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a b s t r a c t 

A uniform melting of a metal or polymer is essential for the quality of products. In a melting process, the 

convection flows affect the heat transfer, and result in a non-uniform melting process. The presence of 

a magnetic-field can control the flow and heat transfer by Lorentz and Kelvin forces. The present study 

aims to analyze the effect of the presence of two magnetic sources on the melting flow and heat transfer 

in a cavity. Here, the process of heat absorption by the PCM-filled enclosure that is exposed to two non- 

uniform magnetic-fields is numerically studied. The strengths of two magnetic-fields are not necessarily 

the same. Tracking the interface of solid and fluid portions of phase change material is performed us- 

ing the deformed mesh technique. Galerkin finite element method, along with the Arbitrary Lagrangian- 

Eulerian is applied to solve the characteristic equations. The results show that the progress of the melting 

front completely depends on the intensity ratio of two non-uniform magnetic-fields γ r . Besides, although 

the magnetic number has a slight effect on the melting, an increase in Hartman number can drastically 

decline the progress of the melting front. 

© 2019 Elsevier Ltd. All rights reserved. 
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. Introduction 

The melting heat transfer is an essential part of various indus-

rial applications such as the melting of metals for metal casting,

elting of polymer solutions for 3D printing, melting of glass or

lastics for molding. In practice, the uniform melting of materials

n the containers significantly influences the quality of the molten

olution and the final product. One of the parameters which in-

uce a non-uniform melting interface in an enclosure is the buoy-

ncy effects in the molten solution. The buoyancy forces induce a

owing movement and convective heat transfer. The regions, ex-

osed to a strong flow movement, experience a higher rate of heat

ransfer and melt faster. Thus, methods capable of controlling the

elting process are of much interest. 

The presence of a magnetic-field is one way of controlling the

ow and consequently the heat transfer in an enclosure [1] . In this

egard, there is a substantial amount of researches, which investi-

ated the natural convection heat transfer in an enclosure in the

resence of a uniform magnetic-field. For instance, Dogonchi et al.
∗ Corresponding author at: Ton Duc Thang University, Ho Chi Minh City, Vietnam 

E-mail address: mohammad.ghalambaz@tdtu.edu.vn (M. Ghalambaz). 

t  

m  

h  

ttps://doi.org/10.1016/j.ijheatmasstransfer.2019.119184 

017-9310/© 2019 Elsevier Ltd. All rights reserved. 
2] explored the influence of a uniform inclined magnetic-field on

he thermal behavior of the fluid in a porous space between two

ylinders. Umavathi et al. [3] considered a vertical channel subject

o a uniform magnetic-field. These researchers addressed the ef-

ect Magneto-HydroDynamic (MHD) effects on the flow behavior

n the channel. Ma et al. [4] explored the influence of an inclined

nd uniform magnetic-field on the thermal behaviours of nanoflu-

ds in a U shape enclosure. They reported that the presence of the

agnetic-field suppresses the flow and reduces the heat transfer

ate in the enclosure. They also revealed that the influence of the

agnetic-field on heat transfer is more significant when the natu-

al convection effects are strong. 

Alsabery et al. examined the influence of an inclined and uni-

orm magnetic-field on the conjugate free convection flow and

eat transfer in an enclosure. They found that the elevation of the

agnetic-field strenght suppresses the convective flow and heat

ransfer in the enclosure. Gibanov et al. [5] modeled the natural

onvection heat transfer in a cavity enclosure, which was partially

lled with two types of porous media. The cavity was exposed

o an inclined magnetic-field. The results show that the porous

edium and magnetic-field could notably control the flow and

eat transfer in the cavity. The effect of a uniform magnetic-field

https://doi.org/10.1016/j.ijheatmasstransfer.2019.119184
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http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2019.119184&domain=pdf
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Fig. 1. Schematic view of the physical model and coordinate system. 
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on various aspect of natural convection heat transfer in enclosures

including ferrofluids [6] , conjugate heat transfer in porous media

[7] , hybrid nanofluids [8] , thermal radiation [9] , and periodic uni-

form magnetic-field [10] are also addressed. 

The control of heat transfer in a boundary by a uniform

magnetic-field is another aspect of MHD flows. In this regard,

Chamkha et al. [11] addressed natural convection and heat trans-

fer of a binary fluid over a vertical cylinder. Chamkha and Rashad

[12] investigated the influence of a uniform magnetic-field on the

concentration gradient of a binary fluid over a rotating cone. Later,

Mallikarjuna et al. [13] examined the influence of the uniform

magnetic-field on the thermal behavior of a fluid with a chemical

reaction. 

The phase change materials (PCMs) are a type of substance,

which can store/release a substantial amount of energy on phase

change between a solid and liquid state in the form of the la-

tent heat. PCMs are of interest to various practices in energy stor-

age and thermal management systems. For example, Sadeghi et al.

explored the effect of using a multi-layer of PCM in a tubular

heat exchanger. Boukani et al. [14] studied the influence of nano-

additives on the phase change heat transfer in an elliptical capsule.

The outcomes show that melting heat transfer in an elliptical cap-

sule is better than a circular capsule. Moreover, using nanoparti-

cles increases the melting rate, but it reduces the amount of phase

change material in the capsule. The phase change materials for

electronic heatsinks [ 15 , 16 ] are also investigated. There are also

some recent studies on the natural/mixed convection heat trans-

fer of nano-encapsulated phase change materials in the clear flow

[ 17 , 18 ] and porous media [17] . The non-Newtonian phase change

heat transfer in a vertical symmetrical enclosure is examined by

Ghalambaz et al. [19] while there was a partial layer of a porous

medium in the enclosure. The results show that the presence of a

pseudoplastic non-Newtonian behavior improves the natural con-

vection and melting rate in the enclosure. 

Regarding the uniform magnetic-field and phase change, there

are only a few studies available. Farsani et al. [20] explored the

effect of a uniform magnetic-field on the melting of Gallium in

a rectangular cavity. The results show that the rise of magnetic-

field intensity reduces the flow movement and heat transfer in the

melting region of the cavity. Sheikholeslami and Mahian [21] and

Sheikholeslami [22] investigated the phase change heat transfer

of nano-enhanced water (CuO-water) filled in a porous medium.

They investigated two geometries of the space between two pipes

[21] and the geometry of the space between two ducts with un-

regular shape [22] . They reported that the increase of the magnetic

strength increases the required time for phase change of the CuO-

water from liquid to solid. Selimefendigil et al. [23] addressed the

phase change heat transfer of PCMs in an enclosure-cavity exposed

to an inclined magnetic-field. They reported a slight change of heat

transfer by changing the inclination angle of the magnetic-field. 

In all of the studies mentioned so far, the magnetic-field was

uniform in space. However, in most of the practical cases, the

magnetic-field is not uniform in space. For instance, the magnetic-

field about a solenoid or an electrical wire is not uniform in space.

Only a few recent studies investigated the effect of a non-uniform

magnetic-field on the flow and heat transfer in an enclosure. Sheik-

holeslami and Vajravelu [24] investigated the influence of the pres-

ence of a point source on the natural convection heat transfer

in an enclosure heated from below. The influence of the variable

magnetic-field, on the natural convection flows, is also investigated

in the works of Izadi et al. [25] , Sheikholeslami et al. [26] , Sheik-

holeslami and Rokni [27] and Sheikholeslami and Mohadeseh [28] .

In all of these studies with the variable magnetic-field, it was as-

sumed that the enclosure is filled with a molten fluid, and there is

no phase change. 

ρ  
In very recent study, Ghalambaz et al. [29] addressed the melt-

ng phase change in the presence of a magnetic-field originated

rom a concentrated source. The results show that a focused mag-

etic source can provide a notable effect on the final stages of the

elting process. Following [29] , the present study aims to address

he melting behavior of a phase change material in a square enclo-

ure in the presence of two variable magnetic-fields using a mov-

ng grid method for the first time. 

. Problem definition and formulation 

Fig. 1 represents a schematic of the studied subject and its

oundary conditions. Here, the simulation of a two-dimensional

quare cavity is examined that is filled with melting phase-

hanging material. The temperatures of the left and right side walls

re kept at T h and T c (T h > T c ). The top and bottom side walls are

diabatic. The melted PCM flow regime is laminar and Newtonian.

he entire cavity is exposed to two non-uniform magnetic-fields.

he locations of the two sources [(x 0 , y 1 ), (x 0 , y 2 )] are specified

n the figure. Magnetic intensities related to source #1 and #2 are

1 and γ 2 , respectively. Magnetic-field intensity is inversely pro-

ortional to the squared distance from the sources. Magnetic-field

ector is defined using the following relations [ 24 , 26 ]: 

 

∗
1 = H 

∗
1 x i + H 

∗
1 y j = 

γ1 

2 π

( y − y 1 ) 

( x − x 0 ) 
2 + ( y − y 1 ) 

2 
i − γ1 

2 π

( x − x 0 ) 

( x − x 0 ) 
2 + ( y − y 1 ) 

2 
j 

 

∗
2 = H 

∗
2 x i + H 

∗
2 y j = 

γ2 

2 π

( y − y 2 ) 

( x − x 0 ) 
2 + ( y − y 2 ) 

2 
i − γ2 

2 π

( x − x 0 ) 

( x − x 0 ) 
2 + ( y − y 2 ) 

2 
j 

(1)

The resultant of the two magnetic-fields are as follows: 

 

∗ = H 

∗
1 + H 

∗
2 = H 

∗
x i + H 

∗
y j, H 

∗ = 

(
H 

∗2 

x + H 

∗2 

y 

)0 . 5 
(2)

Applying the above-mentioned presumptions and the forces ap-

lied to the fluid particles, the following characteristic equations

an represent the physics of the phenomena: 

Continuity equation: 

 · u = 0 (3)

Momentum equation: (
∂u 

∂t 
+ u · ∇u 

)
= −∇ p + μ∇ 

2 u + F (4)
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here F is the resultant of the following forces: 

 = F L + F B + F K (5) 

F L , known as Lorentz force, is defined as F L = J × B . In this rela-

ion, B is the magnetic induction vector that has the components

f B x = μ0 H 

∗
x and B y = μ0 H 

∗
y . J is the voltage field. The vector rela-

ion between the magnetic induction and voltage vectors is defined

ith the following expression: 

 = σ ( −∇φ + u × B ) (6) 

 k , which is known as the Kelvin force, results from the magnetic-

eld variations. Its components in the x and y directions are repre-

ented as μ0 M ∂ H 

∗/ ∂ x and μ0 M ∂ H 

∗/ ∂ y. M is called magnetization

nd is defined using the following experimental relation. 

 = K 

′ H 

∗(T ′ C −T 
)

(7) 

Finally, F B represents the buoyancy force employed to the fluid

hat is defined as 

 B = βρg 
(
T − T f 

)
(8) 

In the deformed mesh approach, the energy equation in the liq-

id and solid PCM are written independently and then they will be

onnected using the interface energy balance (Stephan condition).

ence, the energy equations in the liquid and solid parts of the

omain are written as: 

The energy equation for the liquid PCM: 

( ρC p ) l 

(
∂T 

∂t 
+ u · ∇T 

)
= k l ∇ 

2 T + Q (9) 

, heat generation due to presence and variations of the magnetic-

eld, is modeled using the following relation. 

 = Q J + Q M 

(10) 

here Q J is Joule heating resulting from the presence of the

agnetic-field and electrical conductivity of the liquid PCM. It is

efined as: 

 J = σ ( u B y − v B x ) 
2 (11) 

In physics, eddy current (French: Courants de Foucault) are re-

erred to circular and scattered electric currents that are induced

n a conductor by a time-varying magnetic-field. The variability of

his magnetic-field can be due to an alternating current, or the rel-

tive motion between the conductor and magnetic-field. When a

onductor is exposed to variation of a magnetic-field due to the

elative motion of the conductor and field source, or to the vari-

tion of the field itself due to an alternating current, scattered

eddy) circulating currents occur in the conductor (induced cur-

ent). These eddy currents, in turn, produce magnetic-fields that

ppose the change in the primary magnetic-field, according to the

ens law, thereby generating repulsive and attractive forces be-

ween the conductor and the magnet. The term eddy current is

erived from similar currents in the water. These currents occur

hen paddling in the water. The turbulence localized areas, called

orticities, occur in continuous vorticities. Eddy currents, such as

lectric current, generate heat and magnetic force. This heat can

e used for induction heating. Eddy currents are also the cause of

evitation in superconductors and can have undesirable effects, in-

luding power loss in converters and transformers. Laminating the

onductors minimizes these losses. Magnetocaloric effects are due

o the variations and gradient of the magnetic-field, which is rep-

esented as: 

 M 

= μ0 T 
∂M 

∂T 

(
u 

∂ H 

∗

∂x 
+ v 

∂ H 

∗

∂y 

)
(12) 
The thermodynamics can well explain the basis of the magne-

ocaloric effect (MCE). Magnetic variables can be related to tem-

erature and entropy using MCE. The coupling of magnetic sub-

attice to the external magnetic-field, which can modify the mag-

etic contribution to the entropy, is known as the basis of MCE.

n increase or decrease in the strength of an external magnetic-

eld modifies the ordering of the magnetic moments of the atoms

orming the material, thus shifting magnetic entropy. Regarding

he thermodynamics analogous, the isothermal compression of a

as is equivalent to the isothermal magnetization of a magnetiz-

ble material. In fact, applying pressure results in the entropy re-

uction when the temperature is kept to be constant. On the other

and, the adiabatic expansion of gas during a total constant en-

ropy process, which yields a decrease in temperature is similar

o adiabatic demagnetization. The total entropy remains constant,

nd temperature declines while removing the applied magnetic-

eld because the magmatic entropy augments. 

The energy equation for solid PCM: 

( ρC p ) s 
∂T 

∂t 
= k s ∇ 

2 T (13) 

Finally, the mentioned characteristic equations are solved using

he following boundary conditions. 

 = v = 0 , T = T h ∀ x, y, t| x = 0 , 0 ≤ y ≤ L, t ≥ 0 (14-a)

 = v = 0 , T = T c = 0 ∀ x, y, t| x = L, 0 ≤ y ≤ L, t ≥ 0 (14-b)

 = v = 0 , 
∂T 

∂y 
= 0 ∀ x, y, t| y = 0 , 0 ≤ x ≤ L, t ≥ 0 (14-c)

 = v = 0 , 
∂T 

∂y 
= 0 ∀ x, y, t| y = L, 0 ≤ x ≤ L, t ≥ 0 (14-d)

 = v = 0 , T = T 0 ∀ x, y, t| 0 ≤ y ≤ L, 0 ≤ x ≤ L , t = 0 (14-e)

Stefan condition and energy balancing in the melting boundary

re applied to estimate the melting rate and numerical mesh relo-

ation: 

k l 
∂T 

∂x 

∣∣∣∣
l 

− k s 
∂T 

∂x 

∣∣∣∣
s 

= ρu h s f (15-a) 

k l 
∂T 

∂y 

∣∣∣∣
l 

− k s 
∂T 

∂y 

∣∣∣∣
s 

= ρv h s f (15-b) 

The following relations are utilized to make the characteristic

quations dimensionless: 

X = 

x 

L 
, Y = 

y 

L 
, U = 

uL 

αl 

, V = 

v L 
αl 

, θ = 

T − T c 

T h − T c 
, P = 

L 2 p 

ραl 
2 
, 

 = 

H 

∗

H 

∗
0 

, H X = 

H 

∗
x 

H 

∗
0 

, H Y = 

H 

∗
y 

H 

∗
0 

, F o = 

t αl 

L 2 
(16) 

here H 

∗
0 

= γ1 / 2 πL . Using the dimensionless relations (16) , the

haracteristic equations are transformed into their final dimension-

ess forms. 

∂U 

∂X 

+ 

∂V 

∂Y 
= 0 (17) 

∂U 

∂ F 0 
+ U 

∂U 

∂X 

+ V 

∂U 

∂Y 
= − ∂P 

∂X 

+ P r 

(
∂ 2 U 

∂ X 

2 
+ 

∂ 2 U 

∂ Y 2 

)
H a 2 P r H Y ( U H Y − V H X ) − M n f P rθH 

∂H 

∂X 

(18) 

∂V 

∂ F 0 
+ U 

∂V 

∂X 

+ V 

∂V 

∂Y 
= − ∂P 

∂Y 
+ P r 

(
∂ 2 V 

∂ X 

2 
+ 

∂ 2 V 

∂ Y 2 

)
+ RaP rθ

H a 2 P r H X ( V H X − U H Y ) − M n f P rθH 

∂H 

(19) 
∂Y 
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∂θ

∂ F 0 
+ U 

∂θ

∂X 

+ V 

∂θ

∂Y 
= 

(
∂ 2 θ

∂ X 

2 
+ 

∂ 2 θ

∂ Y 2 

)
+ EcH a 2 ( U H Y −V H X ) 

2 

+ M n f EcH ( ε 1 + θ ) 

(
U 

∂H 

∂X 

+ V 

∂H 

∂Y 

) (20)

( ρC p ) s 
( ρC p ) l 

∂θ

∂ F 0 
= 

k s 

k l 

(
∂ 2 θ

∂ X 

2 
+ 

∂ 2 θ

∂ Y 2 

)
(21)

As it is seen, the dimensionless numbers play an important role

in the appeared equations, which will be discussed. 

Ra = 

gβ�T L 3 

μl αl 

, P r = 

υ

αl 

, H a = μ0 H 

∗
0 L 

√ 

σl 

μl 

, 

Ec = 

μl αl 

ρC p �T L 2 
, M n f = 

μ0 H 

∗2 

0 K 

′ �T L 2 

μl αl 

(22)

Moreover, the magnetic-field components can be dimensionless

as follows 

H X = 

( Y − Y 1 ) 

( X − X 1 ) 
2 + ( Y − Y 1 ) 

2 
+ γr 

( Y − Y 2 ) 

( X − X 1 ) 
2 + ( Y − Y 2 ) 

2 

H Y = − ( X − X 1 ) 

( X − X 1 ) 
2 + ( Y − Y 1 ) 

2 
− γr 

( X − X 1 ) 

( X − X 1 ) 
2 + ( Y − Y 2 ) 

2 

(23)

where γr = γ2 /γ1 . Also, using the dimensionless variables, the

boundary conditions become dimensionless as follows 

 = V = 0 , θ = 1 ∀ X, Y, F o| X = 0 , 0 ≤ Y ≤ 1 , F o ≥ 0 (24-a)

 = V = 0 , 
∂θ

∂Y 
= 0 ∀ X, Y, F o| X = 1 , 0 ≤ Y ≤ 1 , F o ≥ 0 (24-b)

 = V = 0 , 
∂θ

∂Y 
= 0 ∀ X, Y, F o| Y = 0 , 0 ≤ X ≤ 1 , F o ≥ 0 (24-c)

 = V = 0 , 
∂θ

∂Y 
= 0 ∀ X, Y, F o| Y = 1 , 0 ≤ X ≤ 1 , F o ≥ 0 (24-d)

 = V = 0 , θ = θ0 ∀ X, Y, F o| 0 ≤ Y ≤ 1 , 0 ≤ X ≤ 1 , F o = 0 (24-e)

Moreover, the dimensionless rate of the melting boundary mo-

tion is represented as 

 = Ste 

(
∂θ

∂X 

∣∣∣∣
l 

− ∂θ

∂X 

∣∣∣∣
s 

)
(25-a)

 = Ste 

(
∂θ

∂Y 

∣∣∣∣
l 

− ∂θ

∂Y 

∣∣∣∣
s 

)
(25-b)

where Ste is Stefan number and is defined as 

Ste = 

C p,l 

(
T h − T f 

)
h s f 

(26)

3. Numerical approach, grid test, and verification 

The usage of a numerical approach to integrating the men-

tioned drastically non-linear and coupled equations is necessary.

The finite element method based on the Galerkin technique is

considered to apply the modeling equations. More details can be

found in [30–32] . In the momentum equations, the pressure term

is eliminated by writing the pressure in the form of a penalty-

function, introduced as: 

P = χ

(
∂U 

∂X 

+ 

∂V 

∂Y 

)
(27)
Assuming a very large number for the χ , known as the penalty

umber, the continuity equation can be satisfied within a good ac-

uracy. Now, the above equation can be substituted in the momen-

um equations as: 

∂U 

∂F o 
+ U 

∂U 

∂X 
+ V 

∂U 

∂Y 
= − ∂ 

∂X 

(
χ

(
∂U 

∂X 
+ 

∂V 

∂Y 

))
+ P r 

(
∂ 2 U 

∂ X 2 
+ 

∂ 2 U 

∂ Y 2 

)
−H a 2 P r H Y ( U H Y − V H X ) (28)

∂V 

∂F o 
+ U 

∂V 

∂X 
+ V 

∂V 

∂Y 
= − ∂ 

∂Y 

(
χ

(
∂U 

∂X 
+ 

∂V 

∂Y 

))
+ P r 

(
∂ 2 V 

∂ X 2 
+ 

∂ 2 V 

∂ Y 2 

)
−H a 2 P r H X ( V H X − U H Y ) + RaP rθ (29)

The velocity components in x and y directions along with and

he temperature in both liquid and solid regions is expanded using

 basis set { ξk } N k =1 
as: 

 ≈
N ∑ 

k =1 

U k ξk ( X, Y ) , V ≈
N ∑ 

k =1 

V k ξk ( X, Y ) , θ ≈
N ∑ 

k =1 

θk ξk ( X, Y ) (30)

Invoking the same basis function for all of the variables, the fol-

owing residuals relations in a non-linear form are achieved using

he Galerkin finite element approach: 

 

1 
i ≈

N ∑ 

k =1 

U k ∫ ∂ ξk 

∂F o 
ξi d XdY + 

N ∑ 

k =1 

U k ∫ 
[ ( 

N ∑ 

k =1 

U k ξk 

) 

∂ ξk 

∂X 
+ 

( 

N ∑ 

k =1 

V k ξk 

) 

∂ ξk 

∂Y 

] 

ξi d XdY 

+ γ

[ 

N ∑ 

k =1 

U k ∫ 
∂ ξi 

∂X 

∂ ξk 

∂X 
d XdY + 

N ∑ 

k =1 

V k ∫ 
∂ ξi 

∂X 

∂ ξk 

∂Y 
d XdY 

] 

+ P r 

N ∑ 

k =1 

U k ∫ 
[

∂ ξi 

∂X 

∂ ξk 

∂X 
+ 

∂ ξi 

∂Y 

∂ ξk 

∂Y 

]
dXdY + P rH a 2 H 2 Y ∫ 

( 

N ∑ 

k =1 

U k ξk 

) 

ξi dXdY 

−PrH a 2 H X H Y ∫ 
( 

N ∑ 

k =1 

V k ξk 

) 

ξi dXdY (31)

 

2 
i ≈

N ∑ 

k =1 

V k ∫ ∂ ξk 

∂F o 
ξi d XdY + 

N ∑ 

k =1 

V k ∫ 
[ ( 

N ∑ 

k =1 

U k ξk 

) 

∂ ξk 

∂X 
+ 

( 

N ∑ 

k =1 

V k ξk 

) 

∂ ξk 

∂Y 

] 

ξi d XdY 

+ γ

[ 

N ∑ 

k =1 

U k ∫ 
∂ ξi 

∂Y 

∂ ξk 

∂X 
d XdY + 

N ∑ 

k =1 

V k ∫ 
∂ ξi 

∂Y 

∂ ξk 

∂Y 
d XdY 

] 

+ P r 

N ∑ 

k =1 

V k ∫ 
[

∂ ξi 

∂X 

∂ ξk 

∂X 
+ 

∂ ξi 

∂Y 

∂ ξk 

∂Y 

]
dXdY − RaP r ∫ 

( 

N ∑ 

k =1 

θk ξk 

) 

ξi dXdY 

+ P rH a 2 H 2 X ∫ 
( 

N ∑ 

k =1 

V k ξk 

) 

ξi dXdY − P rH a 2 H X H Y ∫ 
( 

N ∑ 

k =1 

U k ξk 

) 

ξi dXdY (32)

 

3 
i ≈

N ∑ 

k =1 

θk ∫ ∂ ξk 

∂F o 
ξi d XdY + 

N ∑ 

k =1 

θk ∫ 
[ ( 

N ∑ 

k =1 

U k ξk 

) 

∂ ξk 

∂X 
+ 

( 

N ∑ 

k =1 

V k ξk 

) 

∂ ξk 

∂Y 

] 

ξi d XdY 

+ 

N ∑ 

k =1 

θk ∫ 
[

∂ ξi 

∂X 

∂ ξk 

∂X 
+ 

∂ ξi 

∂Y 

∂ ξk 

∂Y 

]
dXdY 

−EcH a 2 

( 

H Y ∫ 
[ 

N ∑ 

k =1 

U k ξk 

] 

− H X ∫ 
[ 

N ∑ 

k =1 

V k ξk 

] ) 2 

ξi dXdY (33)

As it is shown in Table 1 , result-independence study is con-

ucted on the generated mesh for Ste = 0.039, Pr = 0.021,

a = 2.1 × 10 5 , Mn f = 10, Ha = 10, Y 1 = 0.3, Y 2 = 0.7, γ r = 1,

nd Ec = 10 −6 . Structured and unstructured meshes with quadratic

nd triangular elements were used to discretize the calculation do-

ains of liquid and solid PCM phases, respectively. To ensure that

he utilized grid size is fine enough to produce accurate outcomes,

he results are computed for several grids sizes. The outcomes for

he volume fraction of the melted PCM are monitored. Fig. 2 rep-

esents the variation of melted PCM fraction versus time for the
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Table 1 

The details of the mesh sizes in the solid and liquid domains. 

Cases Case 1 Case 2 Case 3 Case 4 

Grid size in solid 560 974 1412 1868 

Grid size in liquid 30 × 30 60 × 60 90 × 90 120 × 120 

Run time 18 min 1 h, 9 min 2 h, 44 min 5 h, 22 min 

Fig. 2. The effect of the mesh size on the time-history of the liquid fraction. 

Fig. 3. Comparison of the melting interface between present work and the litera- 

ture [33–35] . 
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Fig. 4. Comparison between the streamlines of the present work (solid lines) and 

the literature (points) [36] . 
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tems corresponding to Table 1 . As it is seen, with an increase in

he number of the mesh nodes, the results are almost independent

f the node number for case 2. 

Ultimately, to validate the results, the numerical results of the

urrent work are compared to the previous works [ 1 , 33–35 ] for a

imple fluid in a cavity. Fig. 3 represents a comparison of the melt

nterface in the present work with the previous works [33–35] in

he absence of a magnetic-field. The experimental study conducted

y Gau and Viskanta [33] reported on the role of natural con-

ection heat transfer on the solid-liquid interface motion during
he melting process of a non-magnetic material. In their study, a

ectangular enclosure with dimensions of 6.35 cm in width, 3.81

n depth, and 8.89 cm in height was considered as the test case,

herein, the vertical opposite walls were exposed to the heat

ource and heat sink. The utilized material in this experiment was

allium with the melting point of 29.78 °C. This experiment can

e represented as a non-dimensional cavity with an aspect ratio of

.714 (height/width), Ra = 6 × 10 5 , Pr = 0.0216, and Ste = 0.039.

ig. 4 reports the streamline in this research and that of [36] for

he natural convection in the presence of a magnetic-field. The pa-

ameters for this validation are Ra = 10 5 , Pr = 0.054, and Ha = 50.

s can be seen in Figs. 3 and 4 , the results of the current study

ake a good match to the previous studies and are appropriate to

redict the melting process. 

. Results and discussions 

The current work aims to address the simultaneous influence

f two non-uniform magnetic-fields on the melting phase change

n the presence of the free convection effects. The study parame-

ers of the current work are the intensity ratio of two non-uniform

agnetic-fields γ r , Hartmann number Ha, and magnetic number

n f . The remaining parameters are retained fixed at Ste = 0.039,

r = 0.021, Ra = 2.1 × 10 5 , Y 1 = 0.3, Y 2 = 0.7, and Ec = 10 −6 . 

Fig. 5 shows the magnetic-fields applied to the melting process

n different values of γ r . As shown in Fig. 6 , the effect of γ r on

he melting process in the cavity filled with PCM is examined as

he first case. Fig. 6 illustrates the isothermal lines and the stream-

ines variations for the different Fourier number and γ r . It is evi-

ent that by increasing the Fourier number the melting process

roceeds, and the melted liquid region develops. The streamline

atterns are entirely affected by the intensity variations of the two

on-uniform magnetic-fields. With an increase in γ r , the concen-

ration of the magnetic-field lines in the top location of the cavity

ncreases and weakens the streamlines as an inhibitor force against

uoyancy forces. As a result, natural convection heat transfer re-

uces, slowing down the melting process. In other words, the con-

entration of the magnetic-field on the top of the cavity ( γ r = 5)

ncreases the resistance against the natural convection flow, slow-

ng down the melting process. Furthermore, for low Fourier num-

ers (Fo = 1), it can be seen that the isothermal lines are verti-
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Fig. 5. The countours of magnetic fields applied on the charging process; (a) γ r = 0.2, (b) γ r = 1, and (c) γ r = 5. 

Fig. 6. The isothermal lines and the streamlines; (a) γ r = 0.2, (b) γ r = 1, and (c) γ r = 5 inside melted PCM with respect to γ r with passing non-dimensional time. 
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f  

a  

m  

t  

i  

I  

n  

γ  

m  

t  

a  

e  
al due to conduction prevailing over convection for all values of

r . The tendency of the isothermal lines to the horizontal position

or higher values of Fourier numbers (Fo = 2.5, 5) indicates the

omination of convection mode in the cavity. This tendency of the

sothermal lines at the top of the cavity and near solid PCM re-

uces as γ r increases, slowing down the charging of the thermal

torage and PCM melting process. Column 3 (Fo = 5) demonstrates

hat the melting process at the lower area of the cavity is more

nfluenced by conduction. 

Fig. 7 presents the fraction of melted PCM versus Fo number

or the different values of γ r . It is completely clear that the di-

gram slope is very high for very at a low value of Fo, and the

elting rate is high due to a lack of a notable thermal resis-

ance between the warm surface and solid PCM. Thus, the melt-

ng proceeds with the same rate from there to almost Fo = 1.5.

n this range, natural convection flow vortexes have no opportu-

ity to grow, and conduction is dominant. Since the variables of

r do not affect conduction, increases in γ r do not influence the

elting process. After Fo = 1.5 and with the growth of flow vor-

ices and prevailing of natural convection, reduction of melting di-

gram slope is observed with the increase in γ r . The flow weak-

ns as γ r increases, and consequently, as thermal resistance, the

Fig. 7. The fraction of melted PCM with passing non-dimensional time for different 

γ r . 

Fig. 8. The melting frontier at various non-dimensional time-steps for different γ r . 
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Fig. 9. The fraction of melted PCM and (b), (d) the average Nusselt number for (a), (b) different Mn f ( γ r = 1 and Ha = 30) and (c), (d) Ha ( γ r = 0.2 and Mn f = 50) with 

passing non-dimensional time. 
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melted PCM slows down heat transfer rate and thermal storage

charging. 

On the contrary, for γ r = 0.2, since the thermal resistance re-

duces as natural convection increases, the diagram slope (red line)

remains constant. Nevertheless, as the melted PCM volume in-

creases, thermal resistance increases, reducing the diagram slope

and melting rate (Fo = 5). Approximately at Fo = 17, with the ma-

jority of PCM melting, almost every four charts are placed on each

other. Fig. 8 depicts the proceeding of the melting front bound-

ary for various magnitudes of γ r with passing the non-dimensional

time. The variation of γ r produces a minimal effect on the melted

PCM region when Fo = 0.25. For higher Fourier number (i.e.,

Fo = 1, 2.5, 5), it is clear that the melted PCM increases as γ r re-

duces. Fig. 8 shows that with increasing γ , the uniformity of the

melting process increases. Therefore, it can be concluded that by

strengthening the magnetic-field and applying more Lorentz and
elvin forces at the top of the cavity, we can strengthen the uni-

ormity of the melting process by weakening the buoyancy forces

n this region. 

Fig. 9 indicates the effects of an increase in magnetic and Hart-

ann numbers on melted PCM fraction and mean Nusselt number.

he melted PCM fraction slightly increases as the magnetic num-

er increases ( Fig. 9 a). As Fig. 9 b indicates, the effects of Kelvin

orces on fluid particles seem to change with time. These forces

ct to enhance buoyancy forces at Fo < 1.5; increasing mean Nus-

elt number. The fluctuation of Nusselt number in Fig. (9d) for the

ase of Ha = 0 are due to the instability of natural convection flow.

ndeed, by the reduction of Ha number, the fluid can more freely

irculate in the cavity, and hence, it can also be more unstable. The

rend of the behavior of Nu follows the trend of behavior for other

a numbers. 
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On the contrary, for Fo < 1.5, the resistance against the buoy-

ncy forces causes a reduction in mean Nusselt number. An in-

rease in Hartmann number increases the inhibiting and resistant

orentz force in fluid particles and reduces the melting process

ate and mean Nusselt number. As shown, when Ha = 0, a quasi-

teady state can be found at the end of the melting process. 

. Conclusion 

The current work investigates the simultaneous effects of two

on-uniform magnetic-fields on the melting phase change behav-

or of a PCM-filled cavity. The strengths of the magnetic-fields are

ot necessarily the same. The deformed mesh technique is em-

loyed to track the interface of molten liquid and solid portions

f PCM. Galerkin finite element method, along with the Arbitrary

agrangian-Eulerian is employed to integrate the governing equa-

ions. The mesh independence examination is carried out to ensure

hat the numerical results are independent of the number of ele-

ents. Comparisons between the results of the current work and

he results reported in the literature confirm the validity of the

omputations and modeling. 

The effects of governing parameters such as Hartman number

a, Magnetic number Mn f and the intensity ratio of two non-

niform magnetic-fields γ r on the melting process are studied. The

esults show that the progress of the melting front completely de-

ends on the intensity ratio of two non-uniform magnetic-fields

r . Besides, although the magnetic number has a slight effect on

he melting, a raise in Hartman number can drastically decline the

rogressive of the melting front. 

The results of the present study indicate the strong influence

f the magnetic field on the control of the melting front. Hence,

he optimization of the magnetic field as a case study for accurate

ontrol of melting/solidification can be subject to future studies. 
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