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Abstract. This article deals with the heat transfer dynamics of a quadrantal circular enclosure filled with nano-encapsulated phase 
change material (NEPCM) suspension. Central to the investigation is the examination of nanoparticles that exhibit phase transitions 
and their consequential effects on the thermophysical attributes of the NEPCM suspension. The transformative states of these 
nanoparticles - solid, liquid, or phase change - are pivotal in modifying localized heat capacity, influenced by various parameters. 
Among these, the concentration of NEPCM particles, the Rayleigh number, the Hartmann number, and the fusion temperature stand 
out as critical to heat transfer dynamics. The governing equations for fluid flow and heat transfer of NEPCM suspension are 
introduced in the form of partial differential equations and were solved using the finite element method. The results showed that 
while an increase in the Rayleigh number augments heat transfer rates, a rise in the Hartmann number reduces it due to the Lorenz 
force's influence on fluid velocity. Optimal fusion temperature values, crucial to heat transfer, have been pinpointed at θf = 0.35 and 
θf = 0.675. The study further unveils the augmentation in heat transfer rates with an increased concentration of nanoparticles, 
particularly at the wall’s commencement. A significant contribution is developing a neural network model, demonstrating high 
predictive accuracy for heat transfer rates. This model, through contour diagrams, offers insights into heat transfer dynamics, 
sidestepping the need for extensive numerical simulations. 

Keywords: Heat transfer enhancement; Magnetohydrodynamic; Nano encapsulated phase change suspensions; Free convection; 
Composite nanoparticles. 

1. Introduction 

The phase change can contribute to heat transfer through the latent heat of fusion. In some cases, the phase change material 
is used in enclosures to store thermal energy. In these cases, the mixture of some phase change materials [1] or using nanoparticles 
[1, 2] and other heat transfer enhancement approaches are required to improve the heat transfer [3]. Another approach is the nano 
encapsulation of phase change material so they can be suspended in a host fluid and improve the heat capacity and heat transfer 
properties of the host fluid [4, 5]. The growing need for energy-efficient and sustainable technologies has brought nano-
encapsulated phase change material (NEPCM) suspensions to the forefront of heat transfer and energy storage research. As 
evidenced by the rich body of research on NEPCM, these innovative suspensions show promising advancements in heat storage and 
transfer applications. 

1.1. NEPCM suspensions heat transfer and energy storage 

A study by Sharma et al. [6] illustrates the potential of NEPCM suspensions in solar energy storage. They discovered that NEPCM 
reduces charging and discharging times by 21% and 23%, respectively. The instantaneous efficiencies improved by up to 24% and 
28%, indicating its high potential for applications like off-time hot water supply and milk pasteurization. Alhashash and Saleh [7] 
further expand on the potential of NEPCM suspensions in enhancing conjugate heat transfer in heated enclosures. By utilizing 
NEPCM in a differentially heated enclosure with an active cylinder, they found that the optimal positioning of the cylinder and 
NEPCM concentration significantly impacted heat transfer. 
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NEPCM suspensions have also found applications in the electronics industry. Almutairi [8]  demonstrated that embedding 
integrated circuits within an inclined cavity using NEPCM significantly improved the heat transfer process. They observed a total 
heat transfer rate increase of 29% with a 3% volume fraction of NEPCM at a Rayleigh number of 104. Adding just 5% NEPCM particles 
can enhance heat transfer by 25% in boundary layer flows, with the transition temperature playing a crucial role in this 
improvement [9]. 

NEPCM suspensions not only enhance heat transfer but also increase energy storage efficiency. Zhang et al. [10] highlighted the 
thermal performance of NEPCM suspensions, with the best-performing NEPCM4 having a melting enthalpy heat of 171.8 J/g and 
encapsulation efficiency of 76.1%. Such properties make NEPCMs ideal for heat transfer and energy storage applications. 

Furthermore, integrating NEPCM with various materials can yield added advantages. Shajahan et al. [11] observed that the 
inclusion of silver nanoparticles in PCM led to a boost in drinking water production by 16% and enhanced the thermal efficiency of 
the double-slope solar still by 62.53%. A study by Jain and Parhizi [12] provided a theoretical examination of heat transfer during 
phase change in spherically encapsulated PCM, emphasizing the promising capabilities of NEPCM mixtures. The study underlines 
that the encapsulant thickness, thermal properties, and external boundary conditions are all factors that influence phase change 
propagation. In the context of the thermal management of electronic devices, Qaderi and Veysi [13] proposed a thermal 
management system for 18650 Li-ion batteries using NEPCM. The study highlighted that the operating conditions of the Battery 
Thermal Management System (BTMS), such as low Reynolds number and heat transfer coefficient, moderate discharge rate, and 
ambient temperature close to the PCM's solidus temperature, could be optimized using this technology. Cao et al. [14] found that 
adding NEPCM to water augmented the heat transfer rate by 10.43%, 19.1%, and 18.3% for Rayleigh numbers 102, 104, and 106, 
respectively, demonstrating the NEPCM's effectiveness in improving heat transfer in energy storage systems.  

In a study by Golab et al. [15], the impact of introducing NEPCM to water during natural convection within a rectangular cavity 
was explored. Their findings indicated that the integration of NEPCM can amplify heat transfer by as much as 48%. The optimum 
heat transfer was observed when the energy wall was positioned at the cavity’s midpoint. Additionally, they suggested a relationship 
for the thermal expansion coefficient of NEPCM, factoring in the thermal expansion coefficients of both the core and shell materials. 
In a related study, Aly et al. [16] probed into the influence of magnetic fields and thermal radiation on the double diffusion of a solid 
phase within a unique cavity configuration comprising two interconnected circular cylinders infused with both NEPCM and porous 
media. They concluded that both thermal radiation and magnetic fields play a significant role in altering the double diffusion 
mechanism. Changes in the fractional time-derivative parameter notably affected the heat and mass transfer, as well as the 
behavior of the nanofluid in the early stages. Furthermore, a surge in the Rayleigh number was found to elevate the nanofluid's 
temperature, concentration, and velocity within the cavity. Abderrahmane et al. [17] took a different approach, exploring 2D mixed 
convection in a zigzagged trapezoidal chamber using NEPCM. The study showed a parabolic behavior of the melt band curve at 
smaller Reynolds numbers and larger Hartmann numbers, with minimizing the wave number found to be beneficial in achieving a 
higher heat transfer rate.  

1.2. NEPCMs and magnetic field effects 

The utilization of NEPCM suspensions is not limited to thermal management and energy storage applications. Jiang et al. [18] 
described NEPCM suspensions with magnetic responsiveness, making them suitable for applications like rapid magnetic 
localization temperature regulation, magnetic separation recycling, and solar energy conversion. The field of NEPCM has seen 
significant discoveries made towards enhancing heat transfer efficiency and storage capacity. Notable researches in this domain 
have shown promising potential for applying NEPCM in various sectors.  

Considering the MHD (Magnetohydrodynamic) natural convection heat transfer of NEPCM suspensions, Shin et al. [19] pioneered 
a novel thermal energy transport system, which showed a remarkable increase in thermal energy conveyance per unit flow rate, 
reaching up to 180%. This attested to the system's efficacy and dependability. Meanwhile, Wang et al. [20] researched an efficient 
photothermal conversion capric acid PCM microcapsule, promising significant advancements in energy storage systems. 
Abderrahmane et al. [17] studied 2D MHD mixed convection in a zigzagged trapezoidal chamber. They found that the melt band 
curve parabolically behaves at a smaller Reynolds number (Re) and larger Hartmann number (Ha), providing insight into optimizing 
heat transfer rates. 

Aly et al. [21] explored the effects of an inclined magnetic field on double-diffusive convection of NEPCM in an annulus between 
two super ellipses. They concluded that an increase in the magnetic field and aspect ratio can significantly affect heat/mass 
transmission and nanofluid movements. Similarly, Raizah and Aly [22] studied the influence of dual-rotation on NEPCM’s MHD free 
convection in a hexagonal-shaped enclosure, finding that certain parameters like fin length, fusion temperature theta(f), and 
Hartmann number Ha, can positively impact the mean Nusselt number (Nu). Lastly, Alazzam et al.  [23] highlighted that the heat 
transfer within a rectangular wavy enclosure was most affected by the Rayleigh number (Ra) and Hartmann number (Ha), which is 
crucial for designing and optimizing energy storage systems using NEPCM suspension. 

1.3. Heat transfer of NEPCMs in enclosures 

The scientific investigation of NEPCM suspensions reveals the impact of various geometries and boundary conditions on the 
overall phase change process. For example, the natural convection of NEPCM was further explored by Aly and Alsedais [24] in a 
partial porous H-shaped cavity using ISPH simulation. The heat capacity contours within the cavity were found to be controlled by 
hot source length, Rayleigh number, and fusion temperature. On the other hand, Shehzad et al. [25] utilized wing-like fins in a heat 
exchanger and discovered that vertical alignment enhanced thermal performance.  

Ahmed and Khamis [26] examined the entropy generation and convective flow in an inclined prismatic container filled with 
NEPCM. The research revealed that a particular design could lead up to a 36% reduction in the stream functions’ maximum values. 
Aly et al. [27, 28] studied more complex geometries like a porous infinite-shaped enclosure and a tall fin inside two circular [28] 
cylinders, respectively. Both studies pointed towards the influence of multiple parameters, including fusion temperature and the 
Darcy parameter, on the phase change zone and heat distribution. The works of Raizah and Aly [29] similarly underlined the effects 
of changing geometries, like an annulus between two circular cylinders and a rotating super ellipse inside a hexagonal-shaped 
cavity, on heat and concentration transfer. Aly et al. [21]  also employed unique geometry, using an annulus between two super 
ellipses, and identified various influential factors, such as the magnetic field and Rayleigh number, on the double-diffusive 
convection of NEPCM.  

The literature review highlights a notable lack of research on the subject of entropy generation in NEPCM suspensions when 
exposed to a magnetic field. Venturing into uncharted territory, this research aims to bridge this gap in understanding by exploring 
how entropy generation occurs in NEPCMs when subjected to a non-uniform magnetic field within a quadrantal enclosure. 
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Fig. 1. A diagram of enclosure, physical domain and boundary 

conditions. 
Fig. 2. A view of the non-uniform magnetic field (H) due to the 

presence of a magnetic source at the corner (0,0). 

2. Physical Model  

A quadrantal circular enclosure is uniformly filled with a NEPCM suspension of concentration ϕ. The left vertical wall maintains 
a consistently cold temperature Tc, whereas the bottom horizontal wall is at a uniformly hot temperature Th. The other wall is 
thoroughly insulated as depicted in Fig. 1. The present geometry was adopted following the study of Dutta et al. [31] for MHD flow 
of Cu-water nanofluid.  

Buoyancy forces initiate a natural convection current that originates from the heated lower wall and ascends to reach the cooler 
left wall. The cooled suspension at this cold wall then descends towards the heated base, thereby completing the cycle. The warm 
wall mimics the role of electronic components, while the cold walls are responsible for regulating the system’s temperature. This 
regulation occurs either via releasing heat into the environment or by employing radiators. 

The nanoparticles are designed with a core composed of PCM, which permits them to experience a phase transition while 
suspended in the carrier fluid. As a result, these nanoparticles exert a transformative effect on the nanofluid’s (NEPCM-suspension) 
thermophysical attributes, including dynamic viscosity and thermal conductivity, while also influencing the localized heat capacity. 
The said heat capacity varies with temperature and is directly impacted by the phase change temperature, represented as Tm, of 
the PCM-based nanoparticle cores. These temperature-sensitive properties of the nanoparticles enhance distinctive cooling 
efficiencies and energy storage potential.  

Figure 1 presents a depiction of the phase change process occurring within the core of a nanoparticle immersed in a host fluid. 
The nanoparticle’s core can transition through multiple states - solid, liquid, or in the midst of a phase change - as it navigates 
through the host medium. The model specifically looks at a setup where the channel’s sidewalls are maintained at a lower 
temperature, Tc (where Tc is less than Tm), while the inner duct’s sidewall is kept at a higher temperature, Th (where Th is greater 
than Tm). There is also a magnetic source term positioned at the origin, which is the corner of the enclosure, as indicated in Fig. 1. 

To define the magnetic field’s intensity, it’s postulated that the magnetic source aligns with a vertically standing magnetic wire 
situated at the heart of the coordinate system. The overall magnetic field strength (H) and the components of magnetic field 
intensity (Hy and Hx) can be delineated as follows [27, 28]: 

* *
2 2 2 2

1 1
,

2 2x yH y H x
x y x y

γ γ

π π

      = =−     + +   
 (1) 

where * * 2 * 2
x yH H H= +  and γ  indicates the magnetic strength. Figure 2 presents a visual representation of a non-uniform magnetic 

field (H) due to a magnetic source at the corner (0,0). As the illustration shows, the magnetic field exhibits a high intensity at the 
corner near the source. However, as the distance from the corner increases, there is a steep decline in its strength. This change in 
magnetic field intensity follows a semi-circular distribution that emanates from the source. Essentially, the magnetic field’s 
influence radiates outwards from the corner, creating a kind of ripple effect where the strongest magnetic pull is at the source, and 
it progressively weakens as you move further away. 

Owing to their diminutive size, the encapsulated particles exhibit virtually negligible internal temperature gradients. This 
property makes them uniquely suitable for use in lamp models where nanoparticle-mediated phase changes are implemented. A 
list of characteristics of the host fluid and nanoparticles is provided in Table 1. The NEPCM cores phase change temperature and 
latent heat of phase change are 32 °C and 211 kJ/kg, respectively [32]. 

In the present setup, the functioning fluid is deemed Newtonian, demonstrating laminar flow behavior, and both the host fluid 
and the particles are treated as incompressible substances [33, 34]. To account for the system’s buoyancy forces, the Boussinesq 
approximation is employed. Bearing these considerations in mind, the following section furnishes the mathematical formulation 
for representing the natural convection heat transfer of the NEPCM-suspension suspension within the cavity. These equations 
provide the theoretical framework for analyzing the heat transfer processes at play in this configuration. 

Table 1. List of material properties (Athanasopoulos et al. [30], Barlak et al. [32], Sheikholeslami et al. [35]). 

 ρ (kg/m3) Cp (KJ/kg.K) σ (Ω.m)-1 μ (kg/m. s) β (K-1) k (W/m.K) 

Particle Shell (PU) 786 1317.7 10-6 --- 17.28×10-5 --- 

Host (Water) 997.1 4179 0.05 8.9×10-4 21×10-5 0.613 

Particle core (Nonadecane) 721 2037 --- --- --- --- 
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2.1. Model equations 

The dynamics of fluid flow in this investigation are captured through the integration of continuity and momentum equations, 
adopting the methodology proposed in Ghalambaaz et al. [33]. Moreover, the effects of buoyancy forces are factored in by accounting 
for a body force that varies with temperature. The implications of magnetic fields are also incorporated into the momentum 
equation via body force source terms, as detailed in [27, 33-35]. 

Continuity equation: 

u 0∇ =  (2) 

Momentum equation: 

( ) 2
B Mu. u u f fnpcm npcmpρ µ∇ =−∇ + ∇ + +  (3) 

Heat equation: 

( ) 2u. npcm Mnpcm
Cp T k T qρ ∇ = ∇ +  (4) 

where the buoyancy force (fB) and MHD forces (fM) are introduced as: 

( )B

: 0
f

: npcm npcm

x

y g T Tcρ β

=  −
   and   

2

M 2

:
f

:

y x yb b

x y xb b

x B u B B v

y B B u B v

σ σ

σ σ

 − +=  + −
 (5) 

in which B is the magnetic induction with the components of *
0x xB Hµ=  and *

0y yB Hµ=  [35]. The velocity vector (u) and field variables 
of pressure (p) and temperature (T) were used in the above equations. The gravity acceleration (g) was used in the buoyancy term. 
The thermophysical properties are the electrical conductivity ( ),σ  volume expansion ( ),β  thermal conductivity (k), specific heat 
(Cp), dynamic viscosity ( ),µ  and density ( ).ρ  The subscript npcm denotes the NEPCM-suspension. The heat source due to the 
magnetic effects was introduced in the energy equations as defined in [27, 33-35]: 

( )2M npcm y xQ uB vBσ= −  (6) 

where u and v are the horizontal and vertical velocity components, respectively.  
The equation presented below demonstrates the process for entropy production, encompassing both local thermal entropy 

generation and local friction entropy generation [36], denoted as: 

2 2 22 2

2
0 0

2npcm npcm

u Tl

ku v u v T T
s s s

T x y y x T x y

µ               ∂ ∂ ∂ ∂ ∂ ∂           = + = + + + + +                       ∂ ∂ ∂ ∂ ∂ ∂              
 (7) 

In this equation, sT and su represent entropy generations stemming from the temperature gradient and the friction between 
fluid layers, respectively. 

Ultimately, the employed boundary conditions are zero velocity (u = 0) at all surfaces and a reference pressure of p = 0 at the 
enclosure corner. The zero-heat flux at the curved surface /T n∂ ∂  and isotherms at the heated surface (T = Th) and cold surface (T 
= Tc) were applied.  

2.2. Closure relationships for the suspension  

The suspension is regarded as a homogenous blend of NEPCM particles and the carrier liquid, water [33]. The effective 
thermophysical properties were determined and used based on the data delineated in Table 2. The subscript of host indicates the 
host fluid (water), and the subscripts of core, shell, and particle represent the NEPCM core, NEPCM shell, and the NEPCM particle, 
respectively.  

Table 2. The adopted relationships for the suspension thermophysical properties. 

Property Reference Formula Num. 

suspension’s specific heat capacity [37, 38] ( )( )1 1
npcm npcm host host particle particle

Cp Cp Cpρ ρ ϕ ρ ϕ
−= − +  (8) 

NEPCM particles’ density [39] ( )( ) ( )1
particle core shell shell core
ρ ι ρ ρ ρ ιρ= + +  (9) 

suspension’s density [39] ( )1
npcm host particle

fρ ϕ ρ ρ= − +  (10) 

suspension thermal expansion [40] ( )1
npcm host particle
β ϕ β ϕβ= − +  (11) 

specific heat capacity of NEPCM particles core [39, 40] 

2
sin

2

0 2

1 2 2

0 2

sf f

particle core core

T

h T T T
Cp Cp Cp

T T

T Tm T

Tm T T Tm T

T Tm T

δ

δπ
π ζ

δ

δ

ζ δ δ

δ

− +
= + ⋅ −

< −

= − < < +

> +

                 


 (12) 

suspension dynamic viscosity [33, 41, 42] 1npcm

host

Nv
µ

ϕ
µ

= +  (13) 

suspension thermal conductivity [33, 41, 42] 1npcm

host

k
Nc

k
ϕ= +  (14) 

suspension electrical conductivity [35] 1 3 1 / 2 1npcm

host

particle particle particle

host host host

f f
σ

σ

σ σ σ

σ σ σ
= +

                 − + − −                        
 (15) 
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The weight ratio between the core and shell, represented by ,ι  is roughly valued at 0.447 [32]. Here, Tδ  symbolizing the phase 
transition temperature interval, is instituted to maintain continuity in energy equilibrium, with its value selected as 

/ ( ) 0.05T Th Tcδ − = [33]. In addition, hsf signifies the latent heat associated with the NEPCM particle cores. 

2.3. Dimensionless form of equations 

To offer a generalized portrayal of the behavior exhibited by the NEPCM suspension, the governing equations along with their 
respective boundary conditions can be converted into a dimensionless form. This requires the introduction of certain non-
dimensional parameters which aid in achieving this transformation: 

( )

*2 * *

2
0 0 0

( , , , , )
( , , , ) ,  , , , , , ,, ,x y yx

X Y x y m

f f f f

x y L L L HuL vL pL T Tc H H Tm Tc
X Y L L U V P H H H

L Th Tc H H H Th Tc
θ θ

α α ρ α

− −
= = = = = = = = =

− −
 (16) 

in which *
0 (0,0) / 2 .H H Lγ π= = Upon substituting the dimensionless variables into the governing equations, a sequence of non-

dimensional governing equations was subsequently formulated: 

U 0∇ =  (17) 

Momentum equation: 

( ) 2
B MU. U Pr u F Fnpcm

host

P
ρ

ρ

   ∇ =−∇ + ∇ + +   
 (18) 

Heat equation: 

( ) 2U. npcm

M

host

k
Cr Q

k
θ θ

  ∇ = ∇ +   
 (19) 

where, 

B

: 0

F
: Ra Pr npcm npcm

host host

X

Y
ρ β

θ
ρ β

   =      ×          

 and 

( )

( )

2 2

M

2 2

: Ha Pr

F

: Ha Pr

npcm

Y X Y

host

npcm

X Y X

host

X H U H H V

Y H H U H V

σ

σ

σ

σ

     − −     =     + −     

 (20) 

and 

( )22Q =Ha Ec npcm

M Y X

host

UH VH
σ

σ

   −   
 (21) 

The dimensionless parameters that are featured in the preceding equations, specifically Hartmann (Ha), Rayleigh (Ra), and 
Prandtl (Pr) numbers: 
 

( ) 3

0 0 RaHa , ,  Prhost host host

host host host host

host

host

H L
g Th Tc L µρ β

α

σ
µ

µ ρ αµ
== =

−
 (22) 

where, 

( )1npcm particle

host host

ρρ
ϕ ϕ

ρ ρ

      = − +        
 and ( )1 ,npcm particle

host host

ββ
ϕ ϕ

β β

      = − +        
 (23) 

Moreover, the expansion of particles is assumed to parallel that of the host fluid, leading to approximate ratios of (βnpcm/βhost)~ 1 
and (ρnpcm/ρhost) ~ 0.74 [43]. Given that the electrical conductivity of PU is negligible in comparison to water, its impact can be 
overlooked, resulting in σnpcm/σhost ~ 1. The heat capacity ratio, or Cr, is calculated considering factors like nanoparticle concentration, 
the Stefan number (Ste), and the ratio of sensible heat capacities (κ) as: 

( )
( )

( )1
Ste

npcm

host

Cp
Cr

Cp

ρ ϕ
ϕ ζ ϕκ

ρ δ
= = − + +

×
 (24) 

where, 

( ) ( )( )
( ) ( )

( )
( ) ( )

( )
( ) ( )2

Ste , ,

Ec , ,

coreshellhost

corehost shellsf

core corehost host shell shell

coreshellhost host

Cp Th Tc T

Th Tch

Cp Cp

Cp Th Tc L Cp

ρ ρ ιρ δ
δ

α ρ ρ

α µ ι ρ ρ
κ

ρ ρ ρ ιρ

− +
= =

−

+
= =

− +

 (25) 

In addition, the non-dimensional fusion function, denoted by ζ, was determined as: 
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 (26) 
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Moreover, the dimensionless local entropy generation (Sl) relationship can be articulated as follows: 
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  (27) 

Here, 0χ  represents the irreversibility parameter in the above relationship, which is defined as: 
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The implementation of dimensionless boundary conditions involved 0θ =  and 1θ =  for the cooled and heated walls and 
/ 0Nθ∂ ∂ =  for the zero-flux curved wall. U = 0 across all walls, with P = 0 designated at the reference point.  
The local (Nul = hL/khost) and mean Nusselt numbers at the base wall are viewed as essential parameters for heat transfer, and 

they can be expressed in the following way: 
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and 

Nu Nu
x

L

l

L

dL= ∫  (30) 

in which the free convection coefficient of heat transfer at the heated wall (h) is utilized. The integration bonds were chosen over 
the heated wall. Moreover, the Nusselt number was not divided by the non-dimensional length of the hot wall so this parameter 
denotes the actual dimensionless heat transfer including the surface length effects. The dimensionless average entropy generation 
(S) is computed by average integration over the solution domain as: 

l

A

S dA

S
A

=
∫�

  (31) 

Finally, the dimensionless stream function ( )ω  was introduced as:  

2 U V

Y X
ω
 ∂ ∂ ∇ = −   ∂ ∂

 (32) 

where /V Xω=−∂ ∂  and / .U Yω= ∂ ∂  The cavity walls were considered as a streamline, 0ω =  [41, 42].  

3. Numeric Technique and Model Validation 

3.1. Finite element method 

The Finite Element Method (FEM) was harnessed to handle the crux equations, the starting states, and the edge values. A weak 
variant of the core equations, was used to pave the way for the implementation of Gauss quadrature integration at the level of 
individual elements. This yielded an algebraic system filled with residual equations. To solve these equations, the iterative Newton 
method was employed, incorporating a damping factor of 0.9 to boost convergence rates [44, 45]. Further, the PARDISO parallel 
solver was invoked to streamline parallel computations spanning several processing units [46, 47]. The relative error for 
computational precision was set at less than 110-4. 

Mesh study 

An investigation was carried out to determine the impact of mesh resolution on computational precision, focusing on the study 
of free convection heat transfer in a NEPCM suspension within a predefined test scenario. The non-dimensional parameters 
employed in this particular test scenario comprised Ra = 105, θf = 0.30, Pr = 6.2, Ste = 0.30, κ = 0.33, Ec = 10-12, χ0 = 10-4, Nv = 6.0, Nc = 
6.0, Ha = 20, Lx = Ly = 0.10, and ϕ = 0.04. 

To discretize the solution domain, a free-quad form mesh was utilized, with the mesh resolution parameter known as the size 
number (m) determining the dimensions of the mesh elements. A small value of m corresponds to a more granular, fine mesh, 
while an increment in m leads to a coarser mesh. The traits of the resulting mesh, which include the quantity of elements, alongside 
the calculated average Nusselt number and entropy generation, are detailed in Table 3. 

The data exhibited in Table 3 presents a persuasive evaluation of the influence of mesh resolution (regulated by the size number 
m) on entropy generation (S) and the Nusselt number (Nu) in the investigation of the analyzed meshes. As the size number m is 
incremented, there is an effective reduction in the size of the mesh elements, mirrored by a rise in the quantity of free-quads. From 
m = 2 to m = 7, the number of free-quads rises significantly from 2,501 to 30,879. This is indicative of a more refined mesh, giving us 
a higher resolution computational domain for our study. 

Entropy generation (S) displays a rather interesting pattern. As we refine our mesh (increase m), the entropy generation exhibits 
a slight fluctuation, but eventually stabilizes around the value of 15.768 as we move from m = 4 to m = 7. This suggests that the 
system under investigation is on the brink of achieving a mesh-independent solution for entropy generation, hinting that additional 
refinement of the mesh might not substantially influence the entropy generation outcome. In a similar vein, the Nusselt number 
(Nu) appears to follow a stabilization trend. With an increase in m, Nu escalates from 5.11 to 5.22. The steady climb and slight 
variation in Nu propose a gradual convergence towards a definitive value, indicating that a mesh-independent solution is nearing 
attainment. The error percentage for both S and Nu also showcases a declining trend, further substantiating the idea that a more 
refined mesh (elevated m value) produces a more accurate computational outcome. As seen, when m = 5, the maximum error is less 
than 0.5% which is quite low and adequate for most of graphical plots. Thus, m = 5 was adopted for the simulations.  
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Table 3. An overview of the characteristics of mesh elements, along with the associated values for Nu and S for the scrutinized meshes. 

m Free-quads S *Error % Nu **Error % 

2 2501 15.750 0.123 5.11 2.15 

3 5795 15.773 0.023 5.16 1.30 

4 10287 15.768 0.009 5.18 0.81 

5 15857 15.767 0.015 5.2 0.49 

6 22869 15.768 0.009 5.21 0.21 

7 30879 15.769 - 5.22 - 

*Error %=100×|S-S@m=7|/Nu@m=7; **Error %=100×|Nu-Nu@m=7|/Nu@m=7. 

The behavior of the Nusselt number (Nu) can be influenced by several factors, including mesh resolution. At the start of the 
heated wall (X = Lx), which is close to the cold wall, temperature gradients are high. A higher mesh resolution (indicated by an 
increase in m) allows these gradients to be captured more accurately, resulting in a higher calculated local Nusselt number. However, 
the increased resolution also decreases the effective length over which this high Nusselt number is observed. Thus, the increase of 
mesh resolution confines the local Nusselt number into a smaller region. Even though Nul might show significant changes due to 
the mesh refinement, the average Nusselt number which indicates the heat transfer rare might not see a substantial change. This 
is because the average Nusselt number is obtained by integrating the local Nusselt number over the entire length of the heated 
wall, considering both regions of high and low Nusselt numbers. Figure 4 shows a view of the adopted mesh with m = 5. 

 

 

Fig. 3. Depiction of Nul across multiple mesh sizes. 

   

(a) (b) (c) 

Fig. 4. A glimpse of the chosen mesh, with an m = 5, which is employed for the subsequent calculations: 

(a) overall mesh, (b) zoomed mesh at corner, (c) zoomed mesh at right bottom edge.  
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3.2. Validation of the model 

To affirm the accuracy of the implemented code, the results of this study are cross-checked with findings from previously 
published research. As a first check, Kuehn and Goldstein’s [48] experimental study was simulated and the results are shown in Fig. 
5. The authors sought to broaden understanding of flow and heat transfer within a horizontal annulus. The close alignment between 
our numerical results and their experimental data underscores the reliability and precision of the applied code. 

Sathiyamoorthy and Chamkha’s [49] study on magnetohydrodynamic flow and heat transfer in various heating conditions was 
considered, particularly their work on natural convection under a uniform magnetic field. For comparative purposes, this study 
adopted their formulation parameters: Ha = 50, Ra = 105, Pr = 0.054, a magnetic angle of 90°, and negligible Ec and ϕ. Figure 6 shows 
the temperature field, with dots representing Sathiyamoorthy and Chamkha’s [49] results and lines indicating results from the 
current research. 

In Ghalambaz et al. [50], the free convection heat transfer in NEPCM suspensions within a square cavity was addressed which 
serves as a reference point. Their methodology involved a hot left wall, a cold right wall, and insulation on the remaining walls, 
with isotherms, Cr contours, and streamlines illustrating field variables. Figure 7 juxtaposes the results of the present investigation 
with the findings of Ghalambaz et al. [33] when Ra = 105, θf = 0.3, Pr = 6.2, Ste = 0.3, κ = 0.33, Nv = 12.5, Nc = 23.8 ϕ = 0.05, and ρp/ρf = 
0.9, and a negligible Hartmann and Eckert number. As seen, a marked alignment can be seen that underscores the credibility of the 
present findings. 

4. Results and Discussions 

Within this segment, the convection heat transfer and heat transfer rate are explored in relation to various influencing factors. 
These factors include the concentration of NEPCM particles (ranging from 0 to 0.05), the Rayleigh number (ranging from 103 to 105), 
the Hartmann number (ranging from 0 to 100), and the fusion temperature for NEPCM particles (ranging from 0.1 to 0.9). The non-
dimensional parameters utilized in this investigation remain consistent with those previously documented during the mesh 
examination. In the event of any modifications or adjustments to these non-dimensional parameters, explicit documentation and 
reporting will be provided. 

 

Fig. 5. Comparison between experimental temperature distribution (left) [48] and the current simulations when 
ϕ = Ha = Ec = 0, Pr = 0.706, Ra = 4.7×104. 

 

Fig. 6. A cross check between the findings of Sathiyamoorthy and Chamkha [49] and present simulations. 
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(a) (b) (c) 

Fig. 7. Contrast between the current study’s (a) isotherms (second row), (b) CR contours, and (c) streamlines and those from study Kuehn and 
Goldstein [48] (first row) regarding NEPCM suspensions’ heat transfer within a square cavity. 

  

Fig. 8. Average Nu (Num) for different Ra values versus different Ha. Fig. 9. Local Nusselt number for a range of Ra values at Ha = 100. 

4.1. Hartmann and Rayleigh number (Ha-Ra) 

Figure 8 presents the average Nusselt number (Num) in relation to the Rayleigh number (Ra) for different Hartmann numbers 
(Ha). An increase in Ra markedly enhances the heat transfer rate, as indicated by Num, whereas a rise in Ha diminishes it. The 
presence of the magnetic field adds a force against the fluid flow and thus diminishes the natural convection circulation. In such 
cases, the presence of NEPCM particles could be beneficial through improved thermal conductivity and local augmentation of heat 
capacity. The local Nusselt number (NuL) over the horizontal heated wall is also depicted in Fig 9. Near the start of the wall, where 
the hot and cold walls are proximate, the heat transfer rate is high. Moving in the positive x-direction, the heat transfer rate tapers 
off and nears zero by the wall's end. Close to where the hot wall meets the cold wall, heat transfer predominantly occurs through 
conduction due to the close proximity of the plates and the minimal velocities. As such, Ra variations exert minimal influence on 
NuL. However, at the plate's midpoint, the effect of Ha on heat transfer becomes more pronounced, with increasing Ra causing NuL 
to rise. 
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For a deeper understanding of how Ra impacts the field variables, Fig. 10 showcases contour maps highlighting isotherms, 
streamlines, phase transition regions (CR), and entropy generation across varying Rayleigh numbers. For Ra = 103, flow circulation 
is relatively weak, with isotherms displaying a quasi-linear progression from the horizontal heated wall to the cold vertical 
counterpart. Phase transitions are evident around the θf = 0.3. Temperature line, corresponding to θf = 0.3. Peak entropy generation 
is localized near the commencement of the hot and cold plates, in proximity to the origin. This aligns with the maximum local 
Nusselt number as seen in Fig 9. As Ra escalates, flow circulation becomes more vigorous, leading to observable shifts in both 
isotherms and the phase transition region (evident at Ra = 5×103). The entropy generation remains largely concentrated near the 
origin, where substantial temperature gradients coexist with slow fluid velocities—rendering viscous entropy generation almost 
non-existent. With even greater increases in Ra, this pattern becomes more accentuated. For Ra = 104, isotherm and CR deviations 
are clearly visible. Streamlines also exhibit discernible deflections near the corner. Their concave formation adjacent to the origin 
for Ra = 104 is a result of the strong Lorenz forces resisting the flow. Notably, a region near the cold surface displays some entropy 
generation. As Ra reaches 105, this region expands across both the cold and hot plates. Considering a Ha = 50, an increase of Ra from 
103 to 105 can boost Num from about 2 to about 4.5, indicating an improvement of approximately 56% in the heat transfer rate. 

4.2. Hartmann number (Ha) and fusion temperature (θf) 

Figure 11 presents both the average and local Nusselt numbers in relation to the Hartmann number, considering different fusion 
temperatures of nanoparticle cores. For a more comprehensive understanding, Fig. 12 delves deeper into the depiction of the local 
Nusselt number across varying Hartmann numbers. As observed in Fig. 11, the Nusselt number (Num) decreases with an escalating 
Ha. However, the influence of fusion temperature on the Num does not follow a linear trend. Notably, the highest Num is observed 
when θf = 0.3. It was discerned from Fig. 10 that at θf = 0.3, the phase transition region is roughly equidistant from both the hot and 
cold plates, though slightly skewed towards the upper portion of the enclosure. This positioning optimally facilitates natural 
convection flows, signifying that the phase transition region at θf = 0.3 is ideally situated for heat transfer between the plates. For a 
case of θf = 0.3, an increase of Ha from 0 to 100 changes Num from 5.38 to 4.04 indicating 25% reduction in heat transfer. 

The local Nusselt number curves, across different Ha values, exhibit intriguing characteristics. An increase in Ha initially 
diminishes the rate of heat transfer at the commencement of the hot wall, particularly near the corner region where the magnetic 
field's influence is pronounced. Figure 2 provides insights into the intensity and spatial distribution of this magnetic field. As one 
moves further from the origin (source of magnetism), the impact of Ha on the local Nusselt number recedes swiftly. 

 

 

 

Fig. 10. A comparison of isotherms, streamlines, CR and entropy generation contours at Ha = 100 for various Rayleigh numbers: Ra = 1000, 5000, 104, 
5×104 and 105.  
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Fig. 11. Average Nusselt number for a range of fusion temperature θf 
and several Hartmann numbers. 

Fig. 12. Local Nusselt number at θf = 0.25 for a range of Ha. 

 

 

 

Fig. 13. A comparison of isotherms, streamlines, CR and entropy generation contours at θf = 0.25 for several values of Ha, Ha = 0, 25, 50, 75 and 100. 

Ha

N
u

m

0 20 40 60 80 100

3.8

4.0

4.2

4.4

4.6

4.8

5.0

5.2

5.4


f
= 0.1


f
= 0.3


f
= 0.5


f
= 0.7


f
= 0.9

X

N
u

L

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

5

10

15

20

25

30

35

40

Ha = 0

Ha = 25

Ha = 50

Ha = 75

Ha = 100



12 Mehdi Ghalambaz et al., Vol. x, No. x, 2024 

 

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-17 

Figure 13 illustrates contour maps for an array of Ha values. Elevating the Ha value introduces subtle modifications to the 
isotherm patterns, attributable to the direct effect of Ha on streamlines and convection flow. Subsequently, this direct impact 
induces indirect alterations in the isotherms, mediated by the fluid dynamics. For the same reasons, the phase transition region 
also undergoes minor shifts with increased Ha. As Ha escalates, streamlines near the corner are deflected away, a phenomenon 
attributed to the counteractive force exerted by the Lorentz force on the fluid's motion. Furthermore, a rise in Ha lessens entropy 
generation at the hot wall, as it weakens convection intensity and temperature gradients. With a Hartmann number set at a 
moderate level of Ha = 50, adjusting the fusion temperature from 0.1 to 0.3 results in an increase of the Nusselt number (Num) from 
4.5 to 4.75, corresponding to an approximate 5.2% enhancement in the rate of heat transfer. 

4.3. NEPCM concentration (ϕ) and fusion temperature (��) 

Figure 14 depicts the average Nusselt number as a function of the fusion temperature of nanoparticles and their volume 
concentration. Meanwhile, Figure 15 delves into the local Nusselt number across various concentrations. Intriguingly, Fig. 14 reveals 
two optimal values for the fusion temperature: θf = 0.35 and θf = 0.675 with the global optimum observed at θf = 0.35. This observation 
aligns with the findings from Fig. 11 for θf = 0.3. Additionally, a local minimum is discernible around θf = 0.55. As the fusion 
temperature of nanoparticles varies, the corresponding phase transition location does too. The position of phase transition is 
around the corresponding isotherm lines. The shape and position of the phase change region is depicted in Fig. 16 for some selected 
phase transition temperatures. With θf = 0.35, raising the nanoparticle concentration from 0 to 5% elevates the Nusselt number from 
4.4 to 5.4, indicating an approximately 18.5% improvement in heat transfer. Considering an optimum fusion temperature of θf = 0.3, 
riding concentration from 0.03 to 0.05, increases Num by 7.4%. Figure 16 illustrates these phase transition locations. As the fusion 
temperature elevates, the phase transition region (CR) migrates from the vertical cold wall towards the horizontal hot wall. When 
dominated by convective heat transfer (evidenced at Ra = 105), a phase transition region proximate to either the hot or cold wall 
significantly enhances heat transfer. However, it is noteworthy that fusion temperature exerts a minimal influence on entropy 
generation. 

Increasing the concentration of nanoparticles amplifies the local Nusselt number along the heated wall. This augmentation is 
most evident near the start of the wall and tapers off towards the right (as x value grows). Such behavior is ascribed to the dynamic 
viscosity's uptick with a rise in nanoparticle concentrations. Near the beginning of the hot surface, fluid velocity is at its peak, 
resulting in substantial shear rates. Consequently, there's a robust interaction between the fluid and the hot wall, culminating in 
an improved local Nusselt number. Conversely, towards the wall's extremity, the majority of the fluid flow ascends, leading to 
diminished shear rates and fluid velocity. This results in the mitigated influence of nanoparticle concentrations on the local Nusselt 
number. Considering a fixed concentration of ϕ = 0.05, change of θf from 0.1 to 0.35 can change Num from 5.05 to 5.4 indicating 6.4% 
improvement in heat transfer.   

5. Further Analysis using Neural Networks 

The neural networks have shown important applications in recent heat transfer designs [50-52]. Here, to understand the 
influence of control parameters on the rate of heat transfer better, we utilized a neural network. This network featured three 
interconnected hidden layers, each with 50 neurons that employed sigmoid activation functions (see Fig. 17). We trained the neural 
network using a dataset encompassing 600 scenarios, which spanned a set of parameters detailed in the results section. The neural 
network input encompassed the concentration of NEPCM particles (0 < ϕ < 0.05), aspect ratio (1000 < Ra < 100000), Hartmann number 
(0 < Ha < 100), and fusion temperature θf in the range of 0.1 to 0.9. The output of this neural network was the modified Nusselt 
number (Num). The parameters are consistent with those used in the mesh study unless otherwise specified. 

Before the training began, the dataset records underwent random shuffling. Of the entire dataset, we designated 70% for 
training, 15% for testing, and the remaining 15% for validation. We selected Mean Squared Error (MSE) as the target function and 
incorporated the Adam optimizer [53] in the process. The training regimen spanned 1000 episodes, each having a batch size of 4. 
We employed the Standard Scaler method [54] to normalize the dataset. The end results were impressive, recording a loss value of 
6.8e-04 during training and 8.08e-04 in validation. 

 

  

Fig. 14. Average Nusselt number for various θf versus ϕ values. Fig. 15. Local Nusselt number for different ϕ at θf = 0.25. 
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Fig. 16. A comparison of isotherms, streamlines, CR and entropy generation contours at ϕ = 0.05 for various θf where θf = 0.1 (first row), 
0.25 (second row), 0.75 (third row), and 0.9 (forth row). 

 
Fig. 17. Diagram illustrating the neural network (NN) architecture in use. 

Figure 18 portrays the trajectory of the MSE error during various epochs for the training, testing, and validation datasets, 
highlighting a continuous decrease as the epochs went by. Figure 19, on the other hand, compares the predicted values against the 
real test data, underlining the efficacy of the model. Leveraging the capabilities of the neural network, which can now adeptly 
forecast the influence of input parameters on the rate of heat transfer (Num), we have produced contour diagrams to showcase the 
effects of control parameters. 
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Fig. 18. Epoch-wise representation of training and validation data. Fig. 19. Comparison of forecasted test data with actual test values. 

  

(a) (b) 

Fig. 20. Predicted Num values across varying control parameters: (a) θf-Ha contour at ϕ = 0.05 and Ra = 105 and 
(b) ϕ-Ra contour with θf = 0.3 and Ha = 20. 

Figures 20(a) and 20(b) present contour diagrams of the modified Nusselt number (Num) plotted against the Hartmann number 
(Ha) and fusion temperature (θf), and NEPCM concentration (ϕ) versus Rayleigh number (Ra), respectively. These visual 
representations elucidate the heat transfer dynamics (Num) under various combinations of controlling parameters. Direct numerical 
simulations for generating such contours are computationally intensive and can be quite time-consuming. In contrast, the well-
trained neural network efficiently generated these visuals within mere seconds. In Fig. 20(a), it is notable that as Ha increases, Num 
tends to decrease. Furthermore, there appears to be an optimal fusion temperature range around θf = 0.35-0.4. An elevation in Ha 
nudges the optimal fusion temperature from 0.4 closer to 0.35. Figure 20(b) depicts that increases in both Ra and ϕ lead to a 
proportional surge in Num. Especially at higher Ra values, even minute variations in ϕ can lead to a marked rise in Num.  

6. Conclusions  

In this investigation, the heat transfer dynamics of a quadrantal circular enclosure filled with NEPCM suspension is meticulously 
explored. The study focuses on the interplay of different factors on heat transfer, emphasizing buoyancy-driven natural convection, 
with the nanoparticles undergoing phase transitions that significantly alter the fluid's thermophysical properties. The 
nanoparticles have a core of PCM, which shifts through various states - solid, liquid, or undergoing a phase change - dependent on 
their environment within the host fluid. Additionally, magnetic influences are incorporated into the study. The study emphasizes 
how the nanoparticles, undergoing phase transitions, alter NEPCM suspension's thermophysical attributes, directly affecting 
localized heat capacity. Parameters such as the concentration of NEPCM particles, the Rayleigh number, the Hartmann number, and 
the fusion temperature for NEPCM particles are critical determinants of heat transfer dynamics. The key findings can be listed as 
follows: 

 As the Rayleigh number increases, the heat transfer rate (represented by the Nusselt number) improves. However, an 
escalation in the Hartmann number diminishes this rate, owing to the Lorenz force's impact on fluid velocity and, 
consequently, convection. 

 At a Hartmann number of Ha = 50, increasing the fusion temperature from 0.1 to 0.3 raises the Nusselt number from 4.5 to 
4.75, boosting heat transfer by about 5.2%. Optimal fusion temperature values have been identified at θf = 0.35 and θf = 0.675, 
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which are crucial for heat transfer dynamics. The phase transition region shifts depending on the fusion temperature, 
affecting heat transfer rates. Maintaining a constant 5% concentration of nanoparticles and adjusting the volume fraction 
(θf) from 0.1 to 0.35 results in an increase in the Nusselt number (Nu) from 5.05 to 5.4, demonstrating a 6.4% enhancement 
in heat transfer. 

 The concentration of nanoparticles in the fluid impacts the rate of heat transfer. Specifically, increasing the concentration 
of nanoparticles enhances the local Nusselt number, especially at the start of the wall. At θf = 0.35, boosting nanoparticle 
concentration from 0 to 5% increases Num from 4.4 to 5.4, marking an 18.5% heat transfer enhancement.  

 A neural network model has been developed and trained to predict the influence of input parameters on the rate of heat 
transfer. This model proves to be highly accurate, as showcased by a comparison between predicted values and real test 
data. 

 The neural network's capabilities highlight the effects of control parameters through contour diagrams, providing insights 
into heat transfer dynamics under varied controlling parameters. This approach is advantageous as it negates the need for 
computationally intensive direct numerical simulations. 

In essence, the research uncovers intricate relationships between several factors influencing heat transfer in a NEPCM 
suspension-filled enclosure. The findings shed light on the significant potential of nanoparticles, particularly those undergoing 
phase transitions, in enhancing cooling efficiencies and energy storage. Moreover, the efficient utilization of neural networks in 
forecasting heat transfer dynamics offers a promising avenue for future studies and applications. 
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