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ABSTRACT
The present article numerically investigated the conjugate heat transmission and entropy pro-
duction of NEPCM enclosed within a cavity. The cavity was modified by inserting wavy blocks
on both the top and bottom sides. The left and right borders of the wavy block are exposed to
deferential heating, but the rest of the cavitywalls are thermally insulated. The equations govern-
ing the system were analyzed utilizing Galerkin’s weighted finite element method. The findings
revealed that manipulating the wave amplitude to higher levels and decreasing the wavelength
had a diminishing effect on heat transfer and entropy generation. Conversely, elevating both the
Ra and Rk values resulted in a notable rise of up to 66% in the average Nusselt number (Nuavg).
Employing the optimal values of ϕ = 0.05 and θ f = 0.5 led to a 12% increase in Nuavg and a 33%
decrease in entropy production.
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1. Introduction

In the vast field of thermal management, a break-
through technology is reshaping the way we perceive
and utilize heat transfer: Nano-Encapsulated Phase
Change Material (NEPCM) [1]. At the intersection of
nanotechnology and thermodynamics, these advanced
materials harness the transformative abilities of phase
change materials (PCMs) but augment their potential
by encapsulating them within nanoscale structures.
This encapsulation not only ensures uniform disper-
sion in various mediums but also amplifies the inherent
properties of PCMs, leading to enhanced heat absorp-
tion and release rates. NEPCM suspensions represent
a cutting-edge solution to age-old challenges in vari-
ous sectors, from electronics cooling to building tem-
perature regulation and solar photothermal absorption
and storage [2]. Investigating their underlying princi-
ples, applications, and future prospects offers a glimpse

into a futurewhereheat transfer ismoreefficient, adapt-
able, and sustainable than ever before. Huang et al.
[3] discussed some encapsulation techniques of PCMs.
Besides, PCMs have found applications in energy stor-
age systems [4,5].

Heat transfer in enclosures plays an essential role
in many engineering and scientific applications. The

efficiency, safety, andperformanceofnumerousdevices
and processes depend on the precise understand-
ing and management of heat transfer within confined
spaces. One of the most significant modes of fluid
flow and heat transfer within these spaces is natu-
ral convection [6,7]. Natural convection occurs when
fluid motion is induced by buoyancy forces, which
arise due to temperature differences within the fluid.
Unlike forced convection, where external mechanisms
like fans or pumps drive fluid flow, natural convec-
tion relies on inherent fluid properties and external
conditions.

A plethora of studies have explored natural convec-
tion within enclosures, particularly focusing on natu-
ral convection in rectangular cavities [6,7]. These stud-
ies incorporate both numerical simulations and experi-
mental techniques to understand the intricate dynam-
ics at play. By examining various formations of the
enclosures – differing in initial and boundary condi-
tions, locations of heat sources [8], and radiative char-
acteristics of the medium [9] and walls – researchers
have sought to comprehend how parameters like the
cavity tilt angle, Prandtl and Rayleigh numbers, and sur-
face emissivity [10], and thermal properties affect heat
transfer dynamics [6,7].
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Moreover, understanding natural convection in non-
rectangular enclosures is equally vital. Enclosures of dif-
ferent shapes, including the parallelogrammical diode
cavity [11], enclosures with inner bodies [12,13], wavy
cavities [14,15], and U-shape enclosures [16] have been
examined to explore their unique heat transfer charac-
teristics. These works highlight the broad range of sci-
entific and technical disciplines inwhich understanding
free convective flow in cavities proves beneficial.

Conjugate heat transfer, a phenomenon that cou-
ples different modes of heat transfer, like conduction,
convection, and radiation in a composite medium, has
garnered considerable attention in the context of enclo-
sures or cavities [17,18]. Alhashash and Saleh [19] stud-
ied the enhancement of conjugate heat transfer in an
enclosure with an active cylinder placed in the centre. It
was revealed that the space between the cylinder and
the enclosure walls could significantly influence heat
transfer. The role of the cylinder’s rotational direction
in dictating peak Nusselt number values underscores
the intricate balance of factors involved in optimizing
heat transfer in such systems. Further, an exploration
into the conjugate heat transfer in an inclined blocked
square enclosure brought out the profound effects of
factors like the inclination angle and block thermal con-
ductivity ratio [20]. Interestingly, an inclination angle
from0° to 90° showeda remarkable enhancement in the
average Nusselt number, especially at higher Rayleigh
numbers.

Conjugate heat transfer also found applications in
the field of magnetohydrodynamics. The investigation
of an aqueous hybrid nano-liquid confined within con-
centric cylinders under the influence of magnetic fields
shown that such hybrid nano-liquids have the poten-
tial to promote improved thermal dissipation from the
interface between a solid and a fluid within an annular
region [21]. Additionally, when addressing MHD con-
jugate natural convection and entropy generation in
a square enclosure, it was found that the position of
heat-generating elements could greatly impact thermal
performance [22].

Entropy generation, an indicator of irreversibil-
ity in thermodynamic processes, plays a pivotal role
in understanding and optimizing heat transfer pro-
cesses. In the context of enclosures, thermal-fluid flow
in cylinder-embedded annular systems revealed that
entropy generation contours tend to concentrate near
heated and cooled walls at higher buoyant forces
[23]. Furthermore, a review of Newtonian and non-
Newtonian nanofluids emphasized the significance of
understanding entropy generation in hybrid nanofluid-
porous enclosures, underlining the vast applications
in areas like nuclear reactors and cooling systems
[24].

Entropy generation’s nuancedbehaviourwas further
demonstrated in a square enclosure using Cu/water
nanofluid, with findings indicating that global entropy

generation could decrease when increasing the nano-
particle volume fraction at a certain Ra [25]. A dis-
tinct research focused on analyzing non-Newtonian
nanofluid free convection occurring within a tilted U-
shaped container, which also incorporated a heated
structure resembling a tree as a baffle. This study under-
scored the critical role of optimizing entropy in a range
of thermal systems [16].

Heat transfer in wavy-walled enclosures or cavities
has been a focus of several research studies [26]. The
wavy geometry of the cavity walls tends to significantly
influence the convection behaviour and, subsequently,
the heat transfer rates. Recent computational studies
have explored various aspects of this subject, shedding
light on the intricate patterns and behaviours induced
by undulations or waves in the enclosure walls. Fayz-Al-
Asad et al. [27] revealed that undulations on the walls
could amplify the heat transport within a cavity, espe-
cially when the number of waves increases, thus influ-
encing the convection patterns and heat distribution.
Notably, the research found that heat transport esca-
lated with an increase in both the Rayleigh number and
the number of undulations. Another study investigated
the effect of inclined wavy walls on nanofluids, high-
lighting that changes in thewall patterns resulted in sig-
nificant alterations in temperature and entropy profiles
within the enclosure [28]. A study on magnetohydro-
dynamic natural convection in a wavy enclosure with
a circular hot cylinder inside underscored the role of
heat generation and absorption in the process [29]. The
results indicated that higher Rayleigh numbers and cer-
tain heat coefficients could either enhance or dampen
the Nusselt number, a primary metric for convective
heat transfer.

Furthermore, studies have ventured into non-
Darcian porous wavy enclosures, demonstrating that
changing certain variables like the undulation ampli-
tude and the Rayleigh number can have pronounced
effects on flow strength and heat transfer efficiency
[30]. An intriguing observation was made in a study
exploring an I-shaped wavy-walled enclosure, which
found that a single undulation was the optimal con-
figuration for enhanced heat transfer [31]. Lastly, when
non-Newtonian ferrofluids are considered in a wavy
enclosure under a magnetic field, the rheology of the
fluid becomes a critical factor. Depending on whether
the fluid exhibits shear-thinning or shear-thickening
behaviour, the heat transfer rates and flow dynamics
can vary considerably [32].

The nature of the working fluid inside the enclosure
also influences the heat transmission dynamics. Incor-
poratingnanofluids, for instance, canmodify thenatural
convection patterns, offering potential enhancements
in heat transfer rates [33]. This adaptation highlights
the evolving nature of heat transfer research, constantly
seeking ways to optimize and improve upon existing
knowledge.
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Some recent researchers investigated the convec-
tion heat transfer of NEPCM suspensions in enclosures.
When placed in an enclosure, NEPCMs are pivotal in
managingheat transfer. One investigation showed that,
in a square cavity with differentially heated vertical
walls, the NEPCM particles undergo a phase change,
absorbing latent heat in hot regions and releasing this
absorbed heat in the cold areas through solidification
[34]. This dynamic process can lead to heat transfer
enhancements of around 10% compared to base fluids.
The fusion temperature of these particles remains a crit-
ical factor, indicating thepotential of NEPCMs in specific
temperature ranges to optimize their performance. Var-
ious researchhas employeddistinct geometries in order
to examine the impact of NEPCMs on heat transmission.
An experimental setup using a compound cavity, con-
sisting of a centre circular cylinder mixed with rectan-
gular forms, was utilized in previous research to inves-
tigate the phenomenon of double-diffusive convection
in NEPCMs [29]. The temperature at which fusion occurs
had a significant role in shaping the spatial distribution
andmagnitudeofphase transition regions. In a separate
experimental configuration, a porous grooved cavity
was utilized to investigate the phenomenon of natu-
ral convection in a water-based suspension of NEPCMs
[30]. Variables such as the Darcy parameter, Rayleigh
number, and fusion temperature emerged as signifi-
cant parameters influencing convection patterns and
heat transfer. Another recent study shows the signif-
icance of the Rayleigh number on heat transfer and
entropy production [35]. Besides, the exothermic reac-
tion of NEPCMs has been addressed by Pasha et al. [36].
Other aspects of NEPCM suspensions such as biocon-
vection and oxytactic microorganisms [37], micro-polar
NEPCMs [38] have been investigated as well.

The complexity andversatility ofNEPCMapplications
are evident in a study involving two differently heated
circular cylinders in an adiabatic enclosure [36]. Results
from this study unveiled that adjusting parameters like
the Stefan and Rayleigh numbers could result in sig-
nificant variations in heat transfer rates. Additionally,
the proximity of the fusion temperature to the cylin-
ders’ temperatures can have implications on the overall
heat transfer. Adding to themyriad of studies, the intro-
duction of solid particles into NEPCMs to boost their
thermal performance has also been explored [39]. In
a hexagonal-shaped cavity with rotating super ellipse
shapes, different variables were found to influence
heat and mass transport. Furthermore, considering the
entropy in the flow of NEPCMs reveals the intricacies
of radiative heat transfer and the interaction between
radiation and convective modes [40]. Using NEPCMs in
prismatic enclosures filled with isotropic porous media
can significantly enhance heat transfer while influenc-
ing melting and solidification processes.

The literature review highlights a crucial focus on
entropy generation and heat transfer phenomena

Table 1. Details the thermophysical attributes of the materials
under consideration, as cited from references [41,42].

Material ρ (kg/m3) Cp (J/kg.K) k (W/m.K) β (K−1) μ (kg/m.s)

Nonadecane 721 2037 – – –
Polyurethane 786 1317.7 – 17.28× 10−5 –
Host fluid
(water)

997.1 4179 0.613 21× 10−5 8.9× 10−4

within wavy enclosures for nanofluids and other work-
ing fluids as subjects extensively investigated by schol-
ars. In this landscape, NEPCM suspensions stand out
as groundbreaking heat transfer fluids, poised to rev-
olutionize thermal management through nanoparticle-
induced phase change. Leveraging the distinctive
phase transition properties of NEPCM suspensions, the
intricate heat transfer dynamics of these advanced
nanofluids demand thorough investigation. This study
boldly embarks on pioneering the analysis of conju-
gate heat transfer and entropy generation within a
wavy enclosure employing NEPCM suspensions, aim-
ing to unravel their complex interplay and potential for
enhanced thermal performance.

2. Problem physics

This study examines a two-dimensional cavity featur-
ing an affixed solid wavy wall, as illustrated in Figure 1.
The wavy block’s side boundaries are kept heated and
cooled, with temperatures set at Th and Tc correspond-
ingly. In contrast, the remaining enclosure walls are
efficiently insulated. The enclosure’s empty region is
loaded with a mixture of water and NEPCM particles,
which move due to natural convection. The wavy solid
blocks were introduced using the following relation:
y = a× sin(2πx/�). Where a and Ω are respectively,
the wave amplitude and wavelength. The wavy wall
structure provides increased surface for heat transfer
and also improvedmechanical structure for enclosures.
The wavy surface enclosures have applications in solar
collectors and water purification systems.

The thermophysical characteristics of the core com-
ponent (nonadecane), the base fluid (water), and
the encapsulating layer (polyurethane) are detailed in
Table 1. As per reference [41], nonadecane has a fusion
temperature close to 32 °C and a latent heat of approx-
imately 211 kJ/kg.

2.1. Governing equations

The suspension is treated as uniform with no assumed
thermal or hydrodynamic slippage. The nanoparticles
are in thermal equilibrium with the host fluid and there
is no degradation in the nanofluid uniformity; besides,
the nanoparticles do not react with the host fluid. By
applying Boussinesq’s approximation, which accounts
for density variations due to buoyancy in modelling a
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Figure 1. The computational domain and applied boundary conditions.

laminar, steady, and incompressible flow, the hydro-
dynamic and thermal characteristics of the NEPCM-
inclusive suspension can be articulated as [34,43,44]:

Mass conservation

∇∗u = 0 (1)

Conservation of momentum

ρnpcm[(u.∇∗)u] = −∇∗p + (μnpcm∇∗2u)+ fB (2)

Energy conservation

(ρCp)npcm[u.∇∗T] = knpcm(∇∗2T) (3)

where the buoyancy force (fB) is introduced as:

fB =
{
x : 0
y : ρnpcmβnpcmg(T − Tc)

(4)

Conduction heat transfer in solid wavy blocks:

kBlock(∇∗2T) = 0 (5)

where ρ, Cp,β , k, and µ indicate the density, heat capac-
ity per unit ofmass, thermal volume expansion, thermal
conductivity, and dynamic viscosity, respectively. The
subscripts npcm and Block denote the suspension and
solid wall. The gravity is represented by g. The field vari-
ables T and p denote the temperature and pressure,

while u shows the velocity vector for suspension. Con-
sidering theboundary conditions, the continuity of heat
flux and temperature was applied at the wavy interface
of the wall and NEPCM suspension. The isotherm tem-
peratures of T = Tc and T = Th were applied at the hot
and cold portions of the wavy wall block. The zero-heat
fluxwas applied to theotherwalls. The zero velocitywas
applied to all walls exposed to the NEPCM suspensions.
A zero-reference pressure was also considered at the
bottom left corner of the enclosure in the fluid domain.

2.2. Physical relationships for the suspension

The density of the suspension is calculated through
a weighted function incorporating both the dispersed
nanoparticles and the host fluid [45]. Here, subscripts
np and f signify the nanoparticles and host fluid,
respectively:

ρnpcm = ρf (1 − ϕ)+ ϕρnp (6)

For NEPCMs, the density can be computed using the fol-
lowingequation,where subscripts c and s correspond to
the densities of the core and shell, respectively [45,46]:

ρnp = ρsρc(1 + ι)

ρs + ρcι
(7)

Theweight ratio ιbetween the core and the shell for the
materials under study is approximately 0.447 [41]. The
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heat capacity of the suspension is computed using the
equation below [46,47]:

Cp,npcm = ρf Cp,f (1 − ϕ)+ ρnpCp,npϕ

ρnpcm
(8)

For the overall heat capacity and by considering the
phase change in the nanoparticle core, a sinusoidal pro-
file is proposed [45,48]:

Cp,np = Cp,c + π

2

{(
hsf
δT

− Cp,c

)
sin

(
π
T − Tsolid
δT

)}

×
⎧⎨
⎩
0 T < Tsolid
1 Tsolid < T < Tliquid
0 T > Tliquid

(9)

In this context, the temperature interval δT = T liquid-
Tsolid is defined as in which T liquid and Tsolid are the
temperatures of the solid and liquid core nanoparticles.
Here, T f = (T liquid+ Tsolid)/2 is the phase change tem-
perature of the nanoparticle’s core. The suspension’s
volumetric thermal expansion coefficient is givenby the
following expression [47]:

βnpcm = βf (1 − ϕ)+ βnpϕ (10)

The suspension’s thermal conductivity and dynamic
viscosity are determined using linear relationships, as
shown below [49,50]:

knpcm
kf

= Ncϕ + 1 (11)

μnpcm

μf
= Nvϕ + 1 (12)

Here, Nv and Nc denote the numerical coefficients,
which can be determined using experimental data such
as those reported in [41].

2.3. Suspensions streamlines and entropy
generation

The flow characteristics of the suspension can be illus-
trated using the contours of the streamlines (ψ ). The
streamlines are established based on the components
of velocity, represented as:

⎧⎪⎪⎨
⎪⎪⎩
v = −∂ψ

∂x

u = ∂ψ

∂y

(13)

and the streamline function is introduced as:

∇∗2ψ =
(
∂u

∂y
− ∂v

∂x

)
(14)

Applicable boundary conditions for this equation are
uniformly defined across all boundaries with zero

streamline value. Entropy generation in the flow is influ-
enced by two primary factors: thermal and frictional
entropy. This is mathematically described by [51]:

slocal = knpcm
T20

[(
∂T

∂y

)2

+
(
∂T

∂x

)2
]

+ μnpcm

T0

((
∂v

∂x
+ ∂u

∂y

)2

+ 2

((
∂v

∂y

)2

+
(
∂u

∂x

)2
))

(15)

In this equation, the first term corresponds to entropy
generation due to thermal gradients, while the sec-
ond term accounts for the entropy induced by friction
between fluid layers.

2.4. Applied boundary conditions

The no slip and no permeability were applied to all fluid
exposed surfaces. The continuity of heat flux and tem-
perature are also applied to the conjugate interfaces
between the fluid and solid blocks. The zero heat-flux
was applied to the bottom and top walls, represent-
ing insulations, while the indicated portion of sidewall
blocks were kept at isothermal temperatures Tc and Th.
A zero reference-pressure point was considered at the
beginning of the wavy wall at the top.

2.5. Dimensionless formulation

To render governing equations and the boundary con-
ditions into dimensionless equations, the normalization
parameters are introduced as:

X = x

L
, Y = y

L
, ∇∗ = ∇

L
, l1 = l

L
,

A = a

L
, V = vL

αf
, U = uL

αf
,

P = pL2

ρfα
2
f

, Ψ =
ψ

αf
,

θ = T − Tc

ΔT
, θf = Tf − Tc

ΔT
, λ = Ω

2πL
(16)

and�T = Th-Tc. This leads to the following dimension-
less equations:

∇U = 0 (17)

ρnpcm

ρf
[(U.∇)U] = −∇P + Pr

μnpcm

μf
∇2U + FB (18)

Cr[U.∇θ ] = knpcm
kf

(∇2θ) (19)

Rk(∇2θ) = 0 (20)
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where

FB =
⎧⎨
⎩
X : 0

Y :
ρnpcm

ρf

βnpcm
βf

Ra Pr θ (21)

Cr = (ρCp)npcm
(ρCp)f

= λ0ϕ + ϕ

Ste × δ
f + (1 − ϕ) (22)

f = sin
(
π

δ

(
θ + δ

2
− θf

))
π

2

×
⎧⎨
⎩
0 θ < (θf − δ/2)
1 (θf − δ/2) < θ < (θf + δ/2)
0 θ > (θf + δ/2)

(23)

and

Pr = μf

αfρf
, Ra = βfρfΔTL3g

μfαf
, Rk = kBlock

kf
(24)

λ0 = (Cpsι+ Cpc,l)ρsρc
(ρcι+ ρs)(ρCp)f

, δ = δT

ΔT
,

Ste = (ρcιρs)(ρCp)fΔT

(ρsρchsf )αf
(25)

Thewavywall formula scales to Y = A× sin(X/λ), where
A and λ are the dimensionless wave amplitude and
wavelength, respectively. Besides, the density ratio
ρR = ρnp/ρf = 0.74 and ρnpcm/ρf = (1-ϕ)+ ϕ× ρR.

The streamline and entropy generation are obtained
as follows:

∇2Ψ =
(
∂U

∂Y
− ∂V

∂X

)
(26)

The dimensionless local entropy production (ST,local) is
expressed as

ST = knpcm
kf

[(
∂θ

∂Y

)2

+
(
∂θ

∂X

)2
]
χ0
μnpcm

μf

+
((

∂U

∂Y
+ ∂V

∂X

)2

+ 2

((
∂U

∂X

)2

+
(
∂V

∂Y

)2
))

(27)

where the irreversibility parameter (χ0) is:

χ0 =
(

αf

∇T × L

)2 Tfμf

kf
(28)

2.6. Heat transfer rate and total entropy
generation

The heat transfer rate at the hot wall is characterized by
the local Nusselt number as:

NuY = −Rk

(
∂θ

∂X

)
@Hotwall

(29)

Nuavg =
∫ l1

0
NuYdY (30)

ST =
∫∫

A
sT ,localdA (31)

where A is the surface area of the domain.

Table 2. Influence of the mesh elements on Nuavg.

Case No. Sm Elements Nut Err (%)

1 0.5 5194 1.2974 1.4
2 1 15706 1.3132 0.2
3 1.5 29080 1.3212 0.4
4 2 49772 1.3190 0.2
5 2.5 76306 1.3160 –

∗Bold row is the selected mesh for computations.

3. Solutionmethod and verification

3.1. Numerical method

Galerkin’s weighted finite element method was
deployed to numerically address the dimensionless
governing equations – namely, Equations (17)–(20).
The computational domain was discretized using an
unstructured mesh, with a particular focus on grid den-
sity in regions adjacent to solid boundaries. This was
done to accurately capture rapid changes in both veloc-
ity and temperature profiles. To ensure full coupling of
the discretized governing equations, the damped New-
ton method was applied. A damping value of 0.8 was
applied for better convergence. The ensuing system of
linear algebraic equations was then solved through the
use of the Parallel Sparse Direct Solver. The computa-
tions were haltedwhen the relative error reaches below
10−4. For a comprehensive explanation of the numer-
ical methods employed, please refer to [52]. After the
computation of the flow field and temperature distribu-
tion entropy generation and heat transfer at the walls
were calculated. A continuous approach for study of a
range of parameters was applied. In this approach, as
the value of a control parameter changes step by step,
the solution for a parameter at a previous stepwas used
as an initial guess for the next step.

3.2. Grid check

To ensure a grid-independent solution, a grid sensi-
tivity analysis was performed in the current study. A
variety of five non-uniform grid sizes were assessed to
determine the most suitable mesh for accurate com-
putational results. Table 2 details these cases and mea-
sures the relative errors against Case 5 as a baseline. In
an additional layer of scrutiny, temperature distribution
profiles along the cavity’s vertical centreline for each of
these five grid sizes are illustrated in Figure 2.

Table 2 provides a comprehensive evaluation of
how different mesh sizes influence the calculated
average Nusselt number measured at the hot ver-
tical wall. Each case is subjected to specific condi-
tions: Ra = 106, Pr = 6.2, δ = 0.05, Rk = 10, Ste = 0.3,
θ f = 0.3, Nc = 6, ϕ = 0.05, Nv = 3, λ0 = 0.332, and
l1 = 0.1. The table further quantifies the relative error
percentages, benchmarked against the values obtained
in Case 5. Importantly, as the number of mesh elements
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Figure 2. Temperature along X coordinate at mid-plane of the
enclosure at Y = 0 for various examined meshes.

Table 3. The findings of Kahveci [53] and current research for
average Nusselt number (Ra = 106).

Nuavg ϕ = 0.0 ϕ = 0.05 ϕ = 0.1

Kahveci [53] 9.23 9.77 10.23
Current research 9.20 9.76 10.30

increases, the error generally decreases, indicating a
convergence towards a more accurate solution.

The performance metrics, specifically the average
Nusselt number and the maximum velocity within the
cavity, are reported for each grid size under the men-
tioned conditions. Balancing computational resource
demands with the requirement for numerical accuracy,
Case 3 – featuring 29,080 mesh elements – was cho-
sen as the optimal grid size for subsequent analysis. This
case computes the results with less than 1% which is
adequate for most of graphical representations. It also
provides a good convergence since the mesh is ade-
quately fine. Figure 3 provides a view of the utilized
mesh in the solution domain.

3.3. Validation and code verification

To substantiate the numerical accuracy of the finite ele-
ment code employed in this study, comparisons have
been made between the results obtained here and
those published in prior works [53–56]. Table 3, as well
as Figures 4 and 5, showcase these comparative analy-
ses.

Specifically, Table 3 contrasts the average Nusselt
numbers from this study with those presented in ref-
erence [53]. The latter work explored buoyancy-driven
convective flow inside a square cavity loaded with a

water-TiO2 nanoparticle suspension featuring isother-
mally heated vertical walls and insulated horizontal
walls.

For additional verification, the temperature profiles
generated by our numerical code for fluid flow in a
square enclosure are compared against the results of
the study of Turan et al. [54], as illustrated in Figure 4.
Furthermore, Figure 4 plots the entropy fields of the
present work alongside those presented in [55].

Figure 5 provides a comparison between our results
and those published in [34] for an NEPCM suspension.
The isotherms, phase transition (Cr) maps and stream-
lines are compared. As seen, a goodmatch between the
results can be found. Additionally, a comparative anal-
ysis was conducted between the findings of reference
[57] and the current simulations on heat transfer involv-
ing two square cylinders in Figure 6. In this setup, the
outer vertical walls were maintained at cold tempera-
tures, while the left inner vertical wall was heated. The
remaining walls were insulated. The aspect ratio (L) of
the cylinders was set at 0.3.

4. Results and discussions

In this study, we evaluate both conjugate free convec-
tion and heat transmission, as well as the rate at which
entropy is generated within an enclosure filled with a
water-based suspension of NEPCMs particles. Several
non-dimensional parameters are considered to char-
acterize the system: these include the Rayleigh num-
ber (Ra) ranging from 103 to 105, the non-dimensional
amplitudeofwavyblocksAbetween0.01 and0.06, non-
dimensional wave length (λ) from 0.25 to 0.75, and the
non-dimensional fusion temperature (θ f ) from 0.1 to
0.9. Additional parameters include the thermal conduc-
tivity ratio (Rk) between 1 and 20 and the concentration
of NEPCMs particles (ϕ) between 0.0 and 0.05.

Contrastingly, specific parameters are kept con-
stant throughout the simulations: namely, χ0 = 10−4,
δ = 0.05, Pr = 6.2, Nc = 6, Nv = 6, l1 = 0.1, λ0 =
0.322, and Ste = 0.3. For the purpose of this study,
default values for variable parameters have been set
as follows: θ f = 0.3, ϕ = 0.05, Ra = 105, A = 1/18,
λ = 0.25, and Rk = 10.

This framework allows for a thorough examination
of the thermofluidic phenomena within the enclosure,
providing valuable insights into the roles of various
parameters in affecting entropy generation and free
convection.

The analysis presented in Figure 7 explores the
complex relationship between the wave amplitude (A),
the average Nusselt number (Nuavg), and the overall
entropygeneration in a system subject to varyingwave-
length parameters (λ). The study reveals that an escala-
tion in wave amplitude leads to a notable decrease in
the rate of heat transfer, as indicated by the diminish-
ing values of Nuavg. This decline becomes even more
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Figure 3. A view of utilized mesh: (a) overall view of the mesh, and (b) a zoomed view at the top left corner.

Figure 4. Isotherms evaluated in our study and those obtained
by Turan et al. [54].

pronouncedwhen the systemoperates at shorterwave-
lengths, corresponding to a higher frequency of undu-
lating patterns on the wall.

In thermodynamic terms, it was also observed that
higher wave amplitudes and smaller wavelengths act
synergistically to reduce the system’s entropy genera-
tion. This behaviour is in consonance with the system’s
heat transfer characteristics. As the rate of heat trans-
fer drops, so too do the temperature gradients within
the fluid. This, in turn, weakens the forces driving nat-
ural convection, ultimately resulting in lower entropy
generation. To provide a more comprehensive under-
standing, Figures 8 and 9 offer intricate visualizations,
such as isotherms, streamlines, local entropy genera-
tion, and phase transition (Cr) contours. Figure 8 specif-
ically focuses on how varying wave amplitudes impacts
the system. An increase in wave amplitude tends to
disrupt the homogeneity of solid blocks in the system,

thereby elevating thermal resistance along the horizon-
tal axis. The undulating waves also serve as physical
barriers that impede fluid flow.However, this increase in
surface area, brought about by thewave-like structures,
can potentially augment the heat transfer rate, albeit in
a complex manner.

Furthermore, as the amplitude of the waves
increases, the Cr contours migrate upwards toward the
colder wall, constricting the phase transition zone to a
more confined space. Analysis of the local entropy gen-
eration reveals that entropy is predominantly gener-
ated along the vertical walls above heated surfaces and
near the undulating peaks in proximity to both hot and
cold regions of the solid blocks. While the increase in
wave amplitudedoesnot significantly alter the intensity
of local entropy generation, it does result in a reduced
spatial extent, leading to an overall decline in system
entropy.

Figure 9 shows the role of wavelength in the sys-
tem. A larger wavelength – which translates to fewer
undulations – promotes a more favourable tempera-
ture gradient near heated and cooled regions within
the blocks. This augmentation of the wavelength also
expands the Cr region, thereby optimizing the utiliza-
tion of the latent heat stored in nanoparticle cores for
more effective heat transfer. Moreover, longer wave-
lengths lead to broader regions of intense entropy
generation near undulating peaks. However, as the
wavelength decreases, although the number of undula-
tions rises, the region of significant entropy generation
becomes more confined.

In terms of fluid dynamics, the streamlines are sig-
nificantly influenced by the wavelength. Higher wave-
lengths cause the streamlines to more accurately repli-
cate the form of the wavy wall. This leads to less
fluid being trapped in the undulations, which in turn
enhances the heat transfer efficiency via more robust
natural convection flows.
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Figure 5. Comparison between the CR, isotherms, and streamlines of the present study and those of [34] for heat transfer of
NEPCM suspensions in a square cavity for Ra = 105, θ f = 0.3, Pr = 6.2, Ste = 0.3, λ0 = 0.33, Nv = 3, Nc = 3, and ϕ = 0.05, and
ρp/ρf = 0.9. (a) CR contours; (b) Isotherms; (c) Streamlines.

Figure 6. Comparison between the CR, isotherms, and streamlines of the present study and those of [57] for heat transfer of NEPCM
suspensions in a complex cavity for Ha = 1, L = 0.3, θ f = 0.25, Pr = 6.2, Ra = 103, Ste = 0.3, ϕ = 0.04, δ = 0.05, Nv = 12.5,
Nc = 23.8, λ0 = 0.33, and ρp/ρf = 0.9. (a) Isotherms; (b) Streamlines; (c) CR contours.
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Figure 7. Effect of wave amplitude and wavelength on the (a) Average Nusselt number and (b) Total entropy.

Figure 10 explores the interplay between Ra and Rk
and their influence on two key metrics: the average
Nusselt number (Nuavg) and the overall entropy gener-
ation (ST). The Rayleigh number characterizes the driv-
ing force behind natural convection, while the thermal
conductivity ratio represents the ratio of the thermal
conductivities between the solid wall and the fluid. As
illustrated, elevating the Rayleigh number boosts both
heat transfer rates and entropy generation within the
system. This trend of results for Ra is in agreement with
the study of Pasha et al. [36] who also observed the sig-
nificance of Rayleigh number on increase of heat trans-
fer rate and entropy generation in exothermic reaction
natural convection of NEPCM suspensions.

An increase of Rayleigh number increases the buoy-
ancy forces driving the natural convection flows. Thus,
as Ra increases the strength of the convection flow
improves. The faster the fluid moves the better it cir-
culates the absorbed heat inside the enclosure and
releases the heat to the cold wall. Interestingly, the
influence of the Rayleigh number on Nuavg becomes
particularly pronounced when the thermal conductiv-
ity ratio is high (Rk = 10). In scenarios where Rk is low,
substantial conductive thermal resistance exists within
the solid wall, thereby impeding effective heat transfer
to the fluid. Under these conditions, an increase in the
Rayleigh number, although enhancing convective heat
transfer within the fluid, fails to substantially improve
Nuavg. Conversely, when Rk is high, the solid wall’s
thermal conductivity improves considerably, enabling
more efficient heat transfer into the fluid-filled enclo-
sure. Here, the Rayleigh number gains greater leverage
in affecting both entropy generation and heat transfer.

To quantify this, Figure 10 shows that for Rk = 10,
Nuavg increases from approximately 0.78 to 1.3 for

Ra = 105 marking about a 66% improvement in the
heat transfer. In contrast, when Rk is only 1, Nuavg
improves merely from 0.3 to 0.4 at the same Ra value,
representing only a 33% increase. If we consider a con-
stant Ra of 105, elevating Rk from 1 to 10 results in Nuavg
soaring from0.4 to 1.3, an impressive 69%uptick in heat
transfer effectiveness.

Figure 11 complements this data by offering con-
tour maps for thermal conductivity ratios of Rk = 1, 5,
and 10. When Rk is minimal (Rk = 1), the temperature
distribution across the fluid is almost linear from left
to right, signalling weak convective flows. However, as
Rk increases, temperature gradients becomemore con-
centrated near the lower-left and upper-right corners,
corresponding to the hot and cold boundary condi-
tions, respectively. This suggests that higher Rk values
amplify convective currents within the fluid, as evi-
denced by the increasingmagnitude of the streamlines
depicted in Figure 11.

Interestingly, varyingRk has a relativelyminor impact
on phase transition maps (Cr). An increase in Rk nudges
the Cr contours slightly toward the colder wall. This
movement suggests that a higher Rk minimizes the
temperature differential between the cold wall and
both the fluid and adjacent solid blocks. Furthermore,
while an increase in Rk does not shift the location of
high-entropy-generating regions, it does intensify their
magnitudes. This escalation can be attributed to the
enhanced heat transfer rates fostered by higher Rk
values, which in turn exacerbate temperature gradients
and, hence, contribute to greater entropy generation.

Figures 12 and 13 delve into the nuanced effects
of wavelength (λ) and amplitude (A) on the aver-
age Nusselt number (Nuavg) and total entropy gener-
ation (ST), all considered across a range of Rayleigh
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Figure 8. The isotherms (first row), CR contours (second row), entropy generation (third row), and streamlines (fourth row) for
selected wave amplitudes (A).

numbers (Ra). The Rayleigh number serves as a gauge
for the relative importance of convective heat trans-
fer within the fluid. The wavy wall configuration is
a particular focus here, as it introduces geometric
complexities that can either enhance or hinder heat

transfer and entropy generation. When considering
wavelength, we observe that an increase in λ gen-
erally enhances Nuavg, but this trend exhibits an
exception at low Rayleigh numbers. In these low Ra
regimes, conduction overwhelmingly dominates heat
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Figure 9. The isotherms (first row), CR contours (second row), entropy generation (third row), and streamlines (fourth row) for
selected values of wavelength (λ).

transfer within the enclosure. Under such conditions,
a wall with a high number of smaller waves (low λ)
increases the effective surface area for heat transfer
but introduces spatial inhomogeneities that affect the
heat transfer in the horizontal direction. As a result,
the lowest Nusselt number can be seen for case of
λ = 0.25.

As the Rayleigh number escalates, convective heat
transfer gains prominence. For walls with numerous
small waves (low λ), the undulating surface introduces
multiple restrictions or chocking points for both con-
duction within the blocks and fluid flow along the top
and bottom walls. Thus, surfaces with fewer, larger
undulations (higher λ values) are more conducive to
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Figure 10. Effect of Rayleigh number (Ra) and thermal conductivity ratio (Rk) on (a) Average Nusselt number and (b) Total entropy.

effective heat transfer. Furthermore, elevating thewave
number also inflates total entropy generation, a conse-
quence of heightened heat transfer rates and increased
thermal gradients within the enclosure.

In terms of wave amplitude (A), Figure 13 shows that
its influence varies with the Rayleigh number. At high
Ra values (e.g. Ra = 105), elevating (A) typically curtails
Nuavg which is in agreement with findings of Tayebi
et al. [58]. However, for lower Ra regimes, exceptions
to this trend manifest. In extremely low Ra scenarios,
where conduction is dominant, higher amplitude aug-
ments the surface area for heat transfer between the
solid blocks and the fluid. Nonetheless, increased ampli-
tude also narrows the conduits for heat to flow within
the blocks, creating an unfavourable setup for efficient
heat transfer. Consequently, wave amplitude’s influ-
ence on Nuavg is somewhat ambiguous at low Rayleigh
numbers.

For moderate Ra values, increasing amplitude yields
a mixed bag of effects. On the one hand, higher ampli-
tude traps fluid within the undulations, hindering fluid
flow. On the other hand, the enlarged surface area pro-
motes better heat transmission between the solid block
and the fluid. Therefore, a range of behaviours is exhib-
ited for intermediate Rayleigh numbers.

In high Ra scenarios, the convective flow becomes
substantially more potent, and effective heat trans-
mission between the solid blocks and the fluid is
achieved. Here, pronounced undulations introduced by
high amplitude are counterproductive, impeding the
fluid flow and hence diminishing the convective heat
transfer. For instance, halving the amplitude from 1/18
(0.056) to 1/36 (0.028) led to an 9.2% increase in Nuavg,
from 1.3 to 1.42 at Ra = 105. It is also noteworthy that

reducing A consistently elevates total entropy genera-
tion (ST) across all Rayleigh numbers examined.

Figure 14 elucidates the intricate relationship
between fusion temperature (θ f ) and nanoparticle con-
centration (ϕ) in their collective impact on the average
Nusselt number (Nuavg) and total entropy generation
(ST). Importantly, this analysis involves the use of nano-
enhancedphase changematerials (NEPCMs) – nanopar-
ticles with phase-changing cores that offer unique ther-
mophysical properties.

In a scenario devoid of nanoparticles (ϕ = 0), varying
the fusion temperature (θ f ) has a negligible impact on
both (Nuavg) and (ST). However, as ϕ increases, the influ-
enceof θ f becomesmarkedly significant. Specifically, an
optimum fusion temperature around θ f = 0.5 emerges.
When θ f is elevated from 0.1 to 0.5 with 5% NEPCM
concentration, Nuavg improves by approximately 5%,
climbing from 1.31 to 1.38. This is noteworthy as such
an improvement is achieved without introducing addi-
tional materials. Moreover, the optimized combination
of ϕ = 0.05 and θ f = 0.5 results in Nuavg = 1.38 which
offers a 12% enhancement in Nuavg when compared to
the baseline fluid with ϕ = 0 (Nuavg = 1.22).

Interestingly, the presence of nanoparticles intro-
duces a nuanced behaviour in entropy generation.
At the optimum values of θ f = 0.5 and ϕ = 0.05, ST
diminishes to 6.1 compared to 9.1 for the host fluid
ϕ = 0, representing a 33% reduction in entropy gen-
eration. This can be attributed to the phase-changing
cores of the nanoparticles, which moderate local tem-
perature gradients and thereby curtail overall entropy
production.

Figure 15 further illuminates these phenomena by
focusing on the local Nusselt number (NuY) at the hot
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Figure 11. The isotherms (first row), Cr contours (second row), entropy generation (third row), and streamlines (fourth row) for
selected values of Rk .

wall. The upper region, where the nanoparticle sus-
pension meets the solid block, experiences sharp tem-
perature gradients, resulting in a spike in NuY. Moving
downward along the wall, these gradients diminish
rapidly. This decrease is driven by heat conduction
into the block’s interior, followed by heat dispersal

into the nanoparticle suspension via the wavy sur-
face. Consistent with Figure 14, both an increase in
ϕ and θ f bolster the local Nusselt number. Moreover,
the curves for θ f = 0.5 and 0.7 are strikingly simi-
lar, signifying the existence of an optimal fusion tem-
perature in that range. An increase of nanoparticles
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Figure 12. Effect of Rayleigh number (Ra) and wavelength (λ) on (a) Average Nusselt number and (b) Total entropy.

Figure 13. Effect of Rayleigh number (Ra) and wave amplitude (A) on (a) Average Nusselt number and (b) Total entropy.

concentration increases the average Nusselt number.
This occurs because the nanoparticles transport heat
in the form of latent heat, contributing to enhanced
temperature gradients. Additionally, the presence of
nanoparticles increases the thermal conductivity of the
suspension, resulting in improved heat transfer within
the enclosure and a higher Nusselt number.

Figure 16 explores contour maps that vary with
fusion temperature. Increasing θ f brings about sig-
nificant changes in the contour of phase transitions
(Cr), especially around θ f , where the phase change of
nanoparticles becomes a dominant factor. However,
the alteration in θ f has a minimal immediate impact
on isotherms, local entropy generation, and fluid flow
streamlines. The variation of θ f influences the location

of the phase transition region, which in turn affects
the temperature and streamlines due to the localized
changes in the fluid’s heat capacity. Thephase transition
region, indicated by the Cr contour, primarily affects
these factors indirectly by first modifying temperature
contours, which subsequently influence entropy and
fluid dynamics.

5. Conclusions

The contemporary research landscape in thermal sci-
ences is replete with studies on heat transfer and
entropygenerationwithin complexenclosures.However,
limited work has been dedicated to the investigation
of these phenomena in wavy enclosures filled with
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Figure 14. Effect of fusion temperature (θ f ) and nanoparticles concentration (ϕ) on (a) Average Nusselt number and (b) Total
entropy.

Figure 15. Local Nusselt number (NuY) for various values of (a) nanoparticles concentration and (b) nanoparticles fusion
temperature (θ f ).

NEPCM suspensions. The present study pioneers an
analysis of conjugate heat transfer and entropy gener-
ation within a two-dimensional wavy enclosure filled
withwater-basedNEPCM suspensions. A robust numer-
ical methodology employing Galerkin’s weighted finite
element method solves the dimensionless governing
equations. The simulation framework considers a mul-
titude of non-dimensional parameters, including the
Rayleigh number (Ra), thermal conductivity ratio (Rk),
volume fraction of NEPCM particles (ϕ), and fusion tem-
perature of nanoparticles (θ f ). The results are reported
in the formof averageNusselt number and total entropy

generation curves. Contours for isotherms, phase tran-
sitions, local entropy generation, and streamlines were
also reported. Key outcomes can be summarized
as:

1. Wave amplitude and wavelength show a decisive
influence on heat transfer and entropy generation.
Higher wave amplitudes and shorter wavelengths
were found to decrease both heat transfer and
entropy generation rates. Specifically, at higher fre-
quencies of undulating patterns, Nuavg declined
more sharply.
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Figure 16. The isotherms (first row), Cr contours (second row), entropy generation (third row), and streamlines (fourth row) for
selected values of θ f .

2. Ra and Rk act in synergy to influence heat trans-
fer and entropy generation. At Ra = 105 and
Rk = 10, Nuavg rose by 66%, while a mere 33%
improvement occurred at the same Ra but with
Rk = 1. This highlighted the importance of wall
thermal conductivity in affecting heat transfer
efficiency.

3. The current research identified optimal nanoparti-
cle concentration (ϕ = 0.05) and fusion tempera-
ture (θ f = 0.5) for the NEPCM suspensions, result-
ing in a 12% improvement in Nuavg and a 33%
reduction in entropy generation.

4. NEPCM particles altered the temperature gradi-
ents and, consequently, the entropy generation



18 H. S. S. ALJIBORI ET AL.

within the system. An optimum fusion temperature
and particle concentration led to reduced overall
entropy generation, making the system more ther-
modynamically efficient.
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