fo =0.001

Fo =0.0015 Fo =0.1

Fig. 9. Dependency of the melting front on the non-dimensional mass fraction of the nanoparticles for different dimensionless times when ε = 0.5 and 

Da = 0.01. 

(a) (b)

Fig. 10. The impact of the nanoparticle mass fraction for the case of ε= 0.5 and Da = 0.01 on (a) normalized melted volume fraction ( NMVF ) and (b) 

average Nusselt number ( Nu avg ). 

 

 

 

 

 

all nanoparticle concentrations ( Fig. 10 (a)). Moreover, increasing the concentration of MPSiO 2 decreased NMVF . An increase 

in the mass fraction of the nano-sized particles lowered the heat transfer rate ( Fig. 10 (b)). Based on what was discussed

previously concerning the increment of apparent viscosity of the NePCM with increasing ϕwt , it is clear that the heat transfer

rate decreased, because the convection share of the overall heat transfer was reduced. 

Since there was a charging flow of thermal energy through the hot wall and energy disgorge flowed from the cold wall,

the net amount of stored thermal energy can be considered as latent heat. The heat graphs depict NMVF of melted PCM in

the enclosure ( Fig. 10 ). Thus, the normal stored thermal energy in the enclosure can be estimated by (1 − ϕwt ) × NMVF .

The term (1 − ϕwt ) was multiplied by NMVF since the nanoparticles did not contribute to latent thermal energy storage. 
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Fig. 11. The impact of the porosity on the streamlines and isotherms of the melting NePCM when ϕwt = 0.03 and Da = 0.01 for porosity values of (a) 

ε = 0.3, (b) ε = 0.5, (c) ε = 0.7, and (d) ε = 0.9. 

 

 

 

 

Fig. 11 illustrates the effect of the porosity of the solid matrix on the patterns of the streamlines and the isothermal

lines of the melted NePCM, in four separate Fourier numbers. The isotherms and melting front were uniformly vertical at 

low values of non-dimensional time, indicating that the conduction mechanism completely controlled the phase change. 

As time elapsed, the isothermal lines distorted, which characterized the intensification of the convection heat transfer. The 

melting fronts of the presented contours of Fig. 11 are plotted in Fig. 12 for further analysis. 

The porosity of a solid matrix affected the melting front in different ways because the melted area of the case ε = 0.9,

which was the least Fourier number, overtook the other case of high Fourier number ( Fo = 0.1 or the steady-state case)

( Fig. 12 ). This can be explained by the fact that the porosity of the solid matrix acted as a resistance against the molten

liquid flow and reduced its momentum, thus increasing the porosity and enhancing the convection mode of heat transfer. 
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Fo =0.0001 Fo =0.0005

Fo =0.0015 Fo =0.1

Fig. 12. The dependency of the melting front on the porosity of the solid matrix at certain non-dimensional times when ϕwt = 0.03 and Da = 0.01. 

(a) (b)

Fig. 13. The impact of porosity of the solid matrix for the case of ϕwt = 0.03 and Da = 0.01 on (a) n ormalized melted volume fraction ( NMVF ) and (b) 

average Nusselt number ( Nu avg ). 

 

 

 

On the other hand, generally, raising the porosity retards the effective thermal conductivity of the medium since the ther- 

mal conductivity of the solid matrix is much greater than of the fluid. Therefore, increasing porosity reduced the conduction 

mechanism and thus lowered the heat transfer. At the early stages of melting, i.e. low Fourier numbers, a lower amount of

NePCM melted when the porosity of the porous matrix was higher. This was associated with the lower effective thermal 

conductivity of the NePCM and the dominance of the conduction mode of heat transfer at the early stages of the phase

change process. However, as the melting process continued, the fluid flow and convection share of heat transfer were aug- 

mented. For high values of porosity, the impact of porosity on the fluid flow was a minimum. Thus when the convection

mode prevailed over conduction, the melted fraction intensified strongly. 
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Fig. 14. The dependency of the streamlines and isotherms of the melting PCM on the Darcy number ( Da ) when ϕwt = 0.03 and ε = 0.5 and Da values of 

(a) 0.0 0 01, (b) 0.0 01, (c) 0.01, and (d) 0.1. 

 

 

 

 

 

The NMVF and Nu avg varied with non-dimensional time and showed that the melting rate robustly depended on porosity 

of the porous medium ( Fig. 13 ). As discussed earlier, the melted fraction of the NePCM was amplified as porosity increased.

This intensification was so strong that the NMVF for the case of ε = 0.9, which was much lower than the others when Fo

≤ 0.02, overtook the other items as the Fourier number rose ( Fig. 13 (a)). In addition, an increment of the porosity raised

the required time to reach the steady-state condition. This is because by increasing porosity, the convection heat transfer 

increased, and so a higher amount of NePCM was melted. Hence, the melting process took longer to approach the steady-

state condition. Despite augmentation of the fluid flow and melting rate of the NePCM, the heat transfer rate declined with

increasing porosity. This can be explained by considering the fact that the effective thermal conductivity of the NePCM, 

according to Eq. 27 , decreased as ε increased. 
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Fo =0.0001 Fo =0.0005

Fo =0.0015                                                  Fo =0.1

Fig. 15. The dependency of the melting front on the Darcy number ( Da ) for non-dimensional times when ϕwt = 0.03 and ε = 0.5. 

(a) (b)

Fig. 16. The impact of Darcy number ( Da ) when ϕwt = 0.03 and ε = 0.5 on (a) n ormalized melted volume fraction ( NMVF ) and (b) average Nusselt number 

( Nu avg ). 

 

 

 

 

Fig. 14 depicts the influence of Da on the patterns of the streamlines and isotherms for different non-dimensional times, 

and Fig. 15 outlines their corresponding melting fronts. The Da characterizes permeability of the porous matrix, and there- 

fore the fluid flow rose as it increased. For low values of Da , the isotherms remained completely vertical throughout the

phase-change process (follow the solid blue lines of Da = 10 −4 in Fig. 15 ), specifying that the conduction governed the

way that heat was transferred. However, by increasing Da , the ability of the porous matrix to transmit the melted NePCM

increased, and thus, for higher Da values, the melted region enlarged, and the isotherms distorted, specifying an augmen- 

tation in the convection heat transfer. In addition to this, all melting fronts almost coincided when Fo ≤ 0.0 0 05, indicating

the conduction stage of the melting process. 
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(a) (b)

Fig. 17. The impact of Darcy number ( Da ) and nanoparticle mass fraction at the end of the melting process when ε = 0.5 on (a) NMVF and (b) time- 

averaged Nu . 

(a) (b)

Fig. 18. The impact of porosity and nanoparticle mass fraction at the end of the melting process when Da = 0.01 on (a) NMVF and (b) time-averaged Nu . 

 

 

 

 

 

 

 

 

 

Time variation of NMVF of the studied PCM and its Nu avg for different values of Da showed a direct correlation between

NMVF and permeability of the porous medium ( Fig. 16 ). This is reasonable because augmentation of Da boosted the fluid

flow and thus intensified the rate of natural convection heat transfer. Consequently, Nu avg increased with the increment of 

Da . 

The NMVF max at the end of the melting process and the time-averaged Nu for different values of the studied parameters

are presented in Figs 17 and 18 . The volume fraction of the melted NePCM at the steady-state condition increased with the

increment of Da as it intensified the fluid flow and convection heat transfer in the cavity ( Fig. 17 ). Moreover, increasing

the mass fraction of the nanoparticles reduced NMVF max as it increased the apparent viscosity of the liquid PCM. The time-

averaged Nu also increased with rising Da and declined with the increment of the nanoparticle mass fraction. An increase in

porosity of the porous medium increased NMVF max of the melted PCM as it reduced the resistance of the porous matrix to

fluid flow ( Fig. 18 ). Nonetheless, the time-averaged Nu declined with increasing porosity as it reduced the effective thermal

conductivity of the medium. 

5. Conclusion 

The phase transition process of a non-Newtonian NePCM between two concentric cylinders was analyzed numerically. 

The host PCM was considered to be n-octadecane and enhanced with MPSiO 2 nanoparticles. The porous medium was con- 

sidered to be homogeneous and made from aluminum foam. According to the literature, the melted NePCM exhibited shear- 

thinning behavior and thus was modeled as a power-law fluid. The non-linear coupled equations governing the flow and 

thermal fields were first non-dimensionalized and then solved using the Galerkin finite element method. Moreover, to cap- 
480 



S.A.M. Mehryan, M. Ghalambaz, M. Vaezi et al. Applied Mathematical Modelling 97 (2021) 463–482 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ture the melting front, the deformed mesh technique was employed. The influence of the volume fraction of the nanoparti- 

cles, Da , and porosity of the solid matrix was surveyed, and the following conclusions drawn: 

1. Adding MPSiO 2 nanoparticles lowered the fluid strength and the distortion of the isothermal lines as it altered the 

rheological and thermophysical characteristics of the NePCM. 

2. Increasing the mass fraction of MPSiO 2 nanoparticles reduced the rate of heat transfer as it diminished the fluid flow 

and convection mode of heat transfer. 

3. Increasing porosity of the porous matrix lowered Nu avg . Additionally, increasing Da raised NMVF and also intensified 

the heat transfer rate. 

4. The NMVF max of the NePCM increased with the increment of Da and the porosity of the medium, and decreased as

the mass fraction of nanoparticles rose. 

5. The time-averaged Nu showed an upward trend with augmentation of Da and dropped as porosity of the solid matrix 

and the mass fraction of the MPSiO 2 nanoparticles increased. 
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