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1 Introduction 

The transportation of fluid within tubes having sinusoidally moving walls is called 
Peristalsis. These sinusoidally fluctuating walls contract and relax in a very organised 
manner that results in the movement of fluid. Barton and Raynor (1968) had interpreted 
the fluid flow inside tubes with sinusoidally advancing walls. The average tube radius is 
comparatively taken very small when compared to the wavelength of fluctuating wall. 
The lubrication approximation was utilised by Burns and Parkes (1967) to examine the 
axial symmetric flow in cylinder. Fung and Yih (1968) had provided a mathematical 
description of the two dimensional, Newtonian flow in cylinder with sinusoidally 
fluctuating walls. A viscous model for this fluid flow problem with ‘no slip’ conditions is 
taken into consideration. The main flow is developed along cylinder’s axis due to this 
fluctuating behaviour of wavy walls along channel’s length (Jaffrin and Shapiro, 1971). 
Takabatake et al. (1988) had considered peristaltic flow with trapping phenomena and 
reflux in their work. They had also evaluated the concept of efficiency and peristaltic 
mixing in their mathematical study. Akbarzadeh (2018) had mathematically studied the 
flow of biofluid inside a vessel having sinusoidally fluctuating walls. 

The blood transportation to major organs of our body is restricted due to development 
of a thrombus inside the artery. It develops due to collection of fats, cholesterol and some 
other material. The flow through such diseased arteries is improved by utilising a 
catheter. That is a hollow, narrow, fine tube inserted in such diseased arteries and finally 
it improves the flow. The peristalsis mechanism can also happen within vessel having 
short lengths, as the diameter of such vessels alters systematically due to vasomotion.  
The medical and engineering applications of catheter involve urological, neurovascular, 
gastrointestinal procedures. Further, it is applicable in insulin pumps, measurement of 
blood pressure in a vein, etc. The development of a thrombus in diseased vessels is 
discussed in details (van Kempen et al., 2016). Doffin and Chagneau (1981) had 
described both, a theoretical model as well as an experimental work by using viscous 
Newtonian model for a diseases vessel with thrombus. The blood flow treated as 
micropolar fluid inside a channel with fluctuating peristaltic wall and a clot model was 
explained by Mekheimer and Elmaboud (2008). Srivastava and Rastogi (2010) had 
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studied the flow in an artery by means of a catheter, considering a two phase model for 
their flow problem. The couple stress model of fluid flow was utilised by Reddy et al. 
(2014) to interpret the blood flow by application of a catheter in a diseased narrow artery. 
Further, reference for blood flow problem is provided (Uddin et al., 2020). 

In many industrial and engineering applications that are connected to fluid mechanics, 
the transfer of heat phenomenon is limited due to some fluid with small thermal 
conductivity. Thus the required thermal conductivity for such flow problems is achieved 
by using nanoparticles in the flow (Choi and Eastman, 1995). The nanofluid flow 
between two concentric tubes was mathematically investigated by Akbar and Nadeem 
(2011). The flow of carbon nanotubes inside a channel having sinusoidally fluctuating 
wall was also interpreted by Akbar et al. (2015). Shahzadi and Nadeem (2017) had 
investigated the nanofluid flow in an inclined tube having wavy walls with a thrombus at 
centre. 

The transfer of heat is fully explained by considering viscous effects together with 
entropy. The disturbance and chaos in a system is entropy. The transfer of heat for flow 
in circular channel having sinusoidally fluctuating wall, considering Phan-Thien Tanner 
model of fluid flow was interpreted by Butt et al. (2020). The hydrodynamic study for a 
permeable geometry is provided (Kahshan et al., 2019). The entropy interpretation for 
fluid dynamics flow problems was firstly provided by Bejan (1979). Akbar (2015) 
provided a theoretical study for entropy generation due to carbon nanotube flow in 
cylinder. Further literature review is provided for nanoparticles study problems 
(Kasaragadda et al., 2020; Hajizadeh et al., 2019; Souayeh et al., 2019; Chinni et al., 
2019; Akermi et al., 2019). We have studied the accessible literature and it is easily 
revealed that the peristaltic blood flow of carbon nanotubes in a cylindrical channel 
having a thrombus is not explored by anyone yet mathematically. Thus, our work aims to 
describe the blood flow with carbon nanotubes, examining study case of both single and 
multi-wall carbon nanotubes in an artery with sinusoidally fluctuating outer wall and a 
thrombus at the centre. The restriction to flow is improved by application of a catheter. 
The effect of viscous dissipation is also incorporated in energy equation and entropy is 
also examined to interpret the irreversibility results. The final results are explained with 
graphs for exactly obtained mathematical solutions. Streamlines are drawn and they 
clearly show sinusoidally fluctuating wall on one side and a thrombus on the other side at 
the centre. 

2 Mathematical formulation 

The blood flow with carbon nanotubes, correlating the study of both single and  
multi-wall carbon nanotubes, is mathematically interpreted in a catheterised artery with 
sinusoidally fluctuating outer wall and a thrombus at the centre. Here ( , 0, )V U W=


 is 

the chosen velocity field, where the radial and axial velocities are U  and .W  
The expressions for outer boundary ( )η z  as well as inner boundary ( )z  in their 

dimensional form are provided by (Akbar, 2015). 

[ ]0 1

0

( ) 0
( )

otherwisea

R a f z z λ
z

R
 + ≤ ≤

= 


  (1) 
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( )0
2( ) Sin ,πη z R b Z ct
λ

 = + − 
 

 (2) 

Here 1( )f z  mainly handles the clot shape and it is chosen accordingly. The dimensional 
form of governing flow equations is given (Shahzadi and Nadeem, 2017). 

( ) ( )1 0,RU W
R R Z

∂ ∂+ =
∂ ∂

 (3) 

2 2

2 2 2
1 ,nf nf

U U U P U U U Uρ U W μ
t R Z R R R R Z R

   ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + = − + + + −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
 (4) 

2 2

2 2
1 ,nf nf

W W W P W W Wρ U W μ
t R Z Z R R R Z

   ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + = − + + +   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
 (5) 

( )
2 2

2 2

2 2 2 2

1

2 ,

p nfnf

nf

T T T T T TρC U W k
t R Z R R R Z

U U W U Wμ
R R Z Z R

   ∂ ∂ ∂ ∂ ∂ ∂+ + = + +   ∂ ∂ ∂ ∂ ∂ ∂   
          ∂ ∂ ∂ ∂  + + + + +       ∂   ∂ ∂ ∂        

 (6) 

The dimensional form of boundary conditions is provided in fixed frame 

1 0

0 at ( ) and 0, at ( ).
at ( ) and at ( ).

W R z W R η z
T T R z T T R η z

= = = =
= = = =




 (7) 

The frame is shifted from fixed ( , )R Z  to moving ( , )r z  frame by application of these 
transformations. 

( ) ( ), , , , , , , ,z Z ct w W c p z r P Z R t r R u U= − = − = = =  (8) 

The dimensionless variables are 

( )
( )

0

2
00

0 0 1 0

2
0

0
0 0 0 1 01 0

2
1 0
2 2

0 0

, , , , , , ,

( ) ( )( ) , ( ) , , , ,

,

f

f
r

f

f
G

R pr z λu w ct T Tr z u w t p θ
R λ R c c λ cλμ T T

c μz η z b Tz η z ψ B θ
R R R T TT T k

k T T
S

T R

−= = = = = = =
−

= = = = =
−−

−
=


  (9) 

The equations (3) to (7) are simplified by using equations (8) and (9), to get these 
dimensionless equations 

1 ( ) 0,ru w
r r z

∂ ∂+ =
∂ ∂

 (10) 

0,p
r

∂ =
∂

 (11) 



   

 

   

   
 

   

   

 

   

    Microphysical analysis for peristaltic flow of SWCNT and MWCNT 305    
 

    
 
 

   

   
 

   

   

 

   

       
 

2

2
1 ,nf

f

μp w w
z μ r r r

∂ ∂ ∂ = + ∂ ∂ ∂ 
 (12) 

22

2
1 0,nf nf

r
f f

k μθ θ wB
k r r r μ r

∂ ∂ ∂   + + =   ∂ ∂ ∂   
 (13) 

With corresponding dimensionless boundary conditions 

1 at ( ) and 1 at ( ).w r z w r η z= − = = − =  (14) 

1 at ( )and 0 at ( ).θ r z θ r η z= = = =  (15) 

The dimensionless expression for outer η(z) as well as inner boundary ϵ(z) is given and 
1( )f z  is accordingly selected as (Jayaraman and Sarkar, 2005). 

2 2( 0.5) , 0 1( ) ,
, otherwise

dπ z za σe zz
a

− − − + ≤ ≤= 


  (16) 

( ) 1 Sin(2 ),η z ψ πz= +  (17) 

3 Exact solution 

Equation (12) is solved with conditions given in equation (14), to get exact solution for 
velocity 

( ) ( )

( )

( )

2 2 2 2

2 2

Log( ) 4 Log( )

4 Log( )
,

4 Log( ) Log( )

nf

f

nf

f

nf

f

μp pη r r η
z z μ

μp r η
z μ

w
μ

η
μ

∂ ∂ + + − −  ∂ ∂ 
∂ + − +  ∂  =

−

 




 (18) 

The volumetric rate of flow is evaluated by using 

,
η

Q rwdr= 


 (19) 

The result for pressure gradient expression is calculated as 

( ) ( )

( ) ( )( )

2 2

2 2 2 2 2 2

8 2 Log( ) Log( )
,

Log( ) Log( )

nf

f

μQ η η
μdp

dz η η η η

− + −
=

 − − + + + − 

 

   
 (20) 

The wall shear stress τw is obtained as 
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( )
( )

( )

2 2

2 Log( ) Log( )
,

4 Log( ) Log( )
w

nfr η

f

dp η dpdz η η
w η dzτ

μr η
μ

=

+
+ −

∂= = −
∂ −





 (21) 

Figure 1 Geometry of the problem (see online version for colours) 

 

Equation (13) is solved with conditions given in equation (15), to get exact temperature 
solution 
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Table 1 CNT model 

Density ρnf = (1 – ϕ) ρf + ϕρCNT 
Heat capacity (ρCp)nf = (1 – ϕ) (ρCp)f + ϕ(ρCp)CNT 

Viscosity 2.5

1
(1 )

nf

f

μ
μ

=
−φ

 

Thermal conductivity 
1 2 Log

2

1 2 Log
2

CNT fCNT

CNT f fnf

f CNT ff

CNT f f

k kk
k k kk

k k kk
k k k

+  − +   −   =
+   − +    −   

φ φ

φ φ
 

Source: Akbar (2014) 

Table 2 Thermo physical properties of base fluid and CNT’s 

Physical parameter Base fluid (f) blood SWCNT MWCNT 
ρ 1,063 2,600 1,600 
k 0.492 6,600 3,000 
Cp 3,617 425 796 

Source: Akbar (2014) 

4 Entropy generation analysis 

The dimensional form of expression for entropy equation is provided as (Bejan, 1979) 
2 2 2 2

2
00

2 ,nf nf
G

k μT T u u w w uS
T r z T r r z r z

       ∂ ∂ ∂ ∂ ∂ ∂        = + +  + + + +            ∂ ∂ ∂   ∂ ∂ ∂              
 (23) 

The dimensionless expression for entropy generation is obtained by application of 
dimensionless variables that are provided in equation (9). 

0

2 2

0 ,nf nfG
S r

G f f

k μS θ wN θ B
S k r μ r

∂ ∂   = = +   ∂ ∂   
 (24) 

There are two portions of equation (24), the initial one is entropy developed because of 
limited temperature difference ( )condSN  whereas the later one explains the entropy 
developed because of viscous effects ( ).viscSN  Bejan (1979) number is incorporated by 

,cond

cond visc

S
e

S S

NB
N N

=
+

 (25) 

5 Results and discussion 

This segment incorporates the graphical illustration of results that are found in previous 
section. Combined graphical results are developed for both cases of carbon nanotubes. 
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The effects of various parameters on velocity of flow, temperature and irreversibility are 
discussed. The graphs for velocity are plotted against parameters Q and σ as shown in 
Figures 2(a)–2(b). Figure (2a) reveals that as the value of Q increment, the velocity gains 
magnitude for both carbon nanotubes. The velocity of flow decreases with clot wall as 
the height σ of clot enhances but it shows constant behaviour with fluctuating peristaltic 
wall as depicted in Figure 2(b). The velocity declines at clot surface with increasing clot 
height due to ‘no slip’ condition at boundaries but velocity remains same at peristaltic 
surface. It is clearly seen in these graphs of velocity that the plotted curves for both cases 
of carbon nanotubes overlap. The reason is independence of velocity profile from  
CNT’s thermo physical properties and it only involves the concentration term. In  
Figures 3(a)–3(d) the temperature for this flow problem is plotted for distinct parameters 
of interest. There is increment in temperature as value of Br enhances, as displayed in 
Figure 3(a). It conveys that conduction heat transfer is less when compared to heat 
produced by viscous effects. Further, the temperature enhances quickly in case of 
MWCNT when compared with SWCNT. The temperature of base fluid decreases with 
incrementing the concentration φ of nanofluid as shown in Figure 3(b). It is clear from 
here that carbon nanotubes concentration is basically used to control the heat transfer 
mechanism. As the value of Q enhances, the temperature increments as depicted in 
Figure 3(c). It is notable that by incrementing Q, there is enhance in both velocity as well 
as temperature. As the height σ of clot increments, there is increase in the temperature, as 
given in Figure 3(d). Moreover, the temperature enhances rapidly for MWCNT when 
compared with SWCNT. The shear stress τw at outer wall is plotted against z-axis, as 
given in Figures 4(a)–4(b). In both cases of study (i.e., SWCNT as well as MWCNT) τw 
increments with enhancing Q, as shown in Figure 4(a). Mainly, it gains magnitude due to 
‘no slip’ at boundaries. Also, τw enhances with incrementing height σ of clot, as revealed 
in Figure 4(b). The irreversibility is interpreted by plotting graphs for entropy and 
revealed in Figures 5(a)–5(d). Entropy has opposite behaviour with opposite walls, as 
depicted in Figure 5(a). Since there is increment in the entropy at sinusoidally fluctuating 
wall and it reduces at wall with thrombus for increasing Br. Also there is a rapid and more 
enhance in entropy at sinusoidally fluctuationg wall but comparatively slow and less 
enhance with thrombus wall. Figure 5(b) convey that Ns enhances with thrombus wall 
and it reduces with wall having travelling wave with incrementing φ. Figure 5(c) reveals 
that Ns reduces with thrombus wall but gains magnitude with peristaltic wall with 
enhancing Q. Further, entropy increases for enhancing θ0, as conveyed in Figure 5(d). 
These graphs reveal that there is least entropy at centre due to less disorder here. In 
Figures 6(a)–6(d), Bejan number is plotted against distinct parameters. Figure 6(a) 
convey that Be decreases with thrombus wall but it attains high value at sinusoidal wall 
for increasing value of Br. The value of Be gains magnitude with wall having thrombus 
but there is decrease in it at peristaltic wall for enhancing φ, as shown in Figure 6(b). 
Figure 6(c) conveys that Be reduces with wall having clot but it increments with 
peristaltic wall for increasing Q. Figure 6(d) depicts that Be declines with incrementing 
value of θ0. Figures 7(a)–7(d) show the streamlines plotted for this flow problem. It is 
clearly depicted in these streamline graphs that upper end has a sinusoidally fluctuating 
wall and lower end has a thrombus at the centre. Further, it is noted that closed shape 
streamlines increase in size with incrementing value of Q. 
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Figure 2 (a) Velocity for Q (b) Velocity for σ (see online version for colours) 

  
(a)     (b) 

Figure 3 (a) Temperature for Br (b) Temperature for φ (c) Temperature for Q (d) Temperature for 
σ (see online version for colours) 

  
(a)     (b) 

Figure 3 (a) Temperature for Br (b) Temperature for φ (c) Temperature for Q (d) Temperature for 
σ (continued) (see online version for colours) 

  
(c)     (d) 
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Figure 4 (a) Wall shear stress for Q (b) Wall shear stress for σ (see online version for colours) 

  
(a)     (b) 

Figure 5 (a) Entropy generation for Br (b) Entropy generation for ϕ (c) Entropy generation for Q 
(d) Entropy generation for θ0 (see online version for colours) 

  
(a)     (b) 

Figure 5 (a) Entropy generation for Br (b) Entropy generation for ϕ (c) Entropy generation for Q 
(d) Entropy generation for θ0 (continued) (see online version for colours) 

  
(c)     (d) 
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Figure 6 (a) Bejan number for Br (b) Bejan number for ϕ (c) Bejan number for Q (d) Bejan 
number for θ0 (see online version for colours) 

  
(a)     (b) 

  
(c)     (d) 

Figure 7 (a) Streamlines at Q = 0.2 (b) Streamlines at Q = 0.3 (c) Streamlines at Q = 0.35  
(d) Streamlines at Q = 0.4 (see online version for colours) 

  
(a)     (b) 
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Figure 7 (a) Streamlines at Q = 0.2 (b) Streamlines at Q = 0.3 (c) Streamlines at Q = 0.35  
(d) Streamlines at Q = 0.4 (continued) (see online version for colours) 

 

  
(c)     (d) 

6 Conclusions 

The blood flow with carbon nanotubes, examining study case of both single and  
multi-wall carbon nanotubes, is mathematically interpreted. The blood vessel has a 
sinusoidally fluctuating outer wall and a thrombus is placed at the centre. The restriction 
to flow is improved by application of a catheter. The final conclusions are provided as 

• The velocity of flow decreases with clot wall as the height σ of clot enhances but it 
shows constant behaviour with fluctuating peristaltic wall. 

• The temperature enhances quickly in case of MWCNT when related to SWCNT. 

• The base fluid temperature decreases with incrementing the concentration φ of 
nanofluid. It is clear from here that carbon nanotubes concentration is mainly used to 
control heat transfer. 

• Entropy shows fully opposite pattern for opposite walls. 

• Streamline graphs show that upper end has a sinusoidally fluctuating wall and lower 
end has a thrombus at the centre. Further, it is noted that closed shape streamlines 
enlarge with incrementing value of Q. 
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Nomenclature 

( , )R Z  Cylindrical coordinate 

( , )U W  Components of radial and axial velocity 

R0 (m) Outer tube radius 
aR0 (m) Inner tube radius 
b (m) Wave amplitude 
λ (m) Wavelength 
nf Nano-fluid 
Br Brickmann number 

3

kg
mnfρ

 
 
 

 Density of nanofluid 

W
mKfk  

 
 

 Thermal conductivity of fluid 

c (m∕s) Speed of wave 
σ Utmost height attain by clot 
zd Clot’s axial displacement 
ψ Ratio of amplitude to mean radius 
CNT Carbon nano-tubes 
SWCNT Single-wall CNT 
MWCNT Multi-wall CNT 
θ0 Absolute to characteristic temperature difference ratio 

kg
msnfμ

 
 
 

 Dynamic viscosity of nanofluid 

Be Bejan number 

 


